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ABSTRACT. Solving systems of nonlinear equations and inequalities is of critical impor-
tance in many engineering problems. In general, the existence of inequalities in the prob-
lem adds to its difficulty. We propose a new projected Hessian Gauss-Newton algorithm
for solving general nonlinear systems of equalities and inequalities. The algorithm uses
the projected Gauss-Newton Hessian in conjunction with an active set strategy that identi-
fies active inequalities and a trust-region globalization strategy that ensures convergence
from any starting point. We also present a global convergence theory for the proposed
algorithm.
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1. Introduction. The solution of systems of nonlinear equations and inequalities is
the goal of many scientific and engineering applications. In constrained optimization
problems this task is often required to ensure that the feasibility set is not empty. This
is critical specially in algorithms that are based on the assumption that the feasibility
region is not empty, for example, interior-point methods, (cf. El-Bakry, Tapia, Tsuchiya,
and Zhang [6]). In this paper, we provide a new algorithm for effectively solving such
systems.

In this paper, we consider the problem of finding a solution x, that satisfies the
following set of nonlinear equalities and inequalities:

F(x)=0, G(x) =<0, (1.1)

where x € R", F = (f1,f2,...,f/m)T, and G = (g1,92,...,9p)T. We assume that m < n
and no restriction is imposed on p. The functions f;, i =1,...,mand g;j, j =1,...,p
are assumed to be twice continuously differentiable.

We define the indicator matrix W(x) € RP*P, whose diagonal entries are

i) Z{l, if gi(x) >0, 02
0, if gi(x)<O.

Using this matrix, problem (1.1) can be transformed to the following equivalent
equality constrained optimization problem:

minimize ||W(x)G(x)||§, subject to F(x) = 0. (1.3)
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The matrix W(x) is discontinuous; however, the function W(x)G(x) is Lipschitz
continuous and the function G(x)TW (x)G(x) is continuously differentiable (Dennis,
El-Alem, and Williamson [3]).

Our proposed algorithm is iterative. We start with a point xo € R". Then the algo-
rithm generates a sequence of iterates {xy}. One iteration of the algorithm produces,
at the point xy, a point xy+1 = X + S that is a better approximation to a solution
x, than xj;. We measure the progress towards a solution using the £, exact penalty
function associated with problem (1.3);

d(x;7) =Gx)TW(x)G(x) +rF(x)TF(x), (1.4)

where v > 0 is a parameter. Our algorithm uses the trust-region globalization strategy
to ensure that, from any starting point xg, the sequence of iterates {xy} generated
by the algorithm converges to a solution of problem (1.3). The basic idea of the trust-
region algorithms is as follows. Approximate problem (1.3) by a model trust-region
subproblem. The trial step is obtained by solving this subproblem. The trial step is
tested and the trust-region radius is updated accordingly. If the step is accepted,
then we set xy+1 = X + Sk. Otherwise, the radius of the trust-region is decreased and
another trial step is computed using the new value of the trust-region radius. Detailed
description of this algorithm is given in Section 2.

The following notations are used throughout the rest of the paper. Subscripted func-
tions are function values at particular points; for example, Fy = F(xy), Gk = G(xy) and
so on. However, the arguments of the functions are not abbreviated when emphasizing
the dependence of the functions on their arguments. The ith component of a vector
V(xy) is denoted by either (V}); or Vi(xy). We use the same symbol 0 to denote the
real number zero, the zero vector, and the zero matrix. Finally, all norms used in this
paper are £>-norms.

2. Algorithmic framework. This sectionis devoted to present the detailed descrip-
tion of our trust-region algorithm for solving problem (1.1). The reduced Hessian ap-
proach is used to compute a trial step si. In particular, the trial step sy is decomposed
into two orthogonal components; the normal component 1 and the tangential com-
ponent vi. The trial step si has the form s = uy + vy = ux + Zy vx, where Zy is a matrix
whose columns form an orthonormal basis for the null space of VF/.

