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GEOMETRIC PROPERTIES OF COMPOSITION OPERATORS
BELONGING TO SCHATTEN CLASSES

YONGSHENG ZHU
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ABSTRACT. We investigate the connection between the geometry of the image domain of
an analytic function mapping the unit disk into itself and the membership of the compo-
sition operator induced by this function in the Schatten classes. The purpose is to provide
solutions to Lotto’s conjectures and show a new compact composition operator which is
not in any of the Schatten classes.
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1. Introduction. Let D denote the unit disk in the complex plane C and let H?
denote the Hardy space of functions

f(2)=> apz" (1.1)
n=0
analytic in D such that

21
I1£15 = sup %L | f(rei®) [P do < o, (1.2)

O<r<1

where 0 < p < «. Let ¢ be an analytic function mapping D into itself. The composition
operator Cy (induced by ¢) on H” is defined by

Ce(f)(2) = f(Pp(2)), zeD. (1.3)

It is well known that C¢ is a bounded linear operator on H¥. The compactness of
this operator is characterized in Shapiro [4] by the following criterion.

SHAPIRO’S COMPACTNESS CRITERION. The operator Cy is compact if and only if

Ng(z)
\zl|r—nl log (1/1zl) =0, (1.4)
where )
Ny(w)= > log—, weD-{p(0)}. (1.5)

zep~L(w) ||

Let dA = (1—|z|?)~2dA be the Mobius invariant measure on D. Let S, (H?) be the
Schatten ideal of operators on the Hilbert space H? for p > 0. D. H. Luecking and K.
Zhu [3] proved the following theorem.
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FIGURE 1.1

FIGURE 1.2

LUECKING-ZHU THEOREM. The composition operator Cy € S, (H?) if and only if

N¢(2)

e LPI2(dA). 1.6
log (1/]z)) <&@V (1.6)

B. A. Lotto [2] began the investigation of the connection between the geometry of
¢ (D) and the membership of composition operators in the Schatten classes.

Let
1 1-z
d)(z):m, where g(z):1l11+z. (1.7)

Then ¢ is a Riemann map from D onto the semi-disk

1 1
{Z.Im(z)>0and’z—§‘<5} (1.8)

with ¢ (1) =1 (see Figure 1.1).
Lotto proved that Cy is a compact operator but not a Hilbert-Schmidt (i.e., S> (H 2))
operator. His investigation led to the following conjecture.

LOTTO’S CONJECTURE 1. The composition operator Cy belongs to the Schatten ideal
Sp,ifp > 2.

Suppose  is a univalent map from D onto a crescent shaped region bounded by
the semi-circle

{z:lm(z)annd‘z—%‘=%}, (1.9)

and a circular arc in the upper half of D that joins 0 to 1 (see Figure 1.2).
Lotto proved that Cy is a Hilbert-Schmidt operator and issued the following chal-
lenge.
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LOTTO’S CONJECTURE 2. Given p, 0 < p < oo, there exists a simple example of a
domain G, with G, C D, or there are easily verifiable geometric conditions on G, such
that the Riemann map from D onto G, induces a compact operator that is not in Sp.

He described a way to produce a compact composition operator which is not in any
Schatten ideal if his conjecture 2 is true. Here we want to point out that Tom Carrol
and Carl C. Cowen gave such an example in [1]. But the function ¢ that induces the
desired compact non-Schatten class operator is described in terms of its “model for
iteration.” In general, it is hard to visualize the domain ¢ (D) and how the geometry
of this domain prevents Cy to belong to S, for all p, 0 < p < .

The goal of this paper is to prove both Lotto’s conjectures. We establish
Lotto’s conjecture 1 in Section 3 and Lotto’s conjecture 2 in Section 4. In Section 5,
we follow Lotto’s method to construct a Riemann map that induces a compact com-
position operator which is not in any Schatten ideals.

2. Background and terminology. For infinite-dimensional Hilbert space H and
compact operator T on H, we define singular numbers for T by

$Sp =$p(T) =inf{||T — K|l : K has rank < n}. (2.1)

We know that the compact operators are exactly those T for which s, (T) — 0. By def-
inition the finite rank operators are those for which s, is eventually zero. In between
are the Schatten classes. Specifically, the Schatten p-class S, (H), 0 < p < o0, consists
of those T for which

sh < o0, (2.2)

Me

n=0

The class S;(H) is the trace class and S»(H) is the famous Hilbert-Schmidt class.
Clearly, Sp(H) C Sq(H),if 0 <p < g < co.

