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HYDRODYNAMIC FLOW BETWEEN ROTATING ECCENTRIC
CYLINDERS WITH SUCTION AT THE POROUS WALLS
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ABSTRACT. The flow of a viscous, incompressible fluid between two eccentric rotating
porous cylinders with suction/injection at both the cylinders, for very small clearance
ratio is studied. The expressions for various flow characteristics are obtained using per-
turbation analysis. Streamlines and pressure plots are shown graphically for various values
of flow parameters and discussed.
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1. Introduction. In the present investigation we have considered the viscous flow
between eccentric porous rotating cylinders. The effect of uniform suction and in-
jection is studied on the walls of the cylinders. Several authors have analysed flow
through rotating eccentric cylinders for various flow situations. In particular the com-
plex hydrodynamical lubrication problem as flow between two rotating eccentric cylin-
ders was analysed by Reynolds [10]. Wannier [13] presented an exact solution of the
Stokes equation for the flow between rotating eccentric cylinders. Here, the pressure
distribution reduces to the classical Sommerfeld solution of the Reynolds equation
in the limit of small clearance ratio, and provides a correction for curvature effects.
Wood [14] has studied the asymptotic expansion at large Reynolds number for steady
motion between non-coaxial eccentric rotating cylinders using modified bipolar coor-
dinate system. Kamal [6] has considered the effect of the inertial terms on the flow be-
tween rotating eccentric cylinders. As no restriction was laid on the clearance ratio, the
analysis is somewhat complicated when applied to the lubrication problem. Kulinski
and Ostrach [7] also have considered the effect of inertia on the flow in a journal
bearing by using a perturbation procedure for small eccentricity. Sood and Elrod [12]
have used numerical techniques to solve the full Navier-Stokes equations for the flow
between eccentric rotating cylinders but for a clearance ratio of 1.0 only. DiPrima and
Stuart [3] have studied the hydrodynamic flow between rotating eccentric cylinders
using the modified bipolar coordinate system. They derived the Sommerfeld pressure
distribution and associated flow from the Navier-Stokes equation by a straightforward
and systematic expansion in the clearance ratio (assumed small).

Dintenfass [2] considered the role of cartilage elasticity coupled with the non-
newtonian behaviour of synovial fluid to explain the joint lubrication. Dawson [4]
suggested the existence of more than one mode of lubrication namely boundary lu-
brication, and this idea was supported by McCutchen [9] who concluded that weeping
lubrication was not the sum total of joint lubrication but was supplemented with
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boundary lubrication. Fein [5] was first to give a mathematical model for synovial
joints. He concludes that the joint is hydrodynamically lubricated with other phe-
nomena such as the non-newtonian nature of the fluid weeping, playing a secondary
role. Ling [8] presented an analytical model to account for non-linearity of cartilage.
He considered the fluid filled cartilage as a composite which consists of (i) a rigid
substrate, and (ii) a fluid filled matrix layer. The two surfaces were modelled as two
circular porous discs which were pressed with the fluid film in between. The movement
of the synovial fluid in porous disc was taken to be governed by Darcy’s law. Chandra
[1] considered the porous plate model for synovial joint under squeezing. Sambasiva
Rao et al. [11] have studied the effect of thin film of synovial fluid contained between
slider bearings. Hence the problem of lubricated contact of the cartilage surface is
very complex and so only a step-by-step study seems to be feasible in this direction.

One of the most important area for the application of the problem is the human
(synovial) joints. Synovial joints provided by nature in human body to carry out the
trouble free motion of a bone past another have long been identified as bearing system.
In fact these joints function as excellent bearings in tribological conditions. From an
engineering point of view, the synovial joints are weight bearing systems operating
under a wide range of loading conditions. The mechanism of the synovial joint is akin
to any bearing system in tribological conditions. Finally, even the simplest model of
the synovial joint must take into consideration the porosity of the cartilage and the
eccentricity of the two surfaces involved. Hence, here an attempt on the flow between
two eccentric rotating porous cylinders is made. To be exact in finding the effects of
the porosity on the flow field on a system, consider the flow in the porous media and
the slip in the tangential velocity field that one will encounter at the porous interface.
But here as the thickness of the porous medium in the human bones is very thin, it
is assumed that there is no tangential flow of lubricating fluid in the porous medium
and hence the slip expected at the porous interface is absent, thus considering only
a normal flow of the lubricating fluid into the porous cartilage. It is assumed that the
normal velocity of the fluid in the porous cartilage is uniform. These normal velocities
at the inner and outer cylinders are taken as v and u, respectively. Expressions for
various flow characteristics are obtained using perturbation analysis.