The matrix Z(x) can be obtained from the QR factorization of VF(x) as follows:
R(x)}

(2.1)

VF(x) =[Y(x)Z(x)] [ 0

where Y (x) is the matrix whose columns form an orthonormal basis for the column
space of VF(x) and R(x) is an m X m upper triangular matrix. When VF(x) has full
column rank, the matrix Y (x) € R"™, Z(x) € R =M and R(x) is nonsingular.

Using this factorization, the first-order necessary conditions for a point x, to be a
stationary point of problem (1.3) can be written in the following form:

[Z(x*)TVG(x*)W(X*)G(X*)} _ [0]

F(x.) 0 (2.2)
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We obtain the normal component uy by solving the following trust-region subprob-
lem: 1
minimize §||VF,(Tu+Fk||Z, subject to |lu|l < oAx (2.3)
for some o € (0,1), where Ay is the trust-region radius.

Given the normal component 1, we compute the tangential component vy by solv-
ing the following trust-region subproblem:

1
minimize (VG WiGi + VGiWiVGIug)' Zpv + E17TZ,{VGkaVG,szﬁ,

subject to | ZyD || < /A7 — luxll?,

then, we set vy = Zy Uk.

Once the trial step is computed, we test it to determine whether it is accepted. To
do that, we compare the actual reduction in the merit function in moving from xj to
Xk + Sk versus the predicted reduction. We define the actual reduction as

(2.4)

Aredy = G,{Wka—G(xk+sk)TW(xk+sk)G(xk + 5¢)

. (2.5)
1 IFl2 = ||F (xic+510) -
The predicted reduction in the merit function is defined to be
Predy = ||[WiGkll? — HWk(Gk + VG,{Sk) ||2 +7’k[“FkH2 — ||Fk + VFkTSkHZ]. (2.6)

After computing si, the parameter 7 is updated to ensure that Pred; > 0. Our way
of updating 7y is presented in Step 3 of Algorithm 2.1.

After updating 7y, the step is tested for acceptance. If Aredy /Predy < n;, where
n1 € (0,1) is a small fixed constant, then the step is rejected. In this case, the radius
of the trust-region Ay is decreased by setting Ay = & ||skll, where «; € (0,1), and
another trial step is computed using the new trust-region radius.

If Aredy /Predy > np, then the step is accepted and the trust-region radius is up-
dated. Our way of updating Ay is presented in Step 4 of Algorithm 2.1.

Finally, we use the first-order necessary conditions (2.2) to terminate the algorithm.
The algorithm is terminated when, for some &, > 0,

[|ZEV GeWi Gi|| + | Fi |l < €t (2.7)

Now, we present the algorithmic framework of our proposed method.
ALGORITHM 2.1

STEP O (initialization).
Given xo € R", compute Wy. Set 19 =1 and € = 0.1.
Choose &1, X1, X2, N1, N2, Amin, Amax, and Ag such that €1 > 0,0 < o1 <1 < &,
0<ni<n2<1,and Anin < Ao < Amax-
Setk =0.

STEP 1 (test for convergence).
If HZkTVGkaGkII + || Fxll < &to1, then terminate the algorithm.
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STEP 2 (compute a trial step).
If ||Fx|l = 0, then
(a) Set ux =0.
(b) Compute 7 by solving problem (2.4) with uy = 0.
(c) Set sy = Zy Vk.
Else
(a) Compute uy by solving problem (2.3).
(b) If ||ZkT(VGkaGk + VGkaVG,fuk) || =0, then set vy = 0.
Else, compute Uy by solving (2.4).
End if.
(c) Set s = Uy + Zx U and Xy = Xk + Sk.
End if.

STEP 3 (update the parameter ).
(a) Set vy = k1.
(b) If Predy < 7 /2[||Fxll? — || Fx + VF{ s ]I?], then set
Z[G(xk+sk)TW(xk +5x) G (xg + sk) — Gk Wi Gk ]
2
IFll2 = ||Fi + VFT si|

Tk =

+C. 2.8)

End if.

