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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS FOR POROUS
MEDIUM EQUATION WITH PERIODIC ABSORPTION
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ABSTRACT. This paper is concerned with porous medium equation with periodic absorp-
tion. We are interested in the discussion of asymptotic behaviour of solutions of the first
boundary value problem for the equation. In contrast to the equation without sources, we
show that the solutions may not decay but may be “attracted” into any small neighbor-
hood of the set of all nontrivial periodic solutions, as time tends to infinity. As a direct
consequence, the null periodic solution is “unstable.” We have presented an accurate con-
dition on the sources for solutions to have such a property. Whereas in other cases of the
sources, the solutions might decay with power speed, which implies that the null periodic
solution is “stable.”

2000 Mathematics Subject Classification. 35K35, 35K57.

1. Introduction. This paper is concerned with the following nonlinear diffusion
equation with periodic absorption

% =Au"+a(x,t)u’ in Qx(0,+o0), (1.1)
u(x,t) =0 onoQx(0,+w), (1.2)
u(x,0) =ug(x) inQ, (1.3)

where m > 1, Q is a bounded domain in RN with smooth boundary 0Q, a(x,t) is
smooth, strictly positive and periodic in time with period w > 0, and 1 (x) is smooth
and nonnegative.

Equations of the form (1.1) have been suggested as mathematical models of several
natural phenomena, such as reaction-diffusion processes, population dynamics, etc.,
(cf. [1, 2, 3, 5, 6,9, 11] and the references therein). For the equation with a(x,t)
independent of t, such an equation has been deeply investigated. In particular, if
1 < p < m, it has been shown in [3, 11, 12] that, for 1 < p < m, all solutions of
the initial boundary problem (1.1), (1.2), and (1.3) converge to unique positive steady
states solutions as time tends to infinity.

There are many diffusion processes affected by periodic absorption, such as season,
generation, and so on. This motivates us to investigate the equation with periodic
absorption. However, for the equation with periodic absorption, it is of no meaning to
consider the steady states. So, it is much interesting to find a new way to describe the
asymptotic behaviour of solutions of the initial boundary value problem. The purpose
of this paper is devoted to the discussion to such a problem. We will show that if
1 < p < m, then there exists an attractor which consists of all nontrivial periodic
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solutions. Precisely speaking, any nontrivial solution of the initial boundary value
problem (1.1), (1.2), and (1.3) will be attracted into any small neighbourhood of the
attractor as time tends to infinity. As an immediate consequence, the null periodic
solution is “unstable.” However, such a property might not be valid for other cases of
sources. We show that if p = m, then the null periodic solution attracts all solutions
of the initial boundary value problem, provided that a(x,t) < A;, where A; is the
first eigenvalue of Laplacian with zero Dirichlet boundary value condition. In such a
case, the null periodic solution is “stable.” On the other hand, if a(x,t) > A1, then the
solution of the initial boundary value problem might blow up at finite or infinite time.
Moreover, if 1 < p/m < (N +2)/(N —2), then the null periodic solution is “stable”
too. In this case, the null periodic solution attracts solutions with “small initial data.”
However, it will not attract solutions with “large initial data.”

This paper is constructed as follows. As preliminaries, in Section 2, we introduce
the weak formulation of solutions and state the main results. Section 3 is devoted
to the proof of the existence of periodic solutions for the problem (1.1), (1.2) by us-
ing the monotone iteration technique, which is different from that adopted in [7, 8].
Subsequently, we present the proof of the main results in Section 4.

2. Preliminaries and the main results. Let T > 0 and set Qr = Q% (0,T). Because
m > 1, equation (1.1) is of degenerate type, and so we could not expect to find classical
solutions. This leads to the following weak formulation of solutions.

