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1. Introduction. Spatial decay estimates for several types of partial differential

equations and systems have been the subject of extensive investigations in the lit-

erature for close to a century and a half. These studies were motivated by a desire to

formulate Saint-Venant and Phragmén-Lindelöf type principles in elasticity and heat

conduction. Roughly speaking, these estimates assert that the solution of the prob-

lem decays exponentially with distance from the boundary on which a mechanical

or thermal “load” has been applied. In the case of elliptic problems, this work has

been directed toward establishing a rational form of Saint-Venant’s principle and has

included studies in linear elasticity (see Toupin [18] and Knowles [9]), in nonlinear

plane elasticity (see Roseman [16]) and in linear viscoelasticity (see Edelstein [4]). In

a recent paper, Tahamtani [17] derived an explicit Saint-Venant type decay estimate

for solutions of the Dirichlet problem for nonlinear biharmonic equations defined in

a semi-infinite cylinder in Rn with homogeneous Dirichlet data on the lateral surface

of the cylinder.

A spatial decay estimate for transient heat conduction was first given by Edelstein

[3]. The result has been consistently improved by the studies completed by Knowles

[10], Horgan et al. [7], and Chiri̧tǎ [2].

Very little attention has been devoted to the study of hyperbolic differential equa-

tions. Horgan and Knowles [6] and Horgan [5] pointed out the paucity of Saint-Venant

type results for hyperbolic system of the kind describing elastic wave propagation.

The only previous work known to us on questions like this for the hyperbolic dif-

ferential equations is that of Quintanilla [15]. He considered the transient solutions

of the damped wave equation and established a spatial decay estimate of the kind

described by Knowles [10] for the heat conduction equation. The results we present

here generalize the work in [15] to nonlinear damped hyperbolic equations and obtain

stronger results involving an exponential decay of energy functional.

Alternatively, the results may be viewed as theorems of Phragmén-Lindelöf type

[1, 8, 14] for nonlinear damped hyperbolic equations.
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In this paper, we show that if the solution is bounded in an energy norm, then it

must decay exponentially in energy norm as the distance from the near end tends to

infinity. Finally, we compare the solutions of two damped wave equations with differ-

ent damped coefficients and establish an explicit inequality which displays continuous

dependence on this coefficient.

2. Preliminaries. In this paper, we derive a spatial decay estimate for a functional

defined on the solutions of the equation

αutt+νf
(
ut
)=∆u, (2.1)

whereα and ν are two positive numbers,∆ is the Laplace operator, and f is a nonlinear

function satisfying the inequalities

f(v)v ≥ c1|v|p,
∣∣f(v)∣∣≤ c2|v|p−1, (2.2)

for p ≥ 2, c1 > 0, c2 > 0.

Our attention is focused on the initial-boundary problem for (2.1) in the space-time

region Ω×(0,∞), where

Ω = {(x1,x′
)∈Rn : x1 ∈R+, x′ =

(
x2,x3, . . . ,xn

)∈ σx1 ⊂Rn−1} (2.3)

is the semi-infinite prismatic cylinder and σx1 denotes the open, bounded, and simply

connected cross section of Ω. In addition, u(x1,x′, t) is required to satisfy the initial

and boundary conditions

u
(
x1,x′,0

)= 0, ut
(
x1,x′,0

)= 0,
(
x1,x′

)∈Ω, (2.4)

u
(
x1,x′, t

)= 0, x′ ∈ ∂σx1 , x1 ≥ 0, t ≥ 0, (2.5)

u
(
0,x′, t

)= g(x′, t), x′ ∈ σx1 , x1 = 0, t ≥ 0, (2.6)

where the function g(x′, t) is a prescribed function and vanishes on the boundary

∂σx1 . For convenience, we introduce the notation

Ωτ =
{(
x1,x′

)
: 0< τ < x1

}
, στ =

{(
x1,x′

)
: x1 = τ

}
. (2.7)

We describe the quantity

λp(D)= inf
v∈C1

0 (D)

(∫
D
|∇v|p dx

)(∫
D
|v|p dx

)−1

, (2.8)

where C1
0 (D) is the set of functions that are continuously differentiable with compact

support in D. In [13] examples are given, where for an analogous λp , a lower esti-

mate can be found by means of the first eigenvalues of some elliptic boundary-value

problem on D. We note that for p = 2, (2.8) is the Poincaré-Friedrich’s inequality

∫
D
v2dx ≤ λ−2(D)

∫
D
|∇v|2dx, (2.9)
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see [11]. Young’s inequality is used often in this article. It states that

x1/py1/q ≤ 1
pε
x+ 1

q
εpy,

1
p
+ 1
q
= 1, (2.10)

for x, y > 0 and arbitrary ε > 0.