2. Mathematical analysis. We consider a viscous, incompressible fluid confined
between two infinitely long circular cylinders of radii a and b (b > a), with centers
set a distance “ae” apart. In order to ensure that the two cylinders do not touch each

other we have,

O<e=xl, 2.1)

where

o= —. (2.2)

The parameter € is the eccentricity and 6 the clearance ratio. The polar coordinate
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FIGURE 2.1. Geometry and coordinate systems.

system shown in Figure 2.1 has its origin at the axis of the inner cylinder with the
ray 0 = 0 through the axis of the outer cylinder. As in [14], the modified bipolar
coordinates are introduced by means of the conformal transformation

_(aC+y) _ 0 o ik
2_71+YC , Z=vre', T =pe?, (2.3)
where "
_ —(1+p)+[A+p)*-4€*B]
y_ 2EB ’ (2-4)
g = [1+6+€d—y] 2.5)

T 1-(1+68)y—€ys’

The coordinate curves p equal to constant are circles; in particular the inner and outer
cylinders are given by p = 1 and p = B, respectively. An advantage of the modified
bipolar coordinate system as compared to the usual bipolar coordinate system is that,
in the limit € — 0, the p,¢ coordinate system reduces to the 7,0 coordinate system
except for a scale factor of a. The Jacobian J of the transformation (2.3) is given by

I (1+2ypcosep +y2p?)* 2.6)
(1-y?)* ' '
The element of arc length in two dimensions is
2 2 20 @ 5 atp? o,
dsc=dr-+vr-do =7dp +Td¢> . (2.7)

Let u, and u¢ denote the velocity components in the p and ¢ directions, respectively,
and let p be the pressure, o the density, and v the kinematic viscosity. Then the
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momentum and continuity equations are

oup VI oup VJ %1i<£) Bi(l)z
at Ta™op Tap"ap aod PUbt aop\p JHe

:_g% Vctfai)[paf)(p«/?p)}%%[]%(%ﬂ 28
_2Jouy  10Jouy 10Jouy

l( 2Jouge 10joug 1
a’\ p20o¢p pop op podp op )’

ot Pop ap Pop adgp g)”ﬁ
- afpiz’; o anloar O seaglias (3] e
7(4% 10oJou, liai
p23d pop ob  pod ap

o () vag () -0 210)

The boundary conditions are

ou T ou T ou 0 J 10
J"'IM ¢+\/7u e P <[>upu¢+aﬁ(

Up =4q1, up,=v, atp=1,
(2.11)
Up =(q2, U, =u, atp=_,.
From the continuity (2.10) a stream function ¢ can be introduced with
VT oy _ oy
e Pl ‘ﬁa : (2.12)

Assuming the flow to be steady and by using the vector form of the vorticity equation,
the vorticity w in the axial direction is given by

1 /oy oQ 8([/89) (LZ 10 LLZ)
where . ; .
_ _1(7 1 1 )
T Ta\apr T pop T p2 ¢ (2.14)

Using the fact that, in lubrication problems the clearance ratio ¢ is small and also to
facilitate the necessary algebraic calculations, it is convenient to choose x = -1 as
the length scale. Equations (2.4) and (2.5) reveal

«(5,6) = f—1 - 5\/1—62[1—%5<1—\/1—€2>] L0(8%), 2.15)

for 6 small. Hence « is uniformly small for all €, 0 < € < 1, when 6 is small.
If we let
p=1+onx, (2.16)

and introduce the following non-dimensional quantities

Q
Y =xqY, w = %, u=uqxU, v =xq2V. 2.17)



HYDRODYNAMIC FLOW BETWEEN ROTATING ECCENTRIC CYLINDERS ...