STEP 4 (test the step and update Ag).
If Aredy /Predy < ni, then
Set A = o llskll.
Go to Step 2.
Else if n; < Aredy /Predy < ny, then
Set Xg+1 = Xk + Sk.
Set Agy1 = max(Ak, Amin)-
Else
Set X1 = Xi + Sk.
Set A+ = min{Amay, max{Amin, X2 Ag}}.
End if.

STEP 5. Set k =k +1 and go to Step 1.

Itis worth mentioning that either direct or iterative methods can be used to solve the
trust-region subproblems arising in the above algorithm. Recently Abdel-Aziz [2] pro-
posed a new method for computing the projection using implicitly restarted Lanczos
method which proved to be very successful in solving nonlinear structural eigensys-
tems (see Abdel-Aziz [1]).

3. Convergence analysis. In this section, we present our global convergence the-
ory. However, for the global convergence results to follow, we require some assump-
tions to be satisfied by the problem. Let {x\} be the sequence of points generated by
the algorithm and let Q be a convex subset of R" that contains all iterates xj and
X + Sk, for all trial steps s examined in the course of the algorithm. On the set Q, the
following assumptions are imposed.
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(A1) The functions F and G are twice continuously differentiable for all x € Q.

(A2) The matrix VF(x) has full column rank.

(A3) All of F(x),VF(x),G(x),VG(x),V?fi(x) for i = 1,...,m,V?g;(x), for j =
1,...,p,and (VF(x)TVF(x))~! are uniformly bounded in Q.

3.1. Important lemmas. We present some important lemmas that are needed in
the subsequent proofs.

LEMMA 3.1. Let assumptions (A1), (A2), and (A3) hold, then at any iteration k,
lugll < Kyl Fell, (3.1)

where K is a positive constant independent of k.
PROOF. The proof is similar to the proof of [4, Lemma 7.1]. O

In the following lemma, we prove that, at any iteration k, the predicted reduction
in the 2-norm of the linearized constraints is at least equal to the decrease obtained
by the Cauchy step.

LEMMA 3.2. Let assumptions (A1), (A2), and (A3) hold, then the normal component
uy of the trial step satisfies

IFell2 = ||F + VF ur])* = Ko || Fe |l min {Ag, [|Fll}, (3.2)

where K is a positive constant independent of k.
PROOF. See Powell [8]. O
LEMMA 3.3. Let assumptions (Al), (A2), and (A3) hold. Then the predicted decrease
obtained by the trial step satisfies

K .
Pred; > rk72||Fk||mm{Ak, I Fll}, (3.3)

where K, is as in Lemma 3.2.

PROOF. The proof follows directly from our way of updating the parameter 7 and
Lemma 3.2. O

The following lemma provides a lower bound on the decrease obtained by the step
s on the linearization of ||W (x)G (xk + sk) |12

LEMMA 3.4. Let assumptions (A1), (A2), and (A3) hold. Then

IWRGrlI2 = || Wi (G + VGEsi) |

> K3||ZL (VGiWiGi + VG WiV G ug) ||
(3.4)
xmin{HZkT(VGkaGk +VGWiVGLu) ], AR - ||uk||2}
—2/luge |1 V G Wi Grll — || W VG |,

where K3 is a positive constant independent of k.
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PROOF. From the way of computing the step vy, it satisfies the fraction of Cauchy

decrease condition. Hence, there exists a constant K3 > 0 independent of k, such that
—2(VGiWi G+ VWi VGFuy) ' ZiOy — 0F ZTV G Wi VGT Zi D

> K3||ZL (VGWi Gk + V GkWi VGl uk) || (3.5)

xmin{||Z] (VG WG+ VGeWiV GLw) ||, A7 — |12}
See Mor¢ [7] for a proof. We also have,

Wi Gk lI? = ||Wk (G + VG si) ||2 >—2(VGWiGi + VGkaVG,{uk)Tzkvk
-0l ZIV G WV G Zy Dy (3.6)
—2GIWkVGiuk —ul VWi VG uy.

