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ABSTRACT. Different concepts and decomposition theorems have been done for QTAG-
modules by number of authors. We introduce quasi h-pure submodules for QTAG-modules
and we obtain several characterizations for quasi h-pure submodules and as a consequence
we deduce a result done by Fuchs 1973.
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1. Introduction. Following [4] a module My is called QTAG-module if it satisfies
the following condition:

(I) Any finitely generated submodule of any homomorphic image of M is a direct
sum of uniserial modules.

The structure theory of such modules has been developed by various authors. Re-
cently Singh and Khan [5] have characterized the modules in which h-neat submodules
are h-pure. The main purpose of this paper is to introduce the concept of quasi h-pure
submodules, a weaker version of h-pure submodules. In Section 3, some characteri-
zation of h-pure submodules are obtained (Theorems 3.2 and 3.4) for the subsequent
use. In general it is known that soc(A + B) # soc(A) + soc(B). The equality for some
submodules motivated to define the concept of quasi h-pure submodules. Several
characterizations of quasi h-pure submodules are obtained (Theorems 4.6 and 4.7)
and as a consequence we deduce [1, Theorem 66.3] as Corollary 4.9.

2. Preliminaries. Rings considered in this paper are with 1 = 0 and modules are
unital QTAG-module. A module in which the lattice of its submodule is totally ordered
is called a serial module; in addition if it has finite composition length it is called a
uniserial module. An x € M is called a uniform element if xR is a nonzero uniform
(hence uniserial) submodule of M. For any module Ar with a composition series, d(A)
denotes its length. If x € M is uniform, then e(x) = d(xR), Hy (x) = sup{d(yYR/xR) |
v € M and vy is uniform with x € YR} are called exponent of x and height of x, re-
spectively. For any n > 0, H,(M) = {x € M | H(x) = n}. A submodule N of M is
called h-pure in M if N nHy(M) = Hy(N) for every k > 0 and N is called h-neat if
NNH;(M) =H;(N). The module M is called h-divisible if H; (M) = M. For any mod-
ule K, soc(K) denotes the socle of K. For other basic concepts of QTAG-module one
may refer to [2, 3, 4, 5].

3. h-pure submodules. In this section, we have obtained some characterizations
of h-neat and h-pure submodules which are used in Section 4.
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First, we prove the following proposition.

PROPOSITION 3.1. A submodule N of a QTAG-module M is h-neat if and only if
soc(M/N) = (soc(M)+N)/N.

PROOF. Suppose N is h-neat in M. Let ¥ be a uniform element in soc(M/N), where
v may be chosen to be uniform in M. Then YR = (yR+ N)/N = yR/(YRnN).
Hence d(yR/(yRnN)) = 1. Put yYRN N = zR, then due to h-neatness of N there
exist a uniform element w € N such that ¥ € wR and d(wR/zR) = 1. Appealing to
[4, Lemma 2.3] we get e(y —z) <1, so ¥ —z € soc(M) and we get y € (soc(M) +
N)/N. Thus soc(M/N) = (soc(M) + N)/N. Conversely, let x be a uniform element
in NnH; (M), then we can find a uniform element y € M such that d(yR/xR) = 1.
Hence e(y) = 1 and so y € soc(M/N). Therefore, ¥ = z, where z € soc(M). Now
xR =H,(yR)=H,((y—-z)R) < H (N). Hence N is h-neat submodule of M.

It is well known that H,(M/N) = (H,(M) + N)/N for all nonnegative integer n.

O

Similar to Proposition 3.1, we have the following.

THEOREM 3.2. A submodule N of M is h-pure in M if and only if soc(H,(M/N)) =
(soc(H,(M))+N)/N, for all nonnegative integers n.

PROOF. Suppose soc(H,(M/N)) = (soc(H,(M)) +N)/N holds for all n > 0. Then
by Proposition 3.1 N is h-neat in M. Now suppose NNH, (M) = H,,(N) and x be a uni-
form element in N n H, .1 (M), then there exists a uniform element t € H, (M) such
that d(tR/xR) = 1, so e(t) = 1. Hence by assumption f = Z, where z € soc(Hy,(m)).
Trivially t — z € N n H,(M) = H,(N). Therefore, xR = H;(tR) = H;((t — z)R)
€ Hy+1(N). Hence by induction, N is h-pure submodule of M. Conversely, suppose
N is h-pure in M, then by, Proposition 3.1, soc(M/N) = (soc(M) + N)/N. Now for
applying induction suppose soc(Hy(M/N)) = (soc(Hx(M)) + N)/N. Let X be a uni-
form element in soc(Hy4+1 (M/N)) = soc((Hg4+1 (M) +N)/N), then x can be chosen to
be a uniform element in Hy.; (M). Now XR = (xR+N)/N = xR/(xRNnN) = xR/yR.
Then d(xR/yR) = 1 which yields v € NN Hy;2(M) = Hg.2(N). Therefore we can
find a uniform element t € Hy,1(N) such that d(tR/yR) = 1. Hence appealing to
[4, Lemma 2.3] we get e(x —t) < 1. Consequently, x —t € soc(Hyg+1(M)) and x €
(soc(Hg4+1(M)+N)/N). Hence we get the equality. O