3. A decay theorem. In this section, we state a spatial decay estimate for the solu-

tion of the problem defined by (2.1), (2.4), (2.5), and (2.6). We recall that the following

equalities:

∇·(u∇u)−∇u∇u= νuf (ut)+ d
dt
(
αuut

)−αu2
t ,

∇·(ut∇u)−∇u∇ut = νutf (ut)+ d
dt

(
α
2
u2
t

) (3.1)

are satisfied for all solutions of the nonlinear equation (2.1). Let δ= ν/(1+α); we may

consider

F
(
τ,t1

)
:=−

∫ t1
0
∇·[(ut+δu)∇u]dt, x ∈Ω, 0≤ t1 < t. (3.2)

To obtain our estimates, it is suitable to recall that (see [15, Lemma 2.1, page 80])

∫
Ωτ
F
(
τ,t1

)≥ J1+J2, (3.3)

where

J1 :=
∫ t1

0

∫
Ωτ

(
δ|∇u|2−c2δν|u|

∣∣ut∣∣p−1+c1ν
∣∣ut∣∣p−δαu2

t
)
dxdt, (3.4)

J2 :=
∫
Ωτ

(
α

2(1+α)u
2
t +

1
2
|∇u|2− δν

2
u2
)
dx. (3.5)

Applying Hölder’s and Young’s inequalities we can estimate the second and fourth

terms of (3.4) as follows:

I1 := c2δν
∫ t1

0

∫
Ωτ
|u|
∣∣ut∣∣p−1dxdt

≤ c2
1
pε
δν
∫ t1

0

∫
Ωτ
|u|p dxdt+c2

p−1
p

εpδν
∫ t1

0

∫
Ωτ

∣∣ut∣∣p dxdt,
(3.6)

I2 := δα
∫ t1

0

∫
Ωτ
u2
t dxdt

≤ p−2
p

εpδα
∫ t1

0

∫
Ωτ

1dxdt+ 2
pε
δα
∫ t1

0

∫
Ωτ

∣∣ut∣∣p dxdt.
(3.7)

Using the quantity in (2.8), we find from (3.6)

I1 ≤ c2
1
pε
δνλ−p

(
Ωτ
)∫ t1

0

∫
Ωτ
|∇u|p dxdt+c2

p−1
p

εpδν
∫ t1

0

∫
Ωτ

∣∣ut∣∣p dxdt. (3.8)
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Dropping the first term on the right-hand side of (3.4), then from (3.4), (3.7), and (3.8)

we obtain

J1 ≥ ν
(

1−c2
1
pε
δλ−p

(
Ωτ
))∫ t1

0

∫
Ωτ
|∇u|p dxdt

+ν
(
c1−c2

p−1
p

εpδ
)∫ t1

0

∫
Ωτ

∣∣ut∣∣p dxdt−ν
∫ t1

0

∫
Ωτ
|∇u|p dxdt

− 2
pε
δα
∫ t1

0

∫
Ωτ
|ut|p dxdt−CΩτ

p−2
p

εpδαt1,

(3.9)

where CΩτ is a positive constant depending only on Ωτ .

Next, utilizing the Poincaré-Friedrich’s inequality (2.9) we get from (3.5)

J2 ≥
∫
Ωτ

[
1
2

(
1−δνλ−2(Ωτ))|∇u|2+ α

2(1+α)u
2
t

]
dx. (3.10)

From (3.9), (3.10), and (3.3) it follows that

∫
Ωτ
F
(
τ,t1

)≥N1(τ)
∫
Ωτ
H2(ut,∇u)dx+N2(τ)

∫ t1
0

∫
Ωτ
Hp(ut,∇u)dxdt

−β
{∫

Ωτ
H2(ut,∇u)dx+

∫ t1
0

∫
Ωτ
Hp(ut,∇u)dxdt

}
−CΩτ

p−2
p

εpδαt1,
(3.11)

where

Hi(ut,∇u) := 1
2
|∇u|i+ α

2(1+α)
∣∣ut∣∣i, for i= 2,p,

N1(τ)=min
{
1,
(
1−δνλ−2(Ωτ))},

N2(τ)=min
{

2ν
(

1−c2
1
pε
δλ−p

(
Ωτ
))
,
1+α
α

2ν
(
c1−c2

p−1
p

εpδ
)}
,

β=max
{

1,2ν,
4(1+α)
pε

δ
}
.

