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ABSTRACT. We study superconvergence of a semi-discrete finite element scheme for para-
bolic problem. Our new scheme is based on introducing different approximation of initial
condition. First, we give a superconvergence of uj, — Ry u, then use a postprocessing to
improve the accuracy to higher order.
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1. Introduction. We consider the following parabolic problem:

ur—Au=f inQ, fort >0,
u=0 onoQ, fort=>0, (1.1)
u(-,0) =v inQ,

where Q c R? is a domain with smooth boundary. Suppose we are given a family Tj,
of quasi-uniform triangulation of Q, whose maximum diameter is denoted by h. Let
Sp C HL(Q) be a standard finite element space consisting of continuous, piecewise
polynomial of degree k. Define an elliptic projection Ry, : H& (Q) — Sy by

(VIRyw —w),Vx) =0 Vx € Sy. 1.2)
We consider the following map up(t) : [0,T] — Sj, defined by
(unt,X) + (Vun, Vx) = (f,x),  un(0) = vy, (1.3)
where vy, is determined by

(Vor, Vx) = (f(0),x) — (Rnu (0),X) VX E S, (1.4)

and u;(0) is determined by (1.1). Superconvergence of finite element for parabolic
problem has been studied by many authors. For example, Thomeé [8], Chen and Huang
[1] studied superconvergence of the gradient in L2 norm while Thomeé et al. [9] stud-
ied maximum norm superconvergence of gradient for linear finite element. Super-
convergence of the lumped finite element method for linear and nonlinear parabolic
problems were studied in [2] and [6], respectively. In this paper, we introduce a dif-
ferent way of approximating the initial condition, namely (1.4) and investigate the
superconvergence of finite element for parabolic problem using any order element.
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To do so, we decompose the error as up —u = up —Rpu+Rpyu—u = 0+ p and esti-
mate 6 in a superconvergent order. Next, a postprocessing technique used in [4, 5]
is employed to obtain higher order convergence. The rest of the paper is organized
as follows. In Section 2, we show @ in L2 and H! norm when k > 1. For 6, the super-
convergence in L® and W1> norm are also considered. In Section 3, the case k = 1
is considered. The superconvergence of 6; in H! and 6 in W!® norm are shown. In
Section 4, WhP, 1 = 0,1, (2 < p < o) norm estimates are shown. Finally, in Section 5,
we give some applications of the results obtained in Sections 2, 3 and 4. For example,
a postprocessing technique is employed to obtain second-order superconvergence for
gradient and first-order for the solution when k > 1. First-order superconvergence is
shown when k = 1.

2. Superconvergence in L2 H!,L*, and W norm. We recall p = Ryu — u and
0 =up—Rpu.

LEMMA 2.1. Letl <p <o, (1/p)+(1/p’) =1. Then forany g € WLP' (Q), we have,
fork>1,

| (Dfp,g) | = Ch’k+2||Dquk+1,p”g”lyl”’ (21)
where D; = 0% /0t.
PROOF. It suffices to prove the case for s = 0. From standard finite element theory,

lpllp < Chkl[ulliin,p- (2.2)

Consider the dual problem: given g € L? (Q), find w € W3? (Q) n Wol’pl (Q) satisfying
(Vv,Vw) = (g,v), Vv eH}Q), (2.3)
lwllzp < Cliglp - (2.4)

Let [], denote the Sj interpolation operator. Then by (2.3), (1.2), (2.2), (2.4), and the
property of interpolation, we have

(9,p) = (Vp,Vw) = | (Vp,V(w-Tpw))|
<lplhpllw-Thwll, ,» < Ch¥lullcer ph? lwliz (2.5)
< Ch**?lullgs1pllgllp O

LEMMA 2.2. We have
(i) 0:(0) =0, ie, up(0) = Rpu(0).
(i) 1100011 = Ch**2 (|1 (0)llk1-