NOTATION 3.3. For any nonnegative integer n, we denote by S™ (M) the submodule
soc(H,(M/N)) and by S,,(M) the submodule (soc(H,(M))+N)/N and by S,,(M,N) =
S (M) /Sn(M).

In terms of the above notation and Theorem 3.2, we have the following.

THEOREM 3.4. A submodule N of M is h-pure if and only if S(M,N) = 0 for all
t>0.

Now we prove the following which is of independent interest.

THEOREM 3.5. If N is a submodule of M and K is a proper h-pure submodule of M
containing N, then the following holds
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(@) S*(M) =S"(K)+St(M),
(ii) SY(K) NS (M) = S;(K).

PROOF. (i) Let x € S'(M) be a uniform element where x is uniform in H;(M).
Then we can get a uniform element y € N such that d(xR/yR) =1, then y € Nn
KNnH; 1 (M). As K is h-pure, v € H;;1(K). Therefore there is a uniform element
z € H;(K) suchthat d(zR/yR) = 1.Hence e(x—z) < 1 and we get x —z € soc(H¢(M)).
Consequently, X = Z + w, where w € soc(H;(M)) and x € S'(K) + S;(M). Hence
SHM) = SH(K) + S (M).

(ii) Let x e SY(K) NS (M), thenx =y =2,y €S (K) and Z€ S;(M). As y—z €N,
where v € H;(K) and z € soc(H;(M)) we have y —z € KN H;(M) = H;(K) and so
yv—z=w € H{(K).Consequently, z=y—w € soc(H;(K)).Hence x =2 =y—-w+N €
(soc(H;(K))+N)/N = S;(K) and we get SH(K)NS; (M) = S;(K). O

4. Quasi h-pure submodules. In this section, we introduce quasi h-pure submod-
ule weakening the concept of h-pure submodules. As in Theorem 3.2, one can think
of the equality of soc(N + H;, (M)) and soc(N) +soc(H, (M)). It is well known that the
equality, in general does not hold. Here we examine, the consequences of the equality
of the two expressions.

NOTATION 4.1. For any nonnegative integer t, we denote by N* (M) the submodule
(N + Hi 1 (M)) nsoc(H (M)) and by N¢(M) the submodule N N soc(H;(M)) +
soc(H¢+1(M)) and by Q¢ (M,N) = N* (M) /N (M).

THEOREM 4.2. IfN and K are submodules of QTAG-module M such that N < K and
K is h-pure in M, then the module Q,,(M,N) and Q,,(K,N) are isomorphic.

PROOF. Defineamap o : N"(K)/N,(K)—N"(M)/N, (M) suchthato(x+N,(K))=
X + N, (M). Obviously o is an R-homomorphism. Now if for some x € N*(K), x €
N, (M), then x = y +z, ¥y € Nnsoc(H,(M)) and z € soc(Hn+1(m)), then y € Kn
soc(H,(M)) € Hy(K) gives v € Nnsoc(H,(K)). Also z =x -y € KNnsoc(Hy+1(M))
yields z € soc(H,+1(K)). Hence x € Ny, (K) and we get o, a monomorphism. We now
prove that o is an epimorphism. Consider s € N"(M) such that s is uniform and
SEN,(M)thens =a+b,whereae N, be Hyy1(M).If se6 Nors e Hy1 (M) we
get s € N, (M). Hence aRnsR = 0 = bRnN sR. Consequently, aR < bR @ sR with a =
—b + s gives aR = bR under the correspondence ar — —bv. Then H;(aR) = H,(bR)
and the above correspondence is identity on Hy(aR). Nowa =s—-b € KnH,(M) =
H,(K), so that Hy(aR) = Hi(bR) < Hy+2»(M)NK = Hy,2(K) and we get v € Hy;+1(K)
such that Hy(aR) = Hi(YR) and A : aR — YR given by A(ar) = yr is identity on
Hj(aR). Consequently, e(a—y) < 1. So that a — y € soc(H, (K)). Then the mapping
u bR — yR such that u(br) = —y7 is also identity on H; (bR) and hence b+ y €
SOC(Hy+1(M)). Therefore, b+7y € N,(M). Also a—y € (N + Hyp+1(K)) nsoc(H, (K)).
Hence

ogla-y+Ny(K))=a-y+Ny(M)=s—(b+y)+N,(M) =s+N,(M). (4.1)