Then o 5
_aqiJ oy _ oy

b=, apr  we=ag

Now equations (2.13) and (2.14) take the form
oY 0O oY 0Q 02 x 0 ol 02
-1p (YT 04 UL 0a2 I v v
(1+ax) RM(acb 0x 0x 8¢>) (ax2 * 1+ ax 0x * (1+ax)? 8(1)2)9’
with 52 5 ) 52
x x
Q= _J<ﬁ+ T+ox ox | (1+0x)2 wﬁ’
The parameter Ry, is the modified Reynolds number given by
RM = M0(2.
%

Consistent with the scaling (2.16), the pressure p takes the form

_ Ha1
ax?’

where yu = ov is the viscosity and P is the dimensionless pressure.
The boundary conditions (2.11) become

oY 1 oY np
==, ==V atx=0,
ox I ob I
oY n oY np
== - =—7=U atx=1,
ox NI op I

where n =q»/q:.
From the above it is clear that the functional form of ¥ and P is

¥ =Y(x,¢;€,n,0,Ry), P =P(x,¢;€,n,0Ry).
Expanding J in powers of «, we find that

J(x, i€, = Jo(p;€) + auJh (x, ;€) +0(0?),

where
_ 2
lpie) = A=EC0SD’,
.y _2(l—€ccos¢)[ €(e—cos¢p) 1—€ecos¢— 1—€2
Nix.gie) - LB CEoCR D) el .

The expansions for ¥ and P are of the form

Y (x,$;€,n,0Rn)
=Yoo (x, d;€,1n) +RuYio(x, P;€,n) + «¥o1 (x, p;€,n) + O (o, Ray, &Ryr)

P(x,¢;€,n, &, Ryr)
= Poo (x, b;€,n) + RuPro(x, d;€,n) + Po; (x, ;€,n) + O (0, Ry, &Ry ).
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(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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The expansion of Q, obtained from equation (2.20), is

Q(x,p;€,n, &, Ryr)

= Qo0 (x, P;€,n) + RuQio (X, p;€,n) + xQor1 (x, p;€,n) + O (?, Riy, &Ry) (2.30)

=—Jo

9°¥o0 0°¥19 [ 0°Yo1 9°¥o0 6‘1’00]
0x? ~Rao oxz & Jo 0x? N 0x? +Jo ox I’

Substituting these expansions into the differential equation (2.19) and the boundary
conditions (2.23) and making use of the expansion of J, we obtain three problems
for ¥y, Y10, Yo1 given in the following. In addition, it is necessary to make use of the
condition that the pressure P is singlevalued in ¢. The appropriate equations for Py,
Py, Po1, respectively, are obtained by introducing dimensionless variables in (2.9) and
then substituting the expansions (2.28) and (2.29) for ¥ and P.

THE REYNOLDS APPROXIMATION: & =0, Ry = 0.

54\1’00 _

x4 =0, (2.31)
8‘1’00 _ I’]V\/l —e? a\I’oo _ V1-—¢? atx =0
0¢p 1-—€ecos¢’ 0x 1l-—€cos¢ o
(2.32)
a‘I’oo _ nU\/l—EZ 8\1’00 _ I’]\/I—GZ atx =1
0¢p 1l—€cos¢’ ox  1l-—€ecos¢ o
0Py 93¥oo
R (2.33)
THE INERTIAL OR R); CORRECTION: & = 0, Ry # O.
049  03¥go 0¥99 1 0Wgo O 92¥0
_ _ 1 0% 0 (, , (2.34)
ox4 ox3 o¢p Jo 0x 0¢ 0x?
0¥ 0Y¥io B B
ox = 0p =0 atx=0,x=1, (2.35)
0P1p 93¥10 (a‘l'ooi 0¥o0 i)( a‘1’00>
50 = 1 TV G ax  ax 3¢ ) 0 ax ) (2.36)
THE CURVATURE OR & CORRECTION: & + 0, Ry = 0.
34\1’01 53‘Y00 1 92 ( 82‘1’00)
x4 T ox3  Joox2\"l'ox2 )’ (2.37)
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o¥o1 nVe(e—cose)
op  2(1—€cosp)?’
oYo1 _  €(e—cos¢)
ox  2(1-ecos¢)?
0¥o1 _ nU(2-€*—ecos¢) -

0p  2(1-ecosep)? atx =1, (2.38)
Mo __ [(2-€'—ecosp)  VI-€2 | _ .
ox [ 2(1—-€ecos¢)? (1—€cos¢)]_N(¢) atx =1,
0P _ (S )Py 8 (Do i Do _

(X ) (aX +2]0 ox = 00)-

o

=M(¢) atx=0,

+
2Jo

op “%ox?

3. Solutions of the successive problems. In this section, the solution of the above
three problems are given.

THE REYNOLDS APPROXIMATION: & = 0, Ry = 0. The general solution of (2.31) is

3
Yoo (x,$) = > Aoon(p)x™. (3.1)
n=0
The functions Agg, are determined so that the boundary conditions (2.32) are satis-
fied and so that Py is periodic and singlevalued. This latter condition requires that
[s™ (@Poo/2¢p) dp = 0.