PROOF. From (1.4) and (1.3),
(Rnu (0),X) = (£(0),x) = (Von, VX) = (unt(0),X), X € Sh. (2.6)
Hence Rpu;(0) = up,(0). For (ii), we see from (1.1),

(ug,v)+(Vu,vv) = (f,v). 2.7)
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Subtraction of (1.3) from (2.7), and noting (1.2), give
(01, X) +(VO,VX) = =(pt,X), X E Sh. (2.8)
Set t = 0 and noting that 6;(0) = 0, we have
(V0(0),Vx) = —(p:(0),X)- (2.9)

Take x = 6(0) in (2.9). Then we see from Lemma 2.1,

IV0(0)112 = 1(p:(0),0(0)) | < Ch**2[[1; ()], |00 ] (2.10)

Since |- | and || - || are equivalent in H} (Q),
10(0)[], < CIIVOO)II < Ch**2[Jug|,..,. (2.11)
O

THEOREM 2.3. We have first-order superconvergence for ||0;|| and second-order
superconvergence for ||V 0;|. In other words,

¢ 1/2 ¢ 1/2
160 (6)]] + (L 1V 62 m) < Ch"*z(JO [ dT) 2.12)
holds.
PROOF. Differentiating error equation (2.8),
(O, X) +(VO:,VX) = —(ptt;X), X € Sh. (2.13)

Take x = 0;. Then by Lemma 2.1, we have

EdtHQtHZHW@tHZ = 1(pee, 001 < CR** 2wy |y, 110c] |y
(2.14)

1
= CR2 %D uge| .y + 51V 6,

where arithmetic-geometric inequality was used in the last line. Elimination of
(1/2)IV0;]|? and integration, give, by Lemma 2.2(i),

¢ t
||9t(t)||2+J V0, (T)|[* dr < ||9t<o>||2+Ch2<’<*2>j [[uee (D)l d
0 t 0 (2.15)
< C2%? | (|, dr. 0

THEOREM 2.4. We have second-order superconvergence for ||0¢|1 and first-order
for 1|0 1l,

; 1/2 : 1/2
([ oclar) +\|et<t>\|1scW{nun(tmm(JonumninT) } 216
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PROOF. From (2.13) with x = 0y,

1d

> dtHVQtHZ = —(ptt, Ort).

10 +
Integration, and noting that 8;(0) = 0, gives
t 5 1 5 t
J Mol dr+ 4Ivef* = | (pu.0u)dr
t
= _(pttset)|6+J0 (pttt;gt)d-r

t

= —(ptt, 6r) +J0 (peee, 0r) dT

Using Lemma 2.1, left-hand side of (2.18) is
k+2 k+2 !
< Ch** % ||wee[gsq|10¢] |, + CR* JO el [0e]]y dT
2(k+2) 2 1 2 2(k+2) ‘ 2 ! 2
<Ch ||utt||k+1+g||9t\|1+Ch . [weellgsq dT+C . [10c]]7 d.

Elimination of (1/4)]/0; H‘f and usage of Gronwall inequality give (2.16).

THEOREM 2.5. We have second-order superconvergence for ||0]|;.

¢ 1/2
lo)l, = Cht+? {nut(mnm ( Jy . ar) } -

PROOF. By Lemma 2.2 and Theorem 2.3, we have
t
leco)ll = 10, + | llewll dr

: 1/2
<lloonl,+( [, o ar)

t 1/2
< CHY2 g 0) oy + CH2 (| el i)

THEOREM 2.6. We have first-order superconvergence for ||0]|.