(3.12)

We may always take ε > 0 so large and δ > 0 so small that

1−δνλ−2(Ωτ)> 0, 1−c2
1
pε
δλ−p

(
Ωτ
)
> 0, c1−c2

p−1
p

εpδ > 0. (3.13)

We may define

Eu(τ,t)=
∫
Ωτ

{∫ t1
0
Hp(ut,∇u)dt+H2(ut,∇u)

}
dx (3.14)

as the strain energy contained in Ωτ . Inserting (3.14) in (3.11) we get

∫
Ωτ
F
(
τ,t1

)≥ (γ(τ)−β)Eu(τ,t)−CΩτ p−2
p

εpδαt1, (3.15)

where β<γ(τ)=min{N1(τ),N2(τ)}. Our next objective is to estimate the left-hand side

of (3.3). Due to the boundary conditions (2.5) and (2.6) and the divergence theorem,
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we obtain ∫
Ωτ
F
(
τ,t1

)=−
∫ t1

0

∫
στ

(
ut+δu

)
ux1 dx

′dt. (3.16)

Using the Schwarz inequality we find

∣∣∣∣
∫
Ωτ
F
(
τ,t1

)∣∣∣∣≤
∫ t1

0

[∫
στ

(
u2
x1
dx′

)1/2
{∫

στ

(
u2
t dx′

)1/2+δ
∫
στ

(
u2dx′

)1/2
}]
dt. (3.17)

From Poincaré-Friedrich’s and the arithmetic-geometric mean inequalities we deduce

∣∣∣∣
∫
Ωτ
F
(
τ,t1

)∣∣∣∣≤ 1
2ε
(
1+δ2λ−2(στ))

∫ t1
0

∫
στ
|∇u|2dx′dt+ ε

2

∫ t1
0

∫
στ
u2
t dx′dt. (3.18)

Using Hölder’s and Young’s inequalities

∣∣∣∣
∫
Ωτ
F
(
τ,t1

)∣∣∣∣≤ 1
pε2

(
1+δ2λ−2(στ))

∫ t1
0

∫
στ
|∇u|p dx′dt

+ 1
p

∫ t1
0

∫
στ
|ut|p dx′dt+ C̃στ

p−2
2p

εp−1(1+ε2+δ2λ−2
(
στ
))
t1,

(3.19)

where C̃στ is a positive constant depending only on στ .

We add appropriate terms into the right-hand side of (3.19) in order to put it into

the energy term (3.14). Thus,

∣∣∣∣
∫
Ωτ
F
(
τ,t1

)∣∣∣∣≤−N0(τ)
∂
∂τ
Eu(τ,t)+ C̃στ

p−2
2p

εp−1(1+ε2+δ2λ−2(στ))t1, (3.20)

where N0(τ)=max{1,(2(1+α)/αp),(2/pε2)(1+δ2λ−2(στ))} and

∂
∂τ
Eu(τ,t)=−

∫
στ

{∫ t1
0
Hp(ut,∇u)dt+H2(ut,∇u)

}
dx′. (3.21)

Combining the estimates (3.15) and (3.20), we find

Eu(τ,t)+ω(τ) ∂∂τ Eu(τ,t)≤Mt1(τ), (3.22)

where ω(τ) :=N0(τ)(γ(τ)−β)−1, and

Mt1(τ) := p−2
2p

εp−1[(1+ε2+δ2λ−2(στ))C̃στ +2εδαCΩτ
](
γ(τ)−β)−1t1. (3.23)

Inequality (3.22) immediately implies that

Eu(τ,t)≤ Eu(0, t)exp
[
−
∫ τ

0
ω−1(s)ds

]
+exp

[
−
∫ τ

0
ω−1(s)ds

]

×
∫ τ

0
exp

[∫ s
0
ω−1(r)dr

]
ω−1(s)Mt1(s)ds.