We find
__V1-e€ 2 3
Yoo (x,¢) = — 7t e (n+1)(3x*—2x7)
V1-€? 2 3 (3.2)
m[—x+(r]+2)x —(n+1)x]
+2nk(P) [V +3(U-V)x2-2(U-V)x?],
24 -V 2 1
Poo(x,qb):(q(%ez))[—Zesin¢+%sin2¢)+§(2+62)¢]K(¢>)
2 _
+2+2€ L(¢)+%v1—ezlog(1—ecosq§)+ \/?(l—ecosqb) (3.3)
6e(n+1)(2—€*>—€ecos¢)sing e
(2+€)Vi-€? 00
where

an-1 [L1TE€ ¢ _
K(¢) = tan ,/1_€tan(2>, L(qb)-JK(([))d([;, (3.4)

Agoo and Gg are arbitrary constants. Note that ¥y is symmetric and the pressure Py
is antisymmetric where the line ¢ = 0.

To show that (3.3) is truly the Sommerfeld pressure distribution it is necessary
to convert from the ¢ coordinate of the modified bipolar coordinate system to the 6
coordinate of the polar coordinate system. This is done as follows. On the circle p =1,
¥ = a, it follows from (2.5) that

ao . (3.5)

1
= — d
\ﬁ p=1
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Substituting for J from equations (2.24), (2.25), and (2.26) we obtain

e€(e—cosq) )
Jde J [1 ecos¢+a2(1fecos¢)2+0(o‘ )]d¢>- (3.6)

The integral on the right-hand side of (3.6) can be evaluated by using Sommerfeld
transformation, 1 +ecosX = (1 —€2)/(1 —ecos¢). We find that,

2siny

o= TO(). 3.7)

0=X-«x

In the limit &« — 0, we have 0 = y and 1 +€ecos @ = (1 —€2)/(1 —ecos ¢). It follows that

€+cosO . V1—-€2sinf
cos = 1+cos@’ sing = 1+€cos@ ° (3.8)

Using (3.8) and (2.15) to express « in terms of §, we have from (3.3) and (2.22),

Ha
pP—Po= mpo()o
61511t110t(l7+1)(2+ecos€)sm9Jr para
(b-a)?(2+e2) (1+ec039)2 (b-a)?(1-€?)
240U -V) ¢
X 1-) {[ Zesm¢+4sm2¢+ (2+e)q§]K(¢>) (3.9)

2+e

L(¢p) + *\/1 €2log(1 —€ecos¢)

/17
A

(l—ecoscl))} +0(e,Ry),

where pg is a constant. When the outer cylinder is at rest, that is, n = 0 this is the
Sommerfeld pressure distribution.

THE INERTIAL OR R); CORRECTION: « = 0, Rj; + 0. Having obtained ¥y, the right-
hand side of (2.34) is given as follows:

_2e(m@)sing g [ 30— V)X — 200 - V)X Croo ()
(1—ecos¢)? = 10n X X X~ ]C100

+[x = +2)x%*+ N+ 1)x3]D1go () — (x2 = x) E100(Pp) — (x> = x2) Fi00 ()

+[6(n+1)x3 = (7n+11)x%2+2(n+3)x —1]Hi00(¢p) — (12x3 —18x2 +6x) M100 (),
(3.10)