The proof follows from inequalities (3.5) and (3.6). O

LEMMA 3.5. At any iteration k, Wy, = Wy + Dy, where D(xy) € RP*? is a diagonal
matrix whose diagonal entries are

1, if(gx); <0 and (gk+1); =0,
(di)i=4-1, if(gx); =0 and (gk+1); <O, (3.7)
0, otherwise.
PROOF. The proof is straightforward. O
LEMMA 3.6. Let assumptions (Al) and (A3) hold. At any iteration k, there exists a
positive constant K, independent of k, such that

IDxGill < Kallskll, (3.8)

where Dy € RP*P is the diagonal matrix whose diagonal entries are given in (3.7).
PROOF. See El-Alem and El-Sobky [5, Lemma 5.6]. O

The following two lemmas give upper bounds on the difference between the actual
reduction and the predicted reduction.

LEMMA 3.7. Let assumptions (A1), (A2), and (A3) hold, then
| Aredy —Predy | < Ks|lskll* (1 + vl Fiell + 7l sk ), (3.9

where K5 is a positive constant independent of k.
PrROOF. Using (2.5), (2.6), and Lemma 3.5, we have
| Ared —Predy | <|[[Wi(Gi+ VG si)|* = GL; (Wi + D) Grn

) (3.10)
7| [|Fe+ VE sel|* = [ Fien 12 .
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Therefore,

Aredy —Predy < ‘s,{[VGkaVG,f— VG(xk+§1sk)WkVG(xk+§1sk)T]sk‘
+ ‘SIZ-VZG(xk+§15k)WkG(xk+§15k)5k’
+||De[Gr+ V6 G+ Eas) s (3.11)
+7k | ST VEVEL = VF (xic+ E3st) VF (x + E3si) ||
1y ‘SZVZF(Xk+§3Sk)F(Xk+§3Sk)5k),
for some &;,&2,and & € (0,1). Hence, by using the assumptions and inequality (3.8),
the proof follows. O

LEMMA 3.8. Let assumptions (A1), (A2), and (A3) hold, then
| Ared) —Predy | < Kevillskll?, (3.12)

where K¢ is a positive constant independent of k.

PROOF. The proof follows directly from Lemma 3.7, the fact that 7, > 1, and the
problem assumptions. O

The following lemma gives a lower bound on the predicted decrease obtained by
the trial step.

LEMMA 3.9. Let assumptions (Al), (A2), and (A3) hold, then there exists a constant
K7 that does not depend on k such that, for all k,

Predy > %HZ,{(VCkaGk +VGkaVG,fuk)H

xmin{Hz{ (VGkaGk + VGkaVG,{uk) H VAL - ||uk||2} (3.13)

~ Ko llFell (1l + 19 GGl + i 12 = [Fi+ VEL st [ ]

where K3 is as in Lemma 3.4.

PROOF. The proof follows directly from the definition of Pred; and Lemmas 3.1
and 3.4. 0

Now, we prove several results that are crucial to our global convergence theory.
The following lemma demonstrate that as long as ||Fx|| > 0, an acceptable step must
be found. In other words, the algorithm cannot loop infinitely without finding an
acceptable step. To state this result, we need to introduce one more notation that
is used throughout the rest of the paper. The jth trial iterate of iteration k is denoted
by k/.