DEFINITION 2.1. A nonnegative and continuous function u is called a solution to
the problem (1.1), (1.2), and (1.3), if
(i) For any T > 0, u satisfies the condition (1.2) in the usual sense and |Vu™| €
L2(Q7).
(ii) For any T > 0, the following integral equality holds:

J] (u@—VumV(p+a(x,t)u”(p)dxdt
Qr \ ot (2.1)

= J m(x,O)uo(x)dx—J ulx, Te(x,T)dx
Q Q

for all @ € C'(Qy) with @ (x,t) =0 for (x,t) € 0Qx (0,T).

If “=" is replaced by “<” (=) in the above equality with an additional assumption
@(x,t) =0, then u is said to be a supersolution (subsolution) to problem (1.1), (1.2),
and (1.3).

DEFINITION 2.2. A continuous function u is said to be a periodic solution of prob-
lem (1.1), (1.2), if it is a solution of (1.1), (1.2) such that u € C,, (Q). Here Q = Qx (0, o)
and C, (Q) denotes the set of all the continuous functions with time period w.

Now, we state the main results of this paper.

THEOREM 2.3. Assume that1 < p < m. Then problem (1.1), (1.2) has a minimal and
a maximal nonnegative nontrivial periodic solutions u(x,t) and u* (x,t). Moreover,
if u(x,t) is the solution of the initial boundary value problem (1.1), (1.2), and (1.3) with
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uog(x) > 0 for x € Q, then for any € > 0,
Us(x,t)—e<ulx,t) <u*(x,t)+¢ 2.2)
holds for x € Q and sufficiently large t.
REMARK 2.4. Theorem 2.3 implies that the null periodic solution is “unstable.”

THEOREM 2.5. Assume that p = m and a(x,t) < Ay, where A, is the first eigenvalue
of the Laplacian with zero Dirichlet boundary value condition. Then any solution of
problem (1.1), (1.2), and (1.3) decays to zero powerly as t tends to infinity.

THEOREM 2.6. Assume that p = m and a(x,t) > Ay. Then the solution of problem
(1.1), (1.2), and (1.3) might blow up at finite or infinite time.

THEOREM 2.7. Assume that1 < p/m < (N+2)/(N -2). If the initial data is “small”
enough, then the solution of problem (1.1), (1.2), and (1.3) decays to zero powerly as t
tends to infinity.

REMARK 2.8. The results in Theorems 2.5 and 2.7 imply that the null periodic
solution is “stable.” However, it will not attract solutions with “large initial data.”

3. Existence of periodic solutions. We first state two lemmas, which will be used
in our arguments.

LEMMA 3.1 (comparison [2]). Let u, u be the subsolution and supersolution of prob-
lem (1.1), (1.2), and (1.3) with initial value u,(x), uo(x), respectively. Then u(x,t)
<u(x,t), provided that u, < uy.

LEMMA 3.2 (regularity [4, 10]). Let u be the solution of the equation

%:Aum+f(x,t), (m>1) (3.1)

subject to the homogeneous Dirichlet condition (1.2). If f € L*(Qr), then there exist
positive constants K and « € (0,1) depending only upon T € (0,T) and || f ||« such that
for any (x;,t;) € Qx[T,T] (i=1,2),

|’I/L(X1,t1) —M(Xz,t2)| < K(|X1 —X2|‘X+ |t1 —t2|a/2). (3.2)

PROPOSITION 3.3. Assume that1 < p < m. Then the problem (1.1), (1.2) has at least
one nonnegative nontrivial periodic solution.

PROOF. Let Aj, @ be the first eigenvalue and its corresponding eigenfunction to
the Laplacian operator —A on the domain Q, p;, Y1 be the first eigenvalue and its
corresponding eigenfunction to the Laplacian operator —A on some domain Q' 3 Q,
with respect to homogeneous Dirichlet data, respectively. It is clear that ¢;(x) > 0
for all x € Q. Denoted by

ar = _min a(x,t), ay = max al(x,t), (3.3)
Qx[0,w] Qx[0,w]
and define
u=(pp1)"", = (Ry)"'™, (34)
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where
~ (aL//\l)m/(m*p) ~ (aM/ul)m/(m*P)
P Co A5 VAR - QU U703V — (3.5)
maxg @1 ming Y,
Clearly, u and  are the subsolution and supersolution of (1.1) subject to the condition
(1.2), respectively. Further, we may assume u < u, else we may change Q' and then
R, p appropriately.