HYDRODYNAMIC FLOW BETWEEN ROTATING ECCENTRIC CYLINDERS ... 101

where
_6n+1)  n+2
Bioold) == l1—€ecos¢p’
Buoy () = _18(n+1)(n+3) 36(n+1)*(1—€cos¢) . 2(7+7n+n?)
101 B 2+e? (2+€2)? 1-€cos¢p '
Bros(y — 361+ DB2m)  108(n+ D21 —ccos) _12(7+1)(n+2) (.11)
102 B 2+¢€2 (2+¢—:2)2 l1-€cos¢p '
_ of 5 1 6(1 —€cos¢)
Bioz(¢p) =12(n+1) [ et [ “ccosd + 2+ ) ]
_ nvl-¢€? 6v1—-€2(n+1) 12(n+1)/1—¢€?
Croo() = 1-€ecos¢ [724U(U7V)K(¢)7 1-ecosg (2+€2) ]
(3.12)
_ 24n(U-V)K(¢p)ev1—-€?sin(¢)
Dioo(¢p) = — (1-ccos)? , (3.13)
_12n(1-€*)(U-V)K(¢) (24n(U—-V)(1—ecosPp)esingp
Fun(@) = =1 ! — K($),
. 2e(n+2)sing N 6n(U—-V)(1—-€ecosg)
V1i-e? Vi-e? ’
3 12€(n+1)sin¢(1—ecos¢)}
(2+e2)V1-¢e2 ’
(3.14)
_ 12nV1-e2(U-V)K(¢) { 48en(U-V)(1-€cos¢)sing
Fioo () = (ccos { = K@),
—12n(U-V)(1—-€cos¢) —6€e(n+1)sing,
N 24e(n+1)(1—ecos<;b)sind)}
(2+€2?) ’
(3.15)
Vi-e? i
Higo(¢) = —6U(U—V)m<l +4evV1—€2K(¢p) Sln¢), (3.16)
- _ (n+1)(1-¢€*) - :
Migo(p) = —6n(U-V) G+ (1-ccosd)? (1+4eV1-e2K(¢)singp). (3.17)
The general solution of (2.34) is given by
> . 2e(1-€?)sing o n
Yol ) = 3 Aron(@)x" = S0 (CahT 2 Bon () ¢
4
+%(210V+6(U—V)(7—2x)x2)C100(<l))
2x°
+ 2 (21-7(n+2)x +3(n+ 1)x?) D1go () (3.18)

5 6
- 2%(X —3)E100(p) - 2%(336 —7)Fi00(¢)

4
+ 2%(18(n+ 1)x3 —7(7n+11)x2 +42(n +3)x —105) H100 ()

5
- 1’;—0 (2x2 —7x + 7) Migo ().
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The functions involving ¢ are determined so that the boundary conditions (2.35) are
satisfied and so that P is periodic and singlevalued. Thus we have

A11 () =0, (3.19)
Ar02(¢)
_ 2¢(1-¢€*)sing (n+1)! 13U +22V 24-18n
=" (—ccosd)? nz( +4)|B10n(¢)+7840 Croo(¢) + ——=—Droo ()
1 1 33
120E100(¢)+280F100(¢)+168(517 16)Hioo(¢p) + OM100(¢)
3(1=€2)n[ (n+1)(13U—197V) @ 2
35(2+€2)[ 2+ €2 B nw-=v) (31V+74U)]
(3.20)
Aq03()
26(1 62 ) sin¢ (n+2)n! (9U +26V) (22-13n)
(1—ccos)? nzo (i) Bion () =557 Cro0() = == Dioo ()
1 1
725100(¢) F100(¢>) %(3217 101)H00 () — 30M100(¢)
2(1-€2)n (r)+1)(13U 197V) 118 2
*35(2+e2)[ 2+e2 nu=v- (31V+74U)]’
(3.21)
Pio(o;e€)
3e(n+1)?2 4 _E (n+1)2 5
735(2+62 Sp+= (1 n+n )log(l €cos¢) 524 )2(1 €cos¢)
26V+9U 13n-22 32n-101
+ 70 S1(p) - 420 Sz(qb)+*53(¢)m3’4(¢)+T55(¢)
13 12 6n(n+1)
(12n(n+1)(13U7197V) B 1472r]2(U7V) B 2417(31V+74U))
35(2 +€2)2 35(2+€2?) 105(2 +€2)

2
x(2 ¢ - 2651nd>+—51n(2</))>

(3.22)
where
2
Sl(d’):*%(U*V)[L("’)*GK@)QH‘“%mlog(l*ecosw] (3.23)
+6n(n+1)¢+w(¢ esing),
24 1
S2(p) = - Jli(U V)[ COS¢K(¢)_@¢+EK(¢)]' .24
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S3(¢p) = 144'7 (U-V)? [(1 ecos)2K ()% — ﬁL(qu SK(¢)sing
fi(lfez)log(lfecosd))] (3.25)
_ 2 _ 2
—%\/Q(U—V)[—d{(@cosd)— 146 b+ S 14 € sincb],
576n2 144n%2(U-V)
Si(p) = — ﬁ(U V)? (K(¢)2)(1—ecos¢)2—ﬁ
[ ¢)76K(¢)sm¢+ log(l ecosd>]
(3.26)
D TR )]
1-¢€ 2
__288nn+l) o[ Vi€ 1 2, €
(2+€2)W(U V)[ ) K(d))(l ecosp)”+ smqb]
_ 1-¢2 6n(U-V)
S5 = 240U -V)| (1 -ecos ki) - TS| - -V, (3.27)
24n(n+1)(U-V)V1-¢€? 1)
Se(p) = — (1-€ecosPp)K(¢p) -
o 1)(2+€2) [ 2] (3.28)
nn+ B
T ore UV
S7(¢) =L(p) —€eK(¢p) singp + _Ezlog(l—ecosd)), (3.29)
Ss(Pp) = Pp—e€sing. (3.30)