This proves that o is an epimorphism. Hence the result follows. O
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THEOREM 4.3. If N is h-neat submodule of M, then N is h-pure in M if and only if
Qn(M,N) =0 for everyn = 0.

PROOF. Let N be h-pure in M then by, Theorem 4.2, Nt (N)/N;(N) = Nt (M) /N¢ (M)
for all t > 0, but N!(N) = N;(N). Therefore, Nt (M) = N (M) and we get Q;(M,N) = 0.
Conversely, suppose N NH, (M) = H,(N). Let x be a uniform element in NN H,,.1 (M)
then there is a uniform element y € H,, (M) such that d(yR/xR) = 1 and also as
xeNNH, 1(M) = NnH,(M) = H,(N) we can find a uniform element x € H,,_1(N)
such that d(zR/xR) = 1. Hence e(y —z) <1 and so ¥y —z € soc(M) but y —z €
N+Hy,(M)and y -z € soc(H,,_1(M)). Therefore, y—z € (N+H, (M))nsoc(Hy,_1(M))
but Nt-1 (M) = N;_1 (M), we get y —z € Nnsoc(Hy,_1(M)) +soc(H,(M)).Soy —z =
a+b, a e Nnsoc(Hy-1(M)), b € soc(H,(M)), which gives y -b=a+z &€ Nn
H,(M) = H,(N). Hence xR = H,(yYR) = H,((v = b)R) < Hy+1(N). Therefore, N is
h-pure in M. O

The question: what are the submodules for which Q,,(M,N) = 0 for all n > 0? Gave
the motivation to define the following.

DEFINITION 4.4. A submodule N of a QTAG-module M is quasi h-pure in M if
Qun(M,N) =0 for all n > 0.

PROPOSITION 4.5. If N is h-pure submodule of M or if N is a subsocle of M, then N
is quasi h-pure.

PROOF. If N is h-pure, then appealing to Theorem 4.3, we get N to be quasi h-pure.
Now if N € soc(M), then trivially Nt (M) = N;(M) for all t > 0. Hence N is quasi h-pure
submodule of M. O

Now we give the following nice characterization of quasi h-pure submodule.

THEOREM 4.6. If N is a submodule of a QTAG-module M, then the following are
equivalent:

(a) N is quasi h-pure in M.

(b) soc(N + Hy(M)) = soc(N) +soc(H,(M)) foralln > 1.

(0)Hi(NNH,(M))=H1(N)NHyp1(M) foralln=1.

PROOF. (a)<(b). Suppose N is quasi h-pure in M then Q,(M,N) =0 for all n = 0.
Therefore, Nt (M) = N¢(M) gives soc(N + H;(M)) = soc(N) + soc(H;(M)) for t = 0.
Now suppose (b) holds for all t < m, then soc(N + Hy,+1(M)) € soc(N + H,,, (M)) =
soc(N) +soc(H,, (M)). Consequently,

SOC(N+Hpy 1 (M)) = (N+Hp1(M)) n[soc(N) +soc (Hy, (M))]
=80C(N) + (N +Hy,11(M)) nsoc (Hy, (M))
=50C(N) + N nsoc (Hy, (M)) +soc (Hy 1 (M))
=80C(N) +s0c (Hy+1(M)).

(4.2)

Hence (b) holds for all n > 1. Now suppose (b) holds then trivially

(N+Hy+1(M))nsoc(Hy(M)) < Nnsoc (Hy,(M)) +soc (Hy1(M)). (4.3)
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Hence Q,(M,N) =0 for all n > 1. Therefore N is quasi h-pure in M.