Now, we define a Poincaré map T : C(Q) — C(Q), T(uo(x)) = u(x,w), where u(x,t)
is the solution of problem (1.1), (1.2), and (1.3) with initial datum ¢ (x). By the results
of [2, 11], the map T is well defined.

Let u,, (x,t) be the solution of problem (1.1), (1.2), and (1.3) with initial value uy (x) =
T 1u(x). It is observed that u, (x,w) = T"u(x) and u,(x,t) < u(x). Moreover, by
arather standard argument, we can conclude that there exist a function v € C(Q) and
the subsequence of {T"u};_,, denoted by itself for simplicity, such that

T'"u —v inC(Q). (3.6)

Now we claim that the solution of problem (1.1), (1.2), and (1.3) with uy(x) = v(x)
is a nonnegative nontrivial periodic solution.

To show this, by u,(x,t) < u(x) and Lemma 3.2, we first get that for (x;,t;) €
QOx[w,2w]

|un(X1,t1)—Mn(X2,t2)| SK(\Xl—X2|lx+ |t1—t2|[x/2>, (3.7)

where positive constants K and « are independent of n.
Next, it follows from [2] that there exists a constant C, which is independent of n,
such that

max |[Vuy'l|;2q) < C, ||(uw)t||L2(Qx(w,2w)) =C. (3.8)
(w,2w)

Hence there exist a function W (x,t) € C(Qx[w,2w]) and the subsequence of {u,}5_;,
denoted by itself, such that

U, — W inC(Qx[w,2w]), (3.9)
Vu" — VW™ inL?(Qx(w,2w)), (3.10)

and thus v(x) = W(x,w). Moreover, W(x,t) is the solution of (1.1) and (1.2) in the
domain Q X (w,2w).
Finally, we conclude that W (x,2w) = W(x,w). In fact

W(x,2w) = %izroloun(x,Zw) = %15510 T (un(x,w))(x)

= lim T(T(T™u)) (x) = lim T"*2u(x)
" " (3.11)
= lim 7" u(x) = lim T(T"u) (x)

Nn—oo

= 7lliarroloun(x,w) =Wi(x,w).

Therefore, according to the uniqueness of the solution to problem (1.1), (1.2), and
(1.3), we can conclude that u(x,t), the solution of problem (1.1), (1.2), and (1.3) with
u(x,0) = v(x), is indeed a nonnegative nontrivial periodic solution. This completes
the proof of the proposition. O
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4. Proof of the main results. We devote this section to the proof of the main results
stated in Section 2. We begin with the proof of Theorem 2.3

PROOF OF THEOREM 2.3. Let u(x,t) be the solution of the problem

Ur=Aum+a;uf in QxR,
u(x,t) =0 onoQxR, 4.1)

u(x,0) =up(x) inQ,
and u(x,t) be the solution to problem

U = Aum+ayu?f in QxR,
u(x,t) =0 onoQxR, 4.2)

u(x,0) =up(x) inQ,

respectively. Then Sacks in [11] shows that there exist positive functions v (x) and
vV (x) such that

lim [[u(x, ) v (X le@ =0, Im[[(x,6) =T (%)@ =0, (4.3)

provided that uy(x) > 0 for x € Q.
On the other hand, the comparison result in Lemma 3.1 yields

ulx,t) <u(x,t) <u(x,t). (4.4)
Just as in the proof of Proposition 3.3, we may choose Q; € Q, such that

)I/m

wlx,t) = (pe)''™,  uwx,t) < (Ryy)'™, (4.5)

where @, and y; are the eigenfunctions corresponding to the first eigenvalues to the
Laplacian operator —A on the domain Q; and Q, respectively. It follows that

(pp)"'™ <u(x,t) < (Ry)"™. (4.6)