We denote the set of bounded operators on H by B(H) and the set of compact
operators on H by K(H). We have the following lemma.

LEMMA 2.1 (see [3]). The Schatten class S, (H), 0 <p < o, is a two-sided ideal in B(H).

Let Q, (n =0,1,2) be simply connected domains such that Qy C Q; € Q> ¢ D and
Pn be univalent maps from D onto Q,, respectively. The following useful corollaries
are easy consequences of this lemma (see [2]).

COROLLARY 2.2. If Cy, € Sp(H) for some p, 0 < p < oo, then Cp, € Sy (H).
COROLLARY 2.3. IfCy, & Sy (H) for some p, 0 <p < oo, then Cp, ¢ Sp(H).

COROLLARY 2.4. Suppose that Q is the image of Q,under an automorphism of the
unit disk D and p is a univalent analytic function which maps D onto Q. Then C,, €
Sp(H) if and only if C, € S, (H).

If ¢ is univalent, we have
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that is equivalent to 1 — |1 (w)|, as |¢p~'(w)| — 1. Thus, Shapiro’s compactness
criterion becomes the following corollary.

COROLLARY 2.5. Suppose that ¢ is a univalent selfmap of D. The composition oper-
ator Cy is compact on H? if and only if

lim 1-1o@)]| _ . (2.4)
zl-1  1—|z|

Luecking-Zhu theorem implies the following corollary.

COROLLARY 2.6. Suppose that ¢ is a univalent selfmap of D into itself. The compo-
sition operator Cy € S, (H?) if and only if

_ -1
X$D) - % € LP/2(dA). (2.5)

We use Corollaries 2.5 and 2.6 to prove our theorems.

3. Proof of Lotto’s conjecture 1

THEOREM 3.1. Let ¢ be a Riemann map from D onto the semi-disk

G = {Z:Im(z) >0 and

1 1
-=|<= 1
23| <3} &
such that ¢ (1) = 1. Then the composition operator Cy induced by ¢ belongs to Schatten
ideals S, for all p > 2.

PROOF. Since 0G contacts 0D only at z = 1, we only need to consider what happens
when z € G closes to 1. For small € > 0, let A(¢) = {z:|z—1]| < &}. By Corollary 2.6,
we need to prove

o p/2
J (1 [ <Z>|> dA2) o ifp>o. (3.2)
GA(e) 1-|z| (1-1z12)

It is not difficult to find such ¢ so that ¢p1(z) = (z2—(z—-1)2%i)/(z%+ (z—1)2%i) and

4Im(2(z-1))°

NEXICENEL 3:3)

1- ¢ (2)]* =

Let z=a+bie G, thenIm(2(z-1))2 = 2ab(a-1) ~Im(z-1)?, as z — 1. Where ~
means comparable. A(t) and B(t) are comparable if there are positive constants C;
and C» such that C1A(t) < B(t) < CoA(t). So we have

1- ¢ (2)|°~-Im(z-1)?, asz—1, z€G. (3.4)

Letz=1-re " € G. Then 1 — z = ve~'? € G which implies that ¥2 < ¥ cos 0. Thus

1-|z|~1-|z|2=72+27rcosO ~ rcosf. (3.5)
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FIGURE 4.1

Now we use (3.4) and (3.5) to show that (3.2) is true. In fact,

J (1;¢1(z)|>’”2 dA(z)
GNA(e) 1-|z] (1-1z[2)°

NJ (1_|¢1(z>|2)”/2 dA(2)
“Jenace 1-1z| (1-1z1)°

(3.6)
NJ (—Im<z—1)2>’”/Z dA(z)
GNA(e) 1-1z| (1-1zl)°
J (rzsin29>”/2 rdrdo o
= , z=1—-re ',
GnA(e) \ 7 COSO (r cos 0)2
The last integral is finite if and only if the following integral:
2 Qi p/2
J (r 31n29) rdrdf 3.7)
¢\ rcosf (rcos0)?
is finite. But
2 Qi p/2 /2 rcosO
J (Y sm29) rdrdo :2’”/ZJ J (rsin@)p/2-4740_ drdo
¢\ rcosf (¥ cos 0)2 o Jo 1 cos2 0 (3.8)
/2 de _ . '
zjo W<oo, if and only if p > 2.
This completes the proof of Theorem 3.1. O

4. Geometric characterization of Schatten ideals. For 0 < « < 1, let G represents
one of the shaded regions in Figure 4.1.
Each of the regions is bounded by the semi-circle

34

and a circular arc that is inside of D joining O to 1 (see Figure 4.1). These two arcs
form angles of ot at 0 and 1. Define ¢« to be one of the Riemann maps from D onto
G« such that ¢, (1) = 1.