LEMMA 3.10. Let assumptions (A1), (A2), and (A3) hold. If ||Fx| = &, where € is any
positive constant, then an acceptable step is found after finitely many trials.
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PROOF. The proof is by contradiction. Assume that ||Fx|| > € > 0 and there is no
finite j that satisfies the condition Ared,; /Pred,;,; = n:. Hence, for all j, we have

v o . 2KA?
(1-n) < Ared,; ‘ _ | Ared,; —Pred,; | - .6 i . (3.14)
Pred,; Pred,; Kremin{e,Ayi}
A contradiction arises if we let A;; goes to zero. This completes the proof. O

LEMMA 3.11. Let assumptions (A1), (A2), and (A3) hold. For all trial steps j of any
iteration k generated by the algorithm, A,; satisfies

Api = Kl Fiell,s (3.15)

where Kg is a positive constant that does not depend on k or j.

PROOF. Consider any iterate k/. If the previous step was accepted; that is, if j = 1,
then Ay > Apin. If we take v = sup,.cq |F(x)||, then we have

A = Amin > v' Il Fyll. (3.16)

Now, assume that j > 1. We have from the way of updating the trust-region radius,
Oy = &1 llsi-1ll. But the trial step s;;-1 was rejected. Hence,

| Ared, ;1 —Pred,;-1 | 2Kg||spi-1 HZ
Pred, ;1 Kol Fiellmin { | Fell, [[ i1 [[}

(I-m)< (3.17)

If |Isj-1 |l <min{(1 -n1)K>/4Ks,1}||Fkll, then we obtain (1-n;) < (1 —-n;)/2. This con-
tradiction implies that it must be the case that ||s;;-1 |l = min{(1 —n1)K>/4Ke, 1} || Fx|l.
Therefore, we have

Ayi = &1 lISgi-1 Il > cgmin{(1—n1)K2/4Ke, 1} || Fell. (3.18)

Inequalities (3.16) and (3.18) prove the lemma. O

LEMMA 3.12. Let assumptions (Al), (A2), and (A3) hold. Then, for any iterate kJ at
which the parameter 1, is increased,

Y |Fill < Ko (1 Fx Ml + IV Gi Wi G 1), (3.19)
where Ky is a positive constant that does not depend on k or j.

PROOF. The proof follows from Lemma 3.2 and inequalities (3.13) and (3.15). O

LEMMA 3.13. Let assumptions (A1), (A2), and (A3) hold. If | Z] V Gy Wi G| = &, where
&o Is a positive constant, then there exists two constants K1o and K1, that depend on &
but do not depend on k or j, such that, if ||[Fy|| < K10Ak, then

Predy = Ku Ay +7icf|[Fel[* = || Fie+ VET se ] (3.20)

PROOF. The proofis similar to the proof of Lemmas 7.7 and 7.8 of Dennis, El-Alem,
and Maciel [4]. O
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3.2. Global convergence theorem. In this section, we prove our global convergence
result for Algorithm 2.1. The following lemma proves that for the iteration sequence
at which 7y is increased the corresponding sequence of || Fx|l converges to zero.

LEMMA 3.14. Let assumptions (A1), (A2), and (A3) hold. If vy, — o, then

Jim [|Fy.[| =0, (3.21)

where {k;} indexes the iterates at which the parameter vy is increased.
PROOF. The proof follows directly from Lemma 3.12 and assumption (A3). O
In the following theorem, we prove that the sequence {||Fx||} converges to zero.

THEOREM 3.15. Let assumptions (Al), (A2), and (A3) hold. Then the iteration se-
quence satisfies
’lim [|Fx|| = 0. (3.22)

PROOF. Suppose that there exists an infinite subsequence of indices {k;} indexing
iterates that satisfy ||Fy j|| > ¢. From Lemma 3.10, there exists an infinite sequence
of acceptable steps. Without loss of generality, we assume that all members of the
sequence {k;} are acceptable iterates.

We consider two cases. If {7}} is bounded, then there exists an integer k such that
for all k > k, 7 = 7. Therefore, from Lemmas 3.3 and 3.11, we have for any ke {k;i}
and k > k,
17'K2

5 ||F¢||* min {Kg,1}. (3.23)

s .
Pred; = 7 Ko ||Fi || min {Ag, ||Fel} =
Since all the iterates of {k;} are acceptable, then for any ke {k;}, we have
&p —d; = Ared; = np Pred;. (3.24)

Hence, from the above two inequalities, we have

N 27K>»
2
This gives a contradiction with the fact that {®;} is bounded when {7} is bounded.