We assume that v (x,t) is the solution of problem (1.1), (1.2), and (1.3) with initial
datum (p¢1)V/™, U(x,t) is the solution of problem (1.1), (1.2), and (1.3) with initial
datum (Ry;)!/™, respectively. Then from (4.6) we have

vix,t+mw+Ty) <u(x,t+mw+Ty) <T(x,t+mw+Tp) 4.7)
forx e Q,te[0,w],and m =0,1,2....
Ifwe definev,, (x,t) = v(x,t+mw+To), Vm(x,t) =V (x, t+mw+Tp),and up (x,t)
=u(x,t+mw +Ty), then (3.9) can be rewritten as

Vi (x, 1) <um(x,t) <v(x,t) (4.8)

for (x,t) € Qx[0,w].
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On the other hand, the argument as the one used in the proof of Proposition 3.3
shows that

J}gogm(x,t) =uys(x,t), J}goim(x,t) =u*(x,t), (4.9)

here u, (x,t),u*(x,t) are the minimal and maximal nonnegative nontrivial periodic
solutions.
Therefore, for each € > 0, there exists m( such that m > mq

U (X, 8) —E<Um(x,t) <u*(x,t)+¢ (4.10)

for x € Q, t € [0,w], provided that the periodicity of 14 (x,t) and u*(x,t) is taken
into account, and thus the proof of the theorem is completed. O

REMARK 4.1. The approach can be applied to the reaction-diffusion system of the

form
6ui

ot
where m; > 1, w > 0, p;,qi = 1, bi(x,t) > 0,

=Au!" +bi(x,t)ulul, (4.11)

bilx,t+w) =b;i(x,t), P4 o1 =1,2). 4.12)
mq mp

The result similar to Theorem 2.3 can be obtained.

PROOF OF THEOREM 2.5. Letu be a solution of problem (1.1), (1.2), and (1.3). With-
out loss of generality, we may further assume that

x= J u*t(x)dx > 0. (4.13)
Q

Let v = u™ and take v as a test function, after taking an approximating procedure,
we obtain

1 d
m+1dt Ja

v”m“dx:—J IVvlzdx+J a(x,t)vidx
Q Q
sf/\lJ‘ vzdx+aMJ vidx (4.14)
Q Q
= —(Al—aM)J v2dx.
Q

The Holder inequality then implies for some u > 0 that

2m/(m+1)
) (4.15)

ij v(wu—l)/mdxS —u I ,U(m+1)/mdx
dat Jo Q

Setting u; = u(m—1), B =2m/(m+1), u» = '8, and integrating the above inequal-

ity, we have
1

(Hit+po
This completes the proof. O

J pm+sbim gy < (4.16)
Q

-1
)
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PROOF OF THEOREM 2.6. Let u be a solution of problem (1.1), (1.2), and (1.3) with
initial datum 1o (x) = ¢ (x)1/™, where ¢, is the eigenfunction of —A corresponding
to the first eigenvalue A, with zero Dirichlet boundary value condition. It is easily seen
that ¢ (x) is a subsolution of problem (1.1), (1.2), and (1.3).

Taking ¢ (x) as a test function, we see that

%I updx = J u™(Apy +a(x,t)pr)dx
o Q 4.17)

= L)um(—?\ﬂih +a(x,t)p1)dx.

Because uo(x) = ¢ (x)/™, the comparison principle implies that u(x,t) = ¢y (x)!/™.
Therefore,

a updx = (supa(x,t) —Al)J P?dx, (4.18)
dt Jo Q
from which we immediately see that u(x,t) must blow up at finite or infinite time.
This completes the proof. O

To prove Theorem 2.7, we need the following technical lemma.