(3.24)

Now if we suppose that
∫∞
0 ω−1(τ)dτ = ∞ and for fixed t1, limτ→∞Mt1(τ) = 0, then
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by l’Hôpital’s rule we have

lim
τ→∞exp

[
−
∫ τ

0
ω−1(s)ds

]∫ τ
0

exp
[∫ s

0
ω−1(r)dr

]
ω−1(s)Mt1(s)ds = 0. (3.25)

Inequality (3.24) implies that limτ→∞ supEu(τ,t)≤ 0. Thus we may state the following

result.

Theorem 3.1. Let u be a solution of the initial-boundary value problem (2.1), (2.2),

(2.4), (2.5), and (2.6). If the cylinder Ω satisfies
∫∞
0 ω−1(τ)dτ =∞ and limτ→∞Mt1(τ)=

0, then the following estimate holds for all τ > 0,

∫
Ωτ

{∫ t1
0
Hp(ut,∇u)dt+H2(ut,∇u)

}
dx

≤ exp
[
−
∫ τ

0
ω−1(s)ds

]∫
Ω0

{∫ t1
0
Hp(ut,∇u)dt+H2(ut,∇u)

}
dx

+exp
[
−
∫ τ

0
ω−1(s)ds

]∫ τ
0

exp
[∫ s

0
ω−1(r)dr

]
ω−1(s)Mt1(s)ds.

(3.26)

4. Continuous dependence on the damped coefficient. If f(ut) = ut in (2.1), we

denote by v(x1,x′, t) the solution of the linear equation

αutt+νut =∆u (4.1)

that satisfies the initial and boundary conditions in (2.4), (2.5), and (2.6) with ν re-

placed by the constant ν̃ . For u to be the solution of (4.1), (2.4), (2.5), and (2.6) and v
to be the solution of (4.1), (2.4), (2.5), and (2.6) with damping coefficient ν̃ in (4.1), we

establish an explicit inequality which displays continuous dependence on the coeffi-

cient ν .

If we now set w =u−v , then w satisfies

αwtt+νwt+(ν− ν̃)vt =∆w,
(
x1,x′, t

)∈Ω×(0,∞),
w
(
x1,x′,0

)= 0, wt
(
x1,x′,0

)= 0,
(
x1,x′

)∈Ω,
w
(
x1,x′, t

)= 0, x′ ∈ ∂σx1 , x1 ≥ 0, t ≥ 0,

w(0,x′, t)= 0, x′ ∈ σx1 , x1 = 0, t ≥ 0.

(4.2)

Using the methods of [12], we can treat the case in which v ≠ u on the end x1 = 0.

Calculations similar to those used in Section 3 lead to the equalities

∫ t1
0
∇·(w∇w)dt =αwwt+ ν

2
w2+

∫ t1
0

(|∇w|2−αw2
t +(ν− ν̃)wvt

)
dt,

∫ t1
0
∇·(wt∇w

)
dt = α

2
w2
t +

1
2
|∇w|2+

∫ t1
0

(
νw2

t +(ν− ν̃)wtvt
)
dt.

(4.3)

Similar to the definition of F in (3.2), we may define

Φ
(
τ,t1

)=
∫ t1

0

∫
Ωτ

(
δ̃|∇w|2+(ν− ν̃)(wt+ δ̃w

)
vt+(ν−αδ̃)w2

t
)
dxdt

+
∫
Ωτ

(
1
2
|∇w|2+ α

2
w2
t +αδ̃wwt+ ν

2
w2
)
dx,

(4.4)
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where δ̃ is a positive constant to be specified later. By similar calculation techniques

of the previous section, from (4.4) we deduce

M0(τ)
∫
στ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx′

≥
∫
Ωτ

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dx+

∫ t1
0

∫
Ωτ

[
δ̃w2

t +(ν− ν̃)
[
wt+ δ̃w

]
vt
]
dxdt,

(4.5)

where M0(τ) = max{1,ε(1+α)/α,ε−1(1+ δ̃2λ−2(στ))}. Making use of Schwarz in-

equality together with Poincaré-Friedrich’s and arithmetic-geometric mean inequali-

ties we have

(
ν− ν̃)

∫ t1
0

∫
Ωτ

[
wt+ δ̃w

]
vt dxdt

≤ ε
2
δ̃2λ−2(Ωτ)

∫ t1
0

∫
Ωτ
|∇w|2dxdt

+ ε
2

∫ t1
0

∫
Ωτ
w2
t dxdt+

1
2ε
(ν− ν̃)2

∫ t1
0

∫
Ωτ
v2
t dxdt.