(b)<(c). Suppose (b) holds. Trivially Hy(NNH,(M)) €< Hi(N)N"H,;1(M). Let x be a
uniform element in H, (N) N Hy, 1 (M), then we get uniform elements y € N and z €
H, (M) suchthatd(yR/xR) =1 and d(zR/xR) = 1. Hence appealing to [4, Lemma 2.3]
we gete(y—z)<1,s0y—zesoc(N+Hy(M))=soc(N)+soc(H,(M)). Hence y —z =
u+v,u €soc(N)andv € soc(H,(M)). Thus y—u =v+z € NnH, (M), consequently
xR =H,((y—u)R)=H;((v+2z)R) < HH(NnH,(M)).Hence (c) follows. Now suppose
(c) holds. Let x be a uniform element in soc(N + H,(M)) then x = w + t, where w €
N and t € H,(M). Now H; (wR) = Hi((w —x)R) = Hi(-tR) c H{(N) N Hyp 1 (M) =
H,(NnH,(M)). Hence, as done in the proof of Theorem 4.2, we get an element s
NNH, (M) such that H; (wR) = Hi(—tR) =H;(sR) and e(w —s) <l and e(s+t) < 1.
Thus x =w —s+s+t € soc(N) +soc(H,(M)) and we get (b). O

Although the following result follows from Theorem 4.3, but using the above char-
acterization we get a new proof.

THEOREM 4.7. If N is a submodule of M, then N is h-pure in M if and only if N is
h-neat and quasi h-pure in M.

PROOF. If N is h-pure in M, then Theorem 4.3 implies that N is quasi h-pure in
M. Now suppose N is h-neat and quasi h-pure in M and NnH, (M) = H,(N), then
Hy,.1(N)=H,(NNnH,(M)) = H(N) NnHy,.1 (M) by above Theorem 4.6. But H;(N) n
Hy (M) =(NnH;(M))nHy,1 (M) = NnH,.1(M). Hence by induction N is h-pure
in M. O

Now as an application of Theorem 4.6(b), we have the following.

THEOREM 4.8. If N is a submodeule of M, then the following hold:
(i) Ifsoc(N) is h-dense in socM, then N is quasi h-pure in M.
(ii) If N is quasi h-pure in M, then every essential submodule of N is quasi h-pure
inM.

PROOF. (i) Since soc(M)=soc(N) +soc(H, (M)) for all n=0, so soc(N +H,(M)) =
soc(N) +soc(H, (M)) for all n > 0. Therefore N is quasi h-pure in M.

(ii) Let K be an essential submodule of N, then soc(K+H,,(M)) = soc(N+H,,(M)) =
soc(N)+soc(Hy,(M)). Hence soc(K +H,, (M)) = soc(K) +soc(Hy,(M)), consequently K
is quasi h-pure in M. O

COROLLARY 4.9 (see [1, Theorem 66.3]). If S is a h-dense subsocle of M, then any
submodule N with soc(N) € S can be extended to an h-pure submodule K of M such
that soc(K) = S.

PROOF. Let K be an h-neat submodule such that N € K and S = soc(K). Then by
Theorem 4.8, K is quasi h-pure in M. Hence by Theorem 4.7, K is h-pure submodule
of M. O

PROPOSITION 4.10. If N is a submodule of M, then the following hold:
(1) Qm+n(M,N) = Qm(Hyn(M),NNHy(M)) for alln,m > 0.
(i) Q;(M,N)=0forj=0,1,...,nifand onlyifsoc(N+H(M)) = soc(N)+soc(H;(M))
fort=1,...,.n+1.
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(iii) If N is quasi h-pure in M, then N N H, (M) is quasi h-pure in H,(M) for all n.
Also if for some n > 1, NnH, (M) is quasi h-pure in H,(M) and soc(N + H;(M)) =
soc(N) +soc(Hy(M)) fort =1,2,...,n, then N is quasi h-pure in M.

PROOF. (i) Is straightforward.

(ii) If soc(N + H;(M)) = soc(N) +soc(H;(M)) for t = 1,2,...,n+ 1, then trivially
Q;(M,N)=0for j=0,1,...,n. Conversely, as Qo(M,N) = 0 we get soc(N +H; (M)) =
soc(N) + soc(H;(M)). Now suppose soc(N + Hy(M)) = soc(N) + soc(H¢(M)) for t <
n+1. Then soc(N +H;1(M)) € soc(N) +soc(H¢(M)). As done in Theorem 4.6 we get
SOC(N +H;,.1(M)) =soc(N) +soc(Hy.1(M)).

(iii) Due to (i), NnH, (M) is quasi h-pure in H,,(M). Conversely, if NN H,, (M) is quasi
h-pure in Hy (M), Qm+n(M,N) = 0 for all m > 0. But from (ii) we have Q;(M,N) =0
for j = 0,1,...,n—1. Hence Q;(M,N) = 0 for all t > 0. So that N is quasi h-pure
in M. O

Now we prove the following interesting result.