¢ 1/2
o] < cn+? {nut(mnm(jouutuiﬂm) }

PROOF. Recall that error equation (2.8)
(06, X) +(VO,VX) = —(pt,X)-

Take x = 0 in (2.8). Then we see from Lemma 2.1,

1d

EEH@(t)||2+ IVOI? = —(pr,0) < Ch**2|[uy[., 1160111

< CR2® D |l |2, + V012

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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Elimination of || V|| and integration, give, by Lemma 2.2,

- b t P
0P < 10O +ch?* | Jjul, dr
0 . (2.25)
< CR2®*D ||y (0)][5,, +ch?®+?) jo [[ote] g AT m

Now we study L®, W* superconvergence. First we need Green’s functions. The dis-
crete Green’s function G7, € Sy, for z € Q is defined by

(VG;,VX) =x(2), X€Sh. (2.26)

The derivative type Green’s function gfm € Sp, (i=1,2) is defined by

0
axl-X(Z)’ X € Sh. (2.27)

(vgﬁ‘ia VX) =

Green’s functions posses the following properties (see [9, 10]).

LEMMA 2.7. We have

GRlI+1IGRll, =€ 1=p'<2, (2.28)
z |12 z 1
gl +llgiilli, < C IOgE- (2.29)
THEOREM 2.8. We have the following estimate:

. 172
10(0)]]g, < Ch**? [||“t(t)”k+1,p + (JO ||utt||i+1d'r) } , p>2. (2.30)

PROOF. By taking x = 0 in the definition (2.26), we have by (2.8), Lemmas 2.1, 2.7,
and Theorem 2.3,

10(z,t)| = | (VG VO) | = | (p,Gj) + (61,GF,) |
< CRM2 |1 1GE Iy +11001]| G5

(2.31)
¢ , 1/2
< e+ 2 [l )
Now take supremum over all z € Q. O
THEOREM 2.9. We have the following estimate:
t 1/2
||9(t)||1,°o < Chk+2-¢ |:||ut”k+l,n + (JO ||utt||i+l dT) :| ) (2.32)

for any e > 2/p, p < c large enough.
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PROOF. For z € Q, we see from (2.27), (2.8), Lemma 2.7, and Theorem 2.3,
‘ 0
aXi

0(2)| = (Y07, V0) | = | (p1.g7) + (01,7,

< CH***|[uellen pllgi illy r +110¢ 11197,

k+2-2/p z k+2 t 2 1z 2 (2.33)
< Ol 97 o + 2 (|l ErdT)

‘ 172
_ 2
<cntore( [l ar) Ll

where inverse estimate
HgPZL,iHl,p’ = ChiZ/pHgli,iHl,la l<p'<2,2<p=<o (2.34)

was used in the second inequality. O

3. The case k = 1. Here the corresponding finite element space Sy, is a linear finite
element space. We make suitable modification of Lemma 2.2 to obtain the following
lemma.

LEMMA 3.1.
110(0)]; < Ch?|[ue(0)]],. (3.1)
PROOF. We recall (2.9)
(V0(0),VX) = =(pt(0),X), X ESh (3.2)
Take x = 6(0). Then, we see that

IV 00)|* = 1(p:(0),x(0))] < ||p:(0)]] - [|0(0)]] < Ch2[|ur (0)]], - ||[VOO)|.  (3.3)

THEOREM 3.2. We have

t 1/2 ¢ 1/2
||9t(t)||+(J0||V9t|{2dT> sCh2<JO|{u”||§dT> . (3.4)
PROOF. We recall (2.13)
(Ot,X) +(VO:,VX) = —(ptt,X), X € Sh. (3.5)
Taking x = 6, we see that
1d
§E||6"r1|2+||V9t||2 < Cllpeel| - 110l
< Ch*|Jur |||V 04| (3.6)

1
< Ch*|lueel 5+ §||V9t||2-

Elimination of (1/2)||V#é,||? and integration, give the result. O
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COROLLARY 3.3. We have

t 1/2
o], < an(JO lee]2 m) . 3.7)

THEOREM 3.4. We have

t ) 1/2 t ) 1/2
(IOHGHHdT> +110.(0)]], = Ch? ||u”<t>|\2+(f0||um\|2dT) (38)

PROOF. Taking x = 6 in (2.13), we see that
1d
2dt
Integrating and noting 0;(0) = 0, we have

[10eel |+ 5 NIV O = = (pre, ce). (3.9)

t 1 t
| NoulP ar+ S1v 0P = [ (o, 0u) at
0 0

t

=—(pu,6) +Io (peee, 0r) dT
t
< lpull- 10211+ | llowl- 10ulld
t
< Ch®||ugll, -116¢|| +ch? Jo [weeell, - 10¢]| dT

1 t t
< Ch4|\utt||§+Z\|V9t|\2+ch4jo [l dr+j0 IV 0[* d.