Now, consider the case when {7y} is unbounded. Hence, there exists an infinite
number of iterates {k;} at which the parameter 7} is increased. From Lemma 3.14, for
k sufficiently large, the two sequences {k;} and {k;} do not have common elements.
Let k and k be two consecutive iterates at which the parameter 1y is increased and
k<k i< I?,, where k; € {k;}. The parameter y is the same for all iterates k that satisfy
k < k < k. Since all the iterates of {k;} are acceptable, then for all k; € {k;},

bp—dp = min {kg,1}. (3.25)

tbkj ftbkﬁl = Aredkj > Predkj. (3.26)

From Lemmas 3.3 and 3.11 and inequality (3.26), we have

by — Dy
P 0 B2 2 min (K, 1 (3.27)
Tkj 2
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If we sum over all iterates that lie between k and IE, we have

k-1

Py — Dy 2
S ROk MR i (K 1) (3.28)
- Yk 2
kj:k J
Therefore,
GiWiGy—GIW Gy , , Ko g2
e S IR - IRIF] = TS min (K1) (3.29)
147 2
Since ¥y — oo, then for k sufficiently large, we have
Kye? .
PRl = 1FelI* = 52 min (K, 1}. (3.30)

But this contradicts Lemma 3.14. Hence, in both cases, we have a contradiction. Thus,
the supposition is wrong and the theorem is proved. O

THEOREM 3.16. Let assumptions (Al), (A2), and (A3) hold. Then the iteration se-
quence satisfies
lilfnianZkTVGkaGkII =0. (3.31)

PROOF. The proof is by contradiction. Suppose that IIZkT VGiWirGkll > € holds for
all k generated by the algorithm.

Assume that there exists an infinite subsequence {k;} such that || Fy, || > xAy;, where
« is a positive constant. For later use, we take « = K;¢. Since ||Fx|| — 0, we have

lim &y, =0. (3.32)

Consider any iterate k/ € {k;}. There are two cases to consider. First, consider the
case where the sequence {7} is unbounded. We have for the rejected trial step j—1
of iteration k, || Fi |l > K104, = &1 K1ollsi-11l. Using inequalities (3.3) and (3.9) and the
fact that the trial step s,;-1 was rejected, we have

| Ared, ;1 —Predy;-1 |
Pred; -1
2Ks sy 1|+ 2Ks 7o (fs-1 |1 + [sgima 11Fe])
i1 K2 min (o1 K10, 1) || Fi||
< 2Ks 2K5(1+0(1K10)
- Tk‘j—leo(lKlomil’l(O(lKlo,1) Kz(XlKlomil'l(O(lKlo,l

(1-m) =<

(3.33)

Sl

Because {7} is unbounded, there exists an iterate k sufficiently large such that for all
k > k, we have

4Ks
i1 > . > . 3.34
K77 Ky o0 Kpmin (00 K1o,1) (1-1y) (3:39)
This implies that for all k > IQ,
Koo Kiomin (1 Kq0,1) (1 —
||SkJ—IHZ 21410 ( 1410 )( r’l) (3.35)

4K5 (1 + O(1K10)



A PROJECTED HESSIAN GAUSS-NEWTON ALGORITHM FOR ... 407

From the way of updating the trust-region radius, we have

KZO(%mein((x]Km, 1)(1 —)’]1)
4K5(1 + (X]Kl())

A = o |lsgi-1|| = : (3.36)
This gives a contradiction. So A;; cannot go to zero in this case.

Second, consider the case when the sequence {7y} is bounded. There exists an in-
teger k and a constant 7 such that for all k > k, 1 = 7. Let k > k and consider a trial
step j of iteration k, such that || Fxll > K190Ayj, where Kjg is as in Lemma 3.13.