(4.6)

From (4.5) and (4.6)

M0(τ)
∫
στ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx′

≥
(
ν− ε

2
δ̃λ−2(Ωτ)

)∫ t1
0

∫
Ωτ
|∇w|2dxdt+ δ̃

∫ t1
0

∫
Ωτ
w2
t dxdt

+
∫
Ωτ

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dx−ν

∫ t1
0

∫
Ωτ
|∇w|2dxdt− ε

2

∫ t1
0

∫
Ωτ
w2
t dxdt

−
∫
Ωτ

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dx− 1

2ε
(
ν− ν̃)2

∫ t1
0

∫
Ωτ
v2
t dxdt.

(4.7)

Taking δ̃ > 0 so small that ν > (ε/2)δ̃λ−2(Ωτ), we obtain

M0(τ)
∫
στ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx′

≥M1(τ)
∫
Ωτ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx

− β̃
∫
Ωτ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx

− 1
2ε
(ν− ν̃)

∫ t1
0

∫
Ωτ
v2
t dxdt,

(4.8)

where

M1(τ)=min
{

1,
[
2(1+α)δ̃]

α
,
(
2ν−εδ̃λ−2(Ωτ))

}
,

β̃=max
{

1,2ν,
[
ε(1+α)]
α

}
.

(4.9)
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Let

Ew(τ,t) :=
∫
Ωτ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx,

∂
∂τ
Ew(τ,t) :=−

∫
στ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx′.

(4.10)

Upon inserting (4.10) in (4.8), we obtain the differential inequality (provided that

M1(τ)≥ β̃)

∂
∂τ
Ew(τ,t)+

(
M1(τ)− β̃

)
M−1

0 (τ)Ew(τ,t)≤ 1
2ε
(ν− ν̃)2

∫ t1
0

∫
Ωτ
v2
t dxdt. (4.11)

It is well known that

α
2(1+α)

∫ t1
0

∫
Ωτ
v2
t dxdt

≤
∫
Ωτ

{∫ t1
0

(
1
2
|∇v|2+ α

2(1+α)v
2
t

)
dt+ 1

2
|∇v|2+ α

2(1+α)v
2
t

}
dx

≤ Ev(0, t)exp
[
−
∫ τ

0
ω−1/2(s)ds

]
,

(4.12)

where

Ev(0, t)=
∫
Ω0

{∫ t0
0

(
1
2
|∇v|2+ α

2(1+α)v
2
t

)
dt+ 1

2
|∇v|2+ α

2(1+α)v
2
t

}
dx (4.13)

is bounded (cf. [15, Theorem 3.1]), andω(τ) is some positive function. Thus inserting

(4.12) into (4.11) leads to

∂
∂τ
Ew(τ,t)+

(
M1(τ)− β̃

)
M−1

0 (τ)Ew(τ,t)

≤ 1+α
αε

(ν− ν̃)2Ev(0, t)M−1
0 (τ)exp

[
−
∫ τ

0
ω−1/2(s)ds

]
.

(4.14)

We now choose (M1(τ)− β̃)M−1
0 (τ)=ω−1/2(τ). But (4.14) may then be rewritten as

∂
∂τ

(
exp

[∫ τ
0
ω1/2(s)ds

]
Ew(τ,t)

)
≤ 1+α

αε
(ν− ν̃)2Ev(0, t)M−1

0 (τ). (4.15)

An integration leads to

Ew(τ,t)≤ 1+α
αε

(ν− ν̃)2Ev(0, t)
(∫ τ

0
M−1

0 (s)ds
)

exp
[
−
∫ τ

0
ω1/2(s)ds

]
. (4.16)

We have thus established the following theorem.

Theorem 4.1. Let u be the solution of the problem (4.1), (2.4), (2.5), and (2.6) and v
the solution of the same problem with ν replaced by ν̃ . Then for arbitrary τ ≥ 0, t ≥ 0
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the closeness of u and v in energy measure satisfies the following inequality:

∫
Ωτ

{∫ t1
0

(
1
2
|∇w|2+ α

2(1+α)w
2
t

)
dt+ 1

2
|∇w|2+ α

2(1+α)w
2
t

}
dx

≤ 1+α
αε

(ν− ν̃)2Ev(0, t)
(∫ τ

0
M−1

0 (s)ds
)

exp
[
−
∫ τ

0
ω1/2(s)ds

]
.

(4.17)
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