(3.10)
Now Gronwall inequality gives the result. O
LEMMA 3.5. For1 < p <2, we have the following estimate:
IVgiillo, <C for i=1,2. (3.11)
PROOF. let (1/p)+(1/p’) =1.Forany ¢ € LP' (Q), let ¥ be the solution of
-AY =¢ inQ, ¥Y=0 onoQ. 3.12)
Then we have
I¥ll2,pr < Clidllop- (3.13)
Setting gp, = gfm., we have, by (3.12), (1.2), and (2.27),
(Gn,P) = (Vgn, VY¥) = (Vgn, VRRY) = aiiRh‘I’(Z)- (3.14)
Thus, we see from WL* stability of Ry, imbedding theorem and (3.13) that
(gn, ®) <IRpY 1,00 < ClIY 11,00 < ClIYIl2,pr < Clipllo,p, (3.15)
we have
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THEOREM 3.6. We have

t 1/2
l0(t)]]; . < Ch? [Hut(t)Hz'p+||u”(t){|2+ (JO [res d‘r) } , p>2.

(3.17)

PROOF. Setting x = gﬁ‘i in (2.8), we obtain by (2.27), (3.11) and imbedding theorem,

we have

0
axi

0(z,t) < (ur —uns, gir ;)
< (loellop +110cllop) 197 illops (1/p)+(1/p") =1
< C(llotllo,p +1106]l;)-

By standard estimate, we have
oello,, < Ch?[|ucll,,p-

Combining (3.8), (3.19) with (3.18), we obtain the desired result.

COROLLARY 3.7. We have

. ' 172
10(t)]]g, <Ch® |:||ut(t)”2,p+Hutt(t)<|2+ (Jo el dT) } , pP>2.

4. Superconvergence in L” and W7 (2 < p < )

THEOREM 4.1. We have

. 172
I0ll0,p < Ch¥+2 {llut(O)llkH + (Jo H”tt||12<+1d"'> } , k> 1

PROOF. From Sobolev inequality, we have, for 2 < p < oo,

Ixllop < ClXll, X € Sh.

The conclusion directly follows from Theorem 2.5.

THEOREM 4.2. We have

t 1/2
1ol = i {Hutmnkﬂw ([ wal ar) } Lkl

¢ 1/2
||e<t>||1,,,sChZ{numnz,ﬁ||un<t>|\z+(jonumuidr) ] k-1.

(3.18)

(3.19)

(3.20)

(4.1)

(4.2)

4.3)

(4.4)

PROOF. Let p(2 < p < o) and p’ be conjugate indices, and let ¢ € L¥' (Q) with

llbllo,pr =1 and ¢ be any component of V. If y is the solution of

(Vv, V) = —(¢x,v), Vv eHLHQ)

(4.5)



SUPERCONVERGENCE OF FINITE ELEMENT METHOD ... 575
with the regularity property [7]
Wiy < Cplldllop = Cp. (4.6)

Then by Green’s formula, equations (4.5), (1.2), (2.8), Lemma 2.1, Theorem 2.3, Sobolev
lemma, and (4.6), we have

(Ox,9) = —(x,0) = (VO,Vy) = (VO,VRu) = ~(pt, Rn) = (61, Rn)
< Ch* [ (Ol plIRRW Il + 110 O[[[R o]

t . 1/2
< Cn [Humnw (J; sl ) } Rl @)

¢ 1/2
< [Hutu)nm,p (J) sl ) } .