We observe that the stream function ¥;¢ is antisymmetric and the pressure is sym-
metric about the line ¢ = 0.

THE CURVATURE OR & CORRECTION: & # 0, Ry = 0. The right-hand side of (2.37)
is given by

Algglaj;—m(%?’“owfzm) +24Bo10(¢,€), (3.31)
where
Bouo(gpe) = 7N ”;;‘i‘f)*(l@_(i—o :;C)ZW—ZW) |
3 (3.32)
¥o1 06, 8) = 3. Aoun (@)% + [Bono () = (U = V) Cono( )]
Coro(p) = =KD (330 cosp—2VT=e2), 333

(1—€ecos¢)
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Ao10(®) = So10 +ao1o, (3.34)

Ao11(p) =M(¢) =

e€(e—cos)
“2(1-€ecos¢)?’ 3.35)

Ap12(p) = =2M(¢p) —=N(¢) +Bo1o(P) — (U =V)Co10(p) —3So10
+3[ nUesing  2nUK($) 1-¢€? (r]+1)(4—€2—3\/1—€2):|

2(1—€cos¢p) J1-¢€2 +3(2+62) 6(2+e€2)
(3.36)

Ap13(p) = M(p) +N () +2Bo10(p) —2(U - V) Cor0(P) +2So10
_2[ nUesin ¢ Jr2r/UK(<l>)Jr 1-¢2 _(r]+l)(4€23\/1€2):|

So10(p) = —

2(1-€ecos¢p) V1-€2  3(2+¢€?) 6(2+e€2)
(3.37)

nVesing
2(1-€cos¢)’ (3.38)

and the pressure is as follows:

Po1(;¢€) = [—

2+¢?

€ 6¢e(2—€?) .
+('7+1)(— 1—e2 ' (2+62)W>}Sm¢

+ € +fl+1( € - Ge® )sianb
2+¢? 2 \1-€?2 (2+€2)V1-¢2

B 2
+ [6’7(UV)<2€2+6\/1—€2+3€2\/1—€2_4)+mlj(i;/ez):lL(d))
€

(1-e2)°" (1-

24en . 2
+msm¢K(¢)(2—3\/ﬁ(U_v)_2U)
+%log(l7ecos¢)(73(273m(U7V)+2(3U+V)>)

+ L:/zsianbK((I))(— (2-3Vi-€wW-v)+20))

(1-€?)
3ne B 5
+(1_62)cos¢(2 3V1-€e2(U-V)-4U)
3nUe? 6nvV. 9nU-V)
+72(1_€2)C052¢+(1_€2)+ T -

(3.39)

As in the Reynolds approximation, ¥y, is symmetric and the pressure Py; is antisym-
metric about the line ¢ = 0.

4. Results and discussions. Having calculated the streamfunction and pressure
distribution, graphs are plotted to study the effect of suction/injection on the flow
values of eccentricity ranging between 0.3 and 0.5 with n(= g»/q;) the ratio of the



HYDRODYNAMIC FLOW BETWEEN ROTATING ECCENTRIC CYLINDERS ... 105

velocity of the outer to the inner cylinder to be 2 and —1. Figures 1, 2, 3, 4, and 5
display the contour plot of the stream function ¥(x,¢) for values of € = 0.3, n =2
and Ry = 0.01. 1t has been observed that the streamlines are almost circular following
the contour of the body. Graphs clearly reveal that change in the value of U and V
does not affect the flow pattern for a small value of € with n = 2.0. Figures 6, 7, 8, 9,
and 10 show the streamline pattern for the flow between counter rotating cylinders.
Separation is observed in all cases obtained by varying the signs of U and V. It is
seen that the outer cylinder drags more fluid with itself than the inner cylinder. As
the values of U and V vary the flow pattern gets slightly deviated with a change in
the sense of movement. As the values of U and V vary the flow pattern gets slightly
deviated with a change in the sense of movement. Now from Figures 1, 2, 3, 4, 5, 6, 7,
8, 9, and 10 it can be concluded that when the cylinders rotate with equal speeds but

(2) U =0.133682; V =0.2661364.