PROPOSITION 4.11. IfN is a submodule of M and K is h-neat submodule of N. Then
any submodule T of M maximal with respect to TN N = K, is h-neat and soc(M) <
T +soc(N).

PROOF. Trivially T/K is complement of N/K in M /K. Hence T /K is h-neatin M /K
and soc(M/K) = soc(T/K) = soc(N/K). Using Proposition 3.1 we have soc(N/K) =
(soc(N)+K)/K.Hence soc(M) < T+soc(N). Let x be auniform elementin TnH; (M),
then there exists a uniform element y € M such that d(yR/xR =1) if v € T we are
done, otherwise h-neatness of T/K in M /K will result a uniform element t € T/K such
that d(iR/XR) = 1. Hence e(y —t) < 1. Therefore,  —t € soc(M/K). Hence we can
find u € soc(N) and v € T such that y—-t-u-veK.Soy=t+u+v+w,weKk.
Hence xR =H;((t+u+v+w)R) =H;((t+v +w)R) € Hi(T). Therefore T is h-neat
in M. O

THEOREM 4.12. IfK is h-pure submodule of H, (M), where n > 0. Then every sub-
module T of M maximal with respect to TN H,, (M) = K, is h-pure in M.

PROOF. Proposition 4.11 yields that T is h-neatin M and soc(M) < T +soc(H,, (M)).
Hence soc(T + H¢(M)) = soc(T)+soc(H;(M)) for t =1,2,...,n. Trivially T n H, (M) is
quasi h-pure in Hy, (M). Hence by Proposition 4.10(iii), T is quasi h-pure in M. There-
fore by Theorem 4.7, T is h-pure in M. O

As in [3] a submodule N of M is called h-dense if M/N is h-divisible. From the
notation of Nt (M) and N; (M) it is easy to see that Nt (M) = soc(NNH; (M) +Hz.1(M))
and N; (M) = soc(soc(N)NH¢(M)+H;.1(M)). Now using Theorem 4.6 we establish the
following results.

PROPOSITION 4.13. If N is a submodule of M and K is a quasi h-pure h-dense sub-
module of N, then Q:(M,K) = Q;(M,N) forallt = 0.

PROOF. Due to h-divisibility of N/K, we have N = K + H;(N) for all t > 0. Hence
NY(M) = Kt*(M) for all t. Since K is quasi h-pure in N, so by Theorem 4.6, soc(N) =
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soc(K) = +soc(H;(N)) for all t = 0. Now

N (M) = soc (soc(N) NHy (M) + Hy.1 (M)) = (soc(N))" (M)
= (soc(N) + Hy1(M)) nsoc (Hy (M))

= (s0c(K) +soc (H; 1 (N) +Hyy1(M)) nsoc (Hy (M))) (4.4)
= (s0c(K) + Hy41 (M) nsoc (Hy (M)) = (soc(K)) (M) = Ky (M).
Therefore, Q;(M,K) = Q;(M,N). O

PROPOSITION 4.14. If N is quasi h-pure in M and soc(N) < NTH, (M), then N <
NYHp(M).

PROOF. Suppose every uniform element of N of exponent t lies inside nH,, (M). Let
x be auniform elementin N such thate(x) = t + 1. Then we can find a uniform element
7y € xR such that d(xR/yR) = 1. Hence y € nH,, (M) and we get v € H, (M) for every
n. Consequently, there is a uniform element z; € H;(M) such that d(z;R/yR) =1
whichin turnwill givee(x —z;) < 1.Sox—z; € soc(N+H;(M)) = soc(N)+soc(H;(M)).
Let x—z; =u+v, u € soc(N) and v € soc(H;(M)). Since soc(N) ¢ nH, (M), so
x € NHy (M) and we get N € N °Hy, (M). O

Finally appealing to Theorem 4.2 and Proposition 4.13 we have the following.

THEOREM 4.15. If N is a submodule of M, then the following hold:

(a) If N is quasi h-pure in M and K is h-pure in M such that N c K, then N is quasi
h-pure in K.

(b) If N is quasi h-pure in an h-pure submodule K of M, then N is quasi h-pure in M.

(c) If N is quasi h-pure in M, then every quasi h-pure and h-dense submodule K of N
is quasi h-pure in M.

(d) If N has a quasi h-pure and h-dense submodule K such that K is also quasi h-pure
in M, then N is quasi h-pure in M.
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