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ABSTRACT. We show the strong unique continuation property of the eigenfunctions for
p-Laplacian operator in the case p < N.
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1. Introduction. This paper is primarily concerned with the problem:
—div(|Vul?P?vu) +Viul?2u=0 inQ, (1.1)

where Q is a bounded domain in RV and the weight functions V is assumed to be not
equivalent to zero and to lie in LN/? (Q).

Also, we know that the unique continuation property is defined by a different form.
In this work, we are interested to study a family of functions which enjoys the strong
unique continuation property (SUCP), that is, functions besides possibly the zero func-
tions has a zero of infinite order.

DEFINITION 1.1. A function u € LP(Q) has a zero of infinite order in p-mean at
X0 € Q, if for each n € N,

J lul? =0(R") asR — 0. 1.2)
|x—x0|<R

There is an extensive literature on unique continuation. We refer to the work of
Jerison-Kenig on the unique continuation for Shrodinger operators (cf. [3]). The same
work is done by Gossez and Figueiredo, but for linear elliptic operator in the case V €
LN/2 where N > 2, (cf. [1]). Also, Loulit extended this property to N = 2 by introducing
Orlicz’s space, (cf. [2, 5]). In this work, we generalize this property for the p-Laplacian
in the case V € LN/P(Q) and p < N.

2. Strong unique continuation theorem. In this section, we proceed to establish
the strong unique continuation property of the eigenfunctions for the p-Laplacian
operator in the case V € LN/?(Q) and p < N.

THEOREM 2.1. Let u € Wﬁ)’f(Q) solution of (1.1). If u = 0 on a set E of positive
measure, then u has a zero of infinite order in p-mean.
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To prove this theorem we need the following lemmas.

LEMMA 2.2. Letg € Wé”’ (Q) andV € LN/P, Then for each € > 0 there exists a positive
constant k¢ such that

j V|g|psej |Vg|r’+k€f 91" @.1)

Q Q Q

PROOEFE. Set
G:{xe zc}. 2.2
Vx) (22)
So

j V|g|f’sj V|g|”+kj 917 2.3)

Q G Q

By using the Holder and Poincaré’s inequalities, we get

| viarr <clixeVIE™ | 1valr+k| 1a1. @4
Q Q Q

But || - || is absolutely continuous. So, given € > 0, there exists k such that c||xcV| < €.
Which gives immediately the inequality (2.1). O

LEMMA 2.3. Let B, and By, be two concentric balls contained in Q. Then
J vulr < S jupe, (2.5)
By TP

where the constant ¢ does not depend on r.

PROOF. Take @ € Cy (Q2), with supp@ C By, (x) =1 for x € B, and |[Vp| <c/r.
Using @”u as a test function in (1.1), we get

J —div(|Vul?P?vVu)pPu + ViulP2u@?fu=0. (2.6)
Bar

Boy
So
J IVuIVQO’”=—vJ IVulP2@P?vu-Vo(pu)- | Viepul”. (2.7)
Bay Byy

Bar
Using Young’s inequalities for (((p —1)/p)+1/p = 1), we can estimate the first inte-
gral in the right-hand side of (2.7) by

(p,l)ep/w—nj

By

\vm”q)we*”j VPP, 2.8)

Bay
Also by the result of Lemma 2.2, we can estimate the second integral in the right-hand
side of (2.7) by
EJ \V((pu)|p+cef lpulP. (2.9)
Bar Bar

Using these estimates in (2.7), we have

j |Vu|*’cp”s((v—l)e”“p*lwe)j IVul? @l
Bar Bar (210)
|u|*’|v<p|”+cej3 ul? P,

2r

+(e77 +€) JB

2r
Using the fact that V| < c¢/r, |@p| < c/r, and @ =1 in B,, we have immediately
inequality (2.5). O
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LEMMA 2.4. Let u € W1 (B,), where B, is the ball of radius v in RN and let E =
{x € B, : u(x) = 0}. Then there exists a constant 3 depending only on N such that

TN
J \ulsB—IAI”NJ [Vl (2.11)
A |E| By

for all ball B, u as above and all measurable sets A C B;..
To prove this lemma see [4].
PROOF OF THEOREM 2.1. We know that almost every point of E is a point of den-

sity of E. Let x( € E be such a point. This means that

lim7|EmBT’ =

"B, ] L (2.12)

where B, denotes the ball of radius » centered at xy and |S| denotes the Lebesgue
measure of a set S. So, given € > 0 there is an 7y = 7y (€) such that

|E€N B, | e |ENB, |

, >1-€ forvr <y, (2.13)
| By | | By | ’

where E¢ denotes the complement of the set E. Taking v smaller, if necessary, we can
assume B,, C Q. Since u = 0 on E, by Lemma 2.4 and (2.13) we have

N
JB |u|p:,[3 Ev\ul”sEWIECOBTII/NJB [V (u)? |
v  NE€ v v
5 N E1/NJ SR (2.14)
<pBp——F—-—| lulP'vul.
p <Br|(171/N) 1—€Js

By Holder’s inequality

el/N 1/p (p-1)/p
J Iulpsc—r(J |Vu|”> (J \ul”’) , (2.15)
By 1-€ By By

and by using the Young’s inequality, we get

1/N

J lul? <cs r(rv—lj |Vu|r’+”—_1J \ul"’). (2.16)
By 1-€ By r By

Finally, by Lemma 2.3, we have

61/N
J lul? <c J lul?, (2.17)
By 1-e€ Boy

where c is independent of € and of » as » — 0.
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Now let us introduce the following functions:

fr) :J [ul?. (2.18)

By

And let us fix n € N, choose € > 0 such that (ce!'/N)/(1 —¢€) < 27". Observe that
consequently vy depends on n. Then (2.17) can be written as

fr)y<27"f2r) forr <. (2.19)
Iterating (2.19), we get
flp) <27k f(2kp), if 2k 1p <. (2.20)
Now given 0 < ¥ < ¥y(n) and choose k € N such that
27y < v < 27Ky, (2.21)
From (2.20), we obtain
fr) <27k f(2ky) <275 £(21y). (2.22)

Since 2% < v /¥y, we finally obtain

v n
Fn< () fen), (2.23)
"o
which shows that x is a zero infinite order in p-mean. O
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