(3) U = -0.133682; V = 0.2661364. (4 U =0.133682; V = -0.2661364.

(5) U =-0.133682; V = —0.2661364.

Figures 1, 2, 3, 4, and 5 give the streamlines for € = 0.3; n = 2.0; Ry =
0.01; & =0.939368.



106 S. MEENA ET AL.

in opposite direction, the effect of suction/injection is felt even for a small value of
the eccentricity parameter.

Now increasing the eccentricity parameter € to 0.5, as in the previous case, the
streamlines are drawn for the same values of n, that is, 2 and —1. For n = 2 the
streamline pattern is shown in Figures 11, 12, 13, 14, and 15. The streamline patterns
show a small deviation from the usual circular pattern. Comparing the same with the
case for which € = 0.3, it has been observed that eccentricity plays a vital role in flow
separation. The pattern remains unaltered for various values of U and V except with
a change in the sense of movement. Finally, from Figures 16, 17, 18, 19, and 20 we
observe a clear separation which encircles the inner cylinder. There is a slight variation

(8) U = —0.2661364; V = 0.5322728. (9) U =0.2661364; V = —0.5322728.

(10) U = -0.2661364; V = —0.5322728.

Figures 6, 7, 8, 9, and 10 give the streamlines for € = 0.3; n = —1.0; Ry = 0.01; x =
0.939368.
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in the separated flow region which gets shifted in accordance to the values assigned
toU and V.

(12) U = 0.1509782; V = 0.3019564.

(13) U = —0.1509782; V = 0.3019564. (14) U = 0.1509782; V = —-0.3019564.

(15) U = -0.1509782; V = —-0.3019564.

Figures 11, 12, 13, 14, and 15 give the streamlines for € = 0.5; n = 2.0; Ry =
0.01; @ =0.827934.

Figures 21(a-e), 22(a-e), 23(a-e), and 24(a-e) show the corresponding pressure
curves for various physical parameters. For € = 0.3, n = 2, Ry = 0.01 and with U =
V = 0, that is, the case where there is no suction/injection. Figure 21a reveals that
as 0 increases, pressure increases to a certain limit (6 = 180) and then gradually de-
creases indicating the fact that pressure is periodic in nature. Figures 21b and 21c
show the pressure plots for the U < V. There is a fall in the magnitude pressure as
in comparison with Figure 21a. For U > V, there is a slight rise in the magnitude of
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pressure as observed in Figures 21d and 21e. Figures 21a, 21b, 21c, 21d, and 21e are
clubbed into a single graph (Figure 21(a-e)) indicating the effect of suction/injection
for € = 0.3 and n = 2.0. This graph clearly reveals the periodic nature of pressure.

As discussed in the above case, the pressure graphs are drawn for € = 0.3, n = —1,
Ry = 0.01. Here the cylinders rotate with equal speed in opposite directions. Thus
eventhough the patterns remain alike here the trend is reversed. This is seen from
Figures 22a, 22b, 22c¢, 22d, and 22e. Similarly changing the values of the eccentricity
parameter to 0.5, the pressure distribution is shown for n = 2 and —1 in Figures 21(a-
e), 22(a-e), 23(a-e), and 24(a-e).

(1) U=V =0. (17) U = 0.3019564; V = 0.6039128.

(18 U

(20) U = —-0.3019564; V = —0.6039128.

Figures 16, 17, 18, 19, and 20 give the streamlines for € = 0.5; n = —1.0; Ry =
0.01; «x=0.939368.
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112 S. MEENA ET AL.