{Z:Im(z >
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FIGURE 4.2

THEOREM 4.1. Suppose that Cy, is the composition operator induced by ¢ . Then
(@) Cg, does not belong to Schatten ideal S>x;(1-) (H?).
(b) Cyy € Sp(H?) for any p > 2/ (1 - o).

Theorem 4.1 gives Lotto’s conjecture 2 a positive answer: given any 0 < p < oo, we
can pick ¢ = p/(p +2) € (0,1), then Gy C D is the domain for which the Riemann
map from D onto G induces a composition operator that is not in S, (H?).

LEMMA 4.2. LetT(z) =i(1/z—1). Then T maps G onto the sector A (see Figure 4.2),
where the two sides of the sector form an angle of . Moreover,

1-1|z|? =~ p?+2psinb, ift(z)=pe?, p—0. 4.2)

PROOF. Itis easy to verify that T(Gy) = Ay and

1 2
1-it (4.3)

~p?+2psing, if T(z) =pe®, p—0. O

1—|z|2:1—‘

LEMMA 4.3. Suppose that w(o) = (1 +i0)/(1—1io0), then w maps the upper-half
plane H* onto D and

1-|lw|=Imo, aso—0(orw —1), c €H". (4.4)

PROOF. Let w =7re'?. Then

d-re? 1 1 )
O'—ll+yei9~59+5(lf1")l, asw — 1. (4.5)
Therefore,
Imo=1-7r. (4.6)
On the other hand, we have
1-lwPP=-i(0+(1-1)i)+i(0-(1-7)i) =2(1-7) ~Imo. 4.7)
O

Now we can begin to prove Theorem 4.1.

PROOF OF THEOREM 4.1. Let @y = ¢4'. We can decompose

w=Pu(z) =w(T*(2)). (4.8)
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By Corollary 2.6, we need to show that

1-|pa@ )" dA)
La 1- 2] (1-12]2)2 *9

is finite for p > 2/ (1 — «). Actually we only need to consider what happens to (4.9)
when z closes to 1. So we consider

J (1— |wa(z>|>‘”2 dA(z)
GanAle) 1-1z| (1-1z2)*

zJ (1— |W<2)I>p/2 dA(z) (4.10)
GanAle) 1-1z| (1-1z1)°

Nﬂ < Imo )”/2 pdpdo
T(GanA(e) \P% +2psingd (p2+2psing)*’

where o is in the upper-half plane, (p,0) € T(GxNA(g)) C Ay and o = TV, Without
loss of generality, we may assume that T(GyNA(g)) = {(p,0) € Ax:p < 1}. Now we
consider three cases: 0 < x<1/2; x=1/2;and 1/2 < xx < 1.

CASE 1 (0 < ¢ < 1/2). Define

Q1 ={(p,0) e T(GanA(g)):0 < p <2sinb},

Qo ={(p,0) € T(GaNA(g)): p > 2sin0},

I (1—|w¢x<z>|)’”2 dA(2)
G\ 1-lz| (1-1z12)°
NJ ( Imo )”/2 pdpdo
o) \p?+2psind (p2+2psin0)°

+ﬂ ( Imo )p/z pdpdo
@ \p2+2psind (p2+2psing)?

NH (p”"‘sin(@/oo)"’/2 pdpdo
Mo, psind (psin )2

(4.11)

L (s s

5 Jom 40 JZSinG (p”“sin(@/o() )70/2 pdp
“Jo 0 psin® (psin)2

T 1 1/ o3 p/2
+J A0 (p sm(@/(x)) pdpci@
0 2sin0 p? (pz)

XTT 1
= JO gz-tra-np 49-

The last integral converges if and only if 2 — (1/x—-1)(p/2) < 1, that is, p >
2/ (1 — ). This simultaneously proves both parts (a) and (b) of Theorem 4.1 for
O<ax<1/2.
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CASE 2 (x =1/2). That is what exactly Theorem 3.1 is about.
CASE 3 (1/2 < & < 1). Define