If j = 1, then from our way of updating the trust-region radius, we have A;; = Apin.
Hence A,; is bounded in this case. If j > 1 and

[[Fpel] > K10 (3.37)

for I =1,...,j, then for the rejected trial step j—1 of iteration k, we have

| Ared;;1 —Pred;;1 | 2K |sgi-1]]
1- < < . 3.38
(1=m) Pred,; 1 Komin (Ko, 1)[|Fy|] (3.38)
Hence,
Ay = it|[syt|| > o1 Ko min (K10,1) (1 — 1) ||Fxl|

2Ko (3.39)

. caKpymin (K10,1) (1 _rll)KIOA o1 Komin (Kio,1) (1 —11)Kio '

= Kkl = 2Ks Amin.

2K¢

Hence A,; is bounded in this case too. If j > 1 and (3.37) does not hold for all [, there
exists an integer m such that (3.37) holds for l =m+1,...,j and

[[Fiil] < KioAp (3.40)

forl=1,...,m. As in the above case, we can write

A, > CaKomin (Ki0,1)(1—m) I1F| > K2 min (Ko, 1) (1= 11)KroAgmer 3 1
2K6 2K6
But from our way of updating the trust-region radius, we have
Akmﬂ = X1 ||Skm || (3.42)

Now, using (3.40), Lemma 3.13, and the fact that the trial step sgm is rejected, we can
write
|Aredkm —Predym { - 2Kg7 || Spm ||

1- < 3.43
( nl) = PI'Edkm K11 ( )
This implies ||sgm || = (K11(1—n1)/2Kg7). Hence
2 . 2
Ay > o5 Ko min (Kio,1) (1 —n1) K10K11_ (3.44)

4K3T

This implies that A;; is bounded in this case too. Hence A,; is bounded in all cases.
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This contradiction implies that for k/ sufficiently large, all the iterates satisfy || Fx|l <
K10Ay;. This implies, using Lemma 3.13, that {7} } is bounded. Letting k/ > kand using
Lemma 3.13, we have

& j — i = Aredy; = niPredy; = niKi14y;. (3.45)
As k goes to infinity the above inequality implies that
llim A =0. (3.46)

This implies that the radius of the trust-region is not bounded below.

If we consider an iteration k/ > k and the previous step was accepted; that s, j = 1,
then A1 = Apin. Hence A, is bounded in this case.

Assume that j > 1, that is, there exists at least one rejected trial step. For the
rejected trial step s;;-1, using Lemmas 3.8 and 3.13, we must have

K [syi1 [I°
1- < —. (3.47)
(1-m) K110 1
From the way of updating the trust-region radius, we have
o1 Kq1 (1 -
Ay = o |5 || > $Fu=m) (3.48)

7Kg

Hence A;; is bounded. But this contradicts (3.46). The supposition is wrong. This
completes the proof of the theorem. O

From Theorems 3.15 and 3.16, we conclude that, given any & > 0, the algorithm
terminates because IIZkTVGkaGkH + || Fxll < &1, for some k finite.

4. Concluding remarks. We have introduced a new trust-region algorithm for solv-
ing nonlinear systems of equalities and inequalities. Our active set is simple and nat-
ural. It is similar to Dennis, El-Alem, and Williamson’s approach for treating the active
constraints [3]. At every iteration, the step is computed by solving two simple trust-
region subproblems similar to those for unconstrained optimization.

Our theory proves that the algorithm is globally convergent in the sense that, in the
limit, a subsequence {k;} of the iteration sequence generated by the algorithm satisfies
the first-order conditions (2.2). We point out here that our convergence result only
gives first-order stationary-point convergence. This means that there may be a case
where a subsequence of the iteration sequence satisfies (2.2) but does not necessarily
satisfies (1.1). This can only happen when the corresponding sequence of matrices
{Z kTJ V Gy ; Wi j} does not have full column rank in the limit.
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