2 60
: s >
3 o RN
L / AN [ 1 \\
LE \ 40F ! \
L / \ [ U \
[ / 1 \
- \ 1 \
0 N p / ’ F P 1 \
'\ / 2t ; ‘.
L\ / I}
R SN / S )/
L \ / of S« ’
B ~ [ N 7/
o [ 1 1 1 1 1 | 1 1 1 1 1
0 2 3 4 5 6 7 0 1 2 3 4 5 6 7
0 0
(@U=V=0. (b) U =0.3019564; V =0.6039128.
400 0 .
: i SRR /
300 f i —100fF \ /
200F P Y —200f P \ ,'/
100 ; ~300 F \ /
£~ [ S ] ] _400 —1 ] ] ] ] ]
00 1 2 3 4 5 6 7 000 1 2 3 4 5 6 7
0 0
(0) U =-0.3019564; V = 0.6039128. (d) U =0.3019564; V = -0.6039128.
400
0.00 F.ome.. i ',o .
4 "-_ .: L . *
~0.10f 200 : X
o 14 B
-0.20 ,‘.', -~ Y
: ) ST
~0.40 f ! :
: ~200 \ ,/
—0.50 F ../
—0.60 F 0 0 gqool—1—1 111
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
0 0
(e) U =-0.3019564; V = —0.6039128. (a-e)

FIGURE 24. The pressure distribution for € = 0.5; n = —1.0; Ry = 0.01; x = 0.939368.



HYDRODYNAMIC FLOW BETWEEN ROTATING ECCENTRIC CYLINDERS ... 113

ACKNOWLEDGEMENT. S.Meena thanks CSIR, New Delhi for the financial assistance
through a Senior Research Fellowship during the present work.

(1]
[2]
(3]
(4]
(5]
(6]

[7]

(8l

[9]
(10]

(11]
(12]
(13]

(14]

REFERENCES

P. Chandra, Effect of cartilage porosity on synovial joint lubrication, Proc. N. A. Sc. (1979),
265-279.

L. Dintenfass, Lubrication in synovial joints, Archeological approach to the problem of
joint movement and joint lubrication, J. Bone Int. Surg. 45A (1963), 1241-1253.

R. C. DiPrima and J. T. Stuart, Flow between eccentric rotating cylinders, J. Lub. Tech.
Trans. ASME Series F 72 (1972), 266-274.

D. Dowson, Modes of lubrication in human joints, Proc. Inst. Mech. Engrs. 181 (1967),
45-53, 3J.

R. S. Fein, Are synovial joints squeeze-film lubricated?, Proc. Inst. Mech. Engrs. 181 (1967),
125-132, 3]J.

M. M. Kamal, Separation in the flow between eccentric rotating cylinders, ASME Journal of
Basic Engineering 88 (1966), 717-724.

E. S. Kulinski and S. Ostrach, Journal-bearing velocity profiles for small-eccentricity
and moderated modified Reynolds numbers, J. Appl. Mech. 34 (1967), 15-22.
Zbl 158.23503.

F. F. Ling, A new model of articular cartilage in human joints, J. Lub. Tech. 96F (1974),
no. 3, 449-454.

C. W. McCutchen, More on weeping lubrication, Inst. Mech. Engrs. 121 (1969), 117-123.

0. Reynolds, On the theory of lubrication and its application to Mr. Beuchamp Tower’s
experiments, Phil. Trans. Roy. Soc. 177 (1886), 157-234.

P. Sambasiva Rao, B. Srivathsa, and P. N. Murthy, A numerical scheme for hydrodynamic
lubrication of synovial fluid, Indian J. pure appl. Math. 26 (1995), 831-835.

D. R. Sood and H. G. Elrod, On the flow between two long eccentric cylinders, Tech. Re-
port 17, Lubrication Research Laboratory, Columbia University, 1970.

G. H. Wannier, A contribution to the hydrodynamics of lubrication, Quart. Appl. Math. 8
(1950), 1-32. MR 12,217m. Zbl 036.25804.

W. W. Wood, The asymptotic expansions at large Reynolds numbers for steady motion be-
tween noncoaxial rotating cylinders, J. Fluid Mech. 3 (1957), 159-175. MR 19,1119f.
Zbl 081.19304.

S. MEENA AND P. KANDASWAMY: DEPARTMENT OF MATHEMATICS, BHARATHIAR UNIVERSITY,
COIMBATORE-641 046, INDIA

LOKENATH DEBNATH: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CENTRAL FLORIDA,
ORLANDO, FLORIDA 32816, USA
E-mail address: 1debnath@pegasus.cc.ucf.edu


http://www.emis.de/cgi-bin/MATH-item?158.23503
http://www.ams.org/mathscinet-getitem?mr=12:217m
http://www.emis.de/cgi-bin/MATH-item?036.25804
http://www.ams.org/mathscinet-getitem?mr=19:1119f
http://www.emis.de/cgi-bin/MATH-item?081.19304
mailto:ldebnath@pegasus.cc.ucf.edu