Now noting that

||9X|’0,p = sup (9X1¢)y Hd)HO,p’ = 1; (4.8)
weLr' (@)

the conclusion (4.3) is obtained. To prove (4.4), we note that
1011,y < CllON1,c0- 4.9)

This, together with (3.17), proves the theorem. O

5. Application. We now give an application of the results derived in Sections 2
and 3.

As an example, let Tj, be a quasi-uniform rectangular partition of Q c R? and let Sy,
be the space of continuous piecewise polynomials

Sp=1{v e H}(Q), v eQk(T), T € Tu}, (5.1)
where
Qk = span{xix}, 0 <i, j <k}. (5.2)

Introduce two kinds of operators (see [3, 4]), the vertices-edges-element interpola-
tion i’,‘L and the high-interpolation operator Ié‘;[ Y(1 = 1,2). They satisfy the following
properties:

lu—15"ull, , < CRE g1, 1<k, m=0,1, 2<p <o), 1=1,2, (5.3)
mlif =15, k=1,1=1,2, (5.4)
N5 Xy < ClXNmp, VX ESK 1<k, m=0,1, 2<p=w), =12,  (55)

Using these properties we can improve global convergence from k-to k + 2-order for
gradient, and from k + 1-to k + 2-order for solution when k > 2. When k = 1, we get
one order gain for the gradient.
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THEOREM 5.1. For k > 2, we have the following results:

¢ 1/2

=t unll = €08 sl + ([} e ar) -+l | 60
||u_I§ﬁluh||0,p

] t ) 1/2 (5.7)

< e e+ ([Tl av) - +lutolie, |, v 2
t 1/2

=25 sl = | ([l )+ ol | 68
=25

(5.9)

t 1/2
< e el + ([ el ar) @l |, v o2

; 1/2
= 252wl < Chk”[nut(omm o J) el a) +v|u<t>||k+3} (5.10)

||u_I§;{2uh||l,p

i t ) 172 (5.11)
< e el ([ laeller @)+l | o2,
RS
(5.12)

¢ 1/2
<t lur Ol + [l ar) ol |

for any € > 2/p,p large enough,

¢ 1/2
e =25 2nly = €4 O = ([ ol ) +lucoll, |- 619

PROOF. Obviously, by (5.4) and (5.5), we have

u—I5" uy = u -+ I (i u - Rpuw) + 15 (Rpu — ), (5.14)
Hu_lécl:luhnm,p = Hu_Ig;LrluHm,p + C||illflu_Rhu||m,p + C||Rhu_uh||m,p1 (5.15)

for I = 1,2. The estimates of first and third terms are shown in (5.3) and Theorems 2.6,
4.1, 2.3, 2.8, 2.5, 4.2, 2.9 and 2.4 (in this order). It remains estimate the second term.
By [5, Corollary to Theorem 3.4.2],

liju—Rpull,,, < CR** 2 ullki3p, 2<p <00, m=0,1, (5.16)
so that
llihwee = Rntelnp < CR 2|l (5.17)

Thus, the proof is complete. O
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THEOREM 5.2. For k =1, we have
t 5 1/2
=l = ne| ([}l ar)” + ol | 5.18)
lu=Tyunll,,

t 1/2
sChz[||ut<t>||2,p+||un||2+(JOHumni ar) s, |, 2<p<o,

(5.19)
t ) 1/2
e =Bl = 87| el ([} el @) s lhwcoll, |- 520
PROOF. When k=1 and m =1 in (5.15)
[~ Byunlly p < 1~ Byrnlly + Clligu—Ruully , + ClRu-unllype (5.21)
It suffices to estimate the second term. By [3], for any x € S
(V(iau—Rpu),Vx) = (V(izu—-u),Vy) (5.22)
. 1 1
=0 llullsplixlhy, —+—=1,p=2. (5.23)
p p
Using the same method as in [4] we have
lihu—Ruull,, < Ch®|[ulls,p, o0
lihue = Rnuelly, < CR|luell3 - '
These together with (3.7), (3.17), and (3.8) completes the proof. O
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