Q= {(p,@) € T(GanA(£)):0 < p <2sind and 6 < %}

Qo ={(p,0) € T(GuNA(g)) : p > 2sin0b},

Q3 = {(p,@) e T(GyNA(g)):0<p<2sinf and 0 > %}

J (1—!%(2)1)"’/2 dA(z) Nﬂ ( Imo )W pdpdo
03 1-1z| (1-1z/2)* Q3 \p2+2psind (p2 +2psind)?

ot 1
~ J 7d9J pQle=D(p/2-2) g
/4 02 0

The last integral is finite if and only if p > 2«x/(1 — ). Using the same proof as in
Case 1, we have

p/2
I (1_“/]“(2)') dA(2) 5 < 00 ifandonlyifp>—2a ,
(o)} ( 1-«x

(4.12)

1-1z| 1-|z|?)
P (4.13)
P
J (1—|tpa(z)|> dA(Z?2<m if and only if p > «
@ 1-1z| (1-1z2) -«
This completes the proof of Theorem 4.1. O
Let z+a
Tao(z) = e, —1<a<1,0<0<2m. (4.14)
l+az

Ta,0 is an automorphism of D and maps Gy onto Qqg4,0, Where Q4,0 can have
different shapes and positions, depending on the parameters. By choosing appropriate
parameters, we can apply Theorems 3.1 and 4.1 and Corollary 2.4 to different regions.
We can also apply these theorems with Corollaries 2.2 and 2.3. In Section 5, we use
Theorem 4.1 and Corollary 2.4 to construct a non-Schatten class compact composition
operator.

5. A non-Schatten class composition operator. Based on Lotto’s suggestion, we
successfully constructed a compact composition operator that is not in any Schatten
ideals. Here is the process of the construction.

Let 0, =/ (n+1), z, = e, ¥, = (1/2)sinb,, and ¢, = (1 — 7,)z,, Where n =
1,2,3,.... Define Q, to be the region bounded by the semi-circle

{z:Im(z) 20and |z- |cn]|]| =7n}, (5.1)

and a circular arc that is inside D joining 1 — 27, to 1 (it is actually a line segment
when n = 1). These two arcs form an angle of (n+1)/(n+3)m at 1. Let

Q; ={ze':z€Qy}, (5.2)
Q= U;LO:IQ;’[' (53)

We have the following theorem.
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FIGURE 5.1

THEOREM 5.1. Suppose that Q is defined by (5.3). Then we have

(1) Q is a simply connected domain contained in the upper half of D.

(2) Any Riemann map ¢ that maps D onto Q) induces a compact composition operator
Cy. But Cy does not belong to any Schatten ideal S, (H?), p > 0.

PROOF. We estimate the distance between the centers c¢,_; and ¢, of Q;_; and
Q,(n=2):

len1—cn| = [(1=1n)zn—((1=7n-1)zn1) |

_ Lo T itm/me1) (( L E) i(n/n))
—‘(1—231nn+1)e - 1—251nn e (5.4)

-0 ()

But the radius 7, of Q; is (1/2)sin(r/(n+1)) = 1/(1 +n). Thus Q,_, and Q)
overlap and Q is simply connected.
Since

T 1 .
Imcy, = (1-7,)Imz, = (l—rn)31nn+1 >5sin-—— =

Q,, lies in the upper half of D. Therefore Q C D is in the upper plane. By the con-
struction of Q, we know that Q touches the boundary of D only at z,, n = 1,2, 3,...,
and 1. One can see that at z,, ¢ is not conformal (see [4, 5]). Thus ¢ has no finite
angular derivative at z,. Note that Q C D is in the upper plane and z,, — 1 as n — o, ¢
is not conformal at 1 either. By the angular derivative criterion for compactness (see
[5]), we know C¢ is compact. Let ¢b,, be a Riemann map that maps D onto Q;, and C,, be
the induced composition operator. Let G4 be the region defined in Section 4 and 4
be a Riemann map from D onto G,. By Theorem 4.1, we know that the composition
operator induced by ¢ (n+1),n+3) does not belong to Schatten ideal S;+;. Let

Tn. (5.5)

z+(1-2r) o

m , Z eD. (56)

nn(z) =
Then n, is an automorphism of D. Moreover, N, (Gm+1);m+3)) = Qy, (see Figure 5.2).
Thus, according to Corollary 2.4, Cy, ¢ Sp+1 (H?). But Q), C Q for any positive integer
n,C, ¢ Su+1(H?) by Corollary 2.3 for any n. We know that S, (H?) C S;(H?) if p < q.
Therefore C ¢ does not belong to any Schatten classes. This completes the proof of
Theorem 5.1. O
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