LEMMA 4.2. Let > 1,a > 0, and f(s) = s—asP. Then there exists a positive constant
&0, such that for any 0 < € < &,
f(2e) > €. (4.19)

PROOF. Choosing

1
O<ex< W, (420)

we immediately obtain

f(2e) =2e—ae)f =2e(1-a(2e)P 1)

- 1 g1 4.21)
>2¢|1-a2 (W) =&

This completes the proof. O

PROOF OF THEOREM 2.7. Let u be a solution of problem (1.1), (1.2), and (1.3). With-
out loss of generality, we may further assume that

= J ult(x)dx > 0. (4.22)
Q

Just as in the proof of Theorem 2.5, we let v = u™ and take v as a test function and

obtain
1 d

m+1dt Q
The crucial step is to estimate the second integral in the above equality. For this
purpose, we consider the auxiliary problem

owl/m
ot

vmEl gy = —J \Vvlzdx+J a(x,t)yvPmldx. (4.23)
Q Q

=Aw +apyw?™ in Qx(0,+0),
w(x,t) =0 on dQx(0,+x), (4.24)

w(x,0) =vo(x) in Q.
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Taking ow /0t as a test function, we obtain

aym d

2
LJ' wl/m’1<a—w> dx = - J Vw2 dx + —— wPrmim gy
mJo ot Zdt p+mdt

Thus
lj ‘VW‘de,M wprmy/m g4
2 J)a p+mJo
slj |Vwo|2 dx — 2 wd MM dx,
2 Ja p+mJao
and hence

J Ilezdst le0|2dx+2aﬂJ wprmm gy
Q Q p+m Jo

The Poincaré inequality then implies

>(p+m)/2m

J w("’*m)/mdst(J |Vw0|2dx +Cy (J wprmim g,
Q Q Q

) (p+m)/2m

(4.25)

(4.26)

(4.27)

(4.28)

where C; and C, are constants depending only on p, m, and ay. Setting B = (p +

m)/2m and
g(t) = J w(x, H)PFMIMayx f(s) =s—Cosh,
o

we see that
fa®) < Ci|[vwo| .

By virtue of Lemma 4.2, there exists a constant &y > 0, such that
f(2e) > ¢, forany € < &.
Now, we assume that 0 < ||[Vw||2# < &/C; and hence
f(2C1\|Vw0||ZB) > Gl [Vwo| |

In addition, we assume
9(0) = | wolx) P dx
Q

is small enough, such that
£(9(0)) < C1l|Vwol[**.
It follows from (4.30) and the continuity of g(t) that
g(t) <2C||Vwol[*”,

that is,

(p+m)/
J w(x, 1) PHmMIm gy < ch(J | Vo (x) |2dx>
Q Q

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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Now, we turn to the estimates on v. First, we notice that the estimate (4.36) and the
comparison technique imply that

(p+m)/m
J v(x, ) PrmIim gy <2, (J | Vo (x) |2dx> : (4.37)
Q Q

By virtue of (4.23) and the Poincaré inequality, we see that

1 d

1/m+1
— |l v dx
m+1dt Ja

< —I IVvlzdx+aMJ vPImEl gy
Q Q

2m/(p+m) (p-m)/(p+m)
=—J |VU|2dX+aM(J v""*’")/mdx> (J v“"”")/mdx)
0 0 o

(p-m)/
S—J IVvlzdx+C3J IVvlzdx<J |Vv0(x)|2dx)
Q Q Q

(4.38)

Now, we assume further that

(p+m)/2(p-m)
o £, (L1) .
0 < ||[Vwol| <m1n{C1, 2C; . (4.39)
It follows that
1 a 1m+1 1J 2 ﬁj 2

e ldi Qv dx < > QIVUI dx < > Qv dx. (4.40)

Just as in the proof of Theorem 2.5, we see that there exist constants py, (e > 0, such
that

1

(4.41)
(it +p2)

(m+1)/m
JQv dx < T -

This completes the proof. O
REMARK 4.3. The result in Theorem 2.6 is invalid for “large” initial data. In fact,
from the proof of Theorem 2.6, we see that for some constant C4 > 0,

J vix, )Vl dx > Cy > 0, (4.42)
Q

provided that [, vo(x)/™*! dx is large enough.
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