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SPECTRAL GEOMETRY OF HARMONIC MAPS
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ABSTRACT. Let (M™,g) be a closed Riemannian manifold and N a warped product mani-
fold of two space forms. We investigate geometric properties by the spectra of the Jacobi
operator of a harmonic map ¢ : M — N. In particular, we show if N is a warped product
manifold of Euclidean space with a space form and ¢,y : M — N are two projectively
harmonic maps, then the energy of ¢ and ¢ are equal up to constant if ¢ and ¢ are
isospectral. Besides, we recover and improve some results by Kang, Ki, and Pak (1997) and
Urakawa (1989).

2000 Mathematics Subject Classification. 58C35, 58]10, 53C20.

1. Introduction. In this paper, we deal with the inverse spectral problem of the
Jacobi operator of a harmonic map from a compact manifold into warped product
manifold.

The relationship between the geometry of a smooth manifold and the spectrum of
the Laplacian has been studied by many authors (cf. [1, 5, 6]). In [6], Gilkey computed
some spectral invariants concerning the asymptotic expansion of the trace of the
heat kernel for an elliptic differential operator acting on the space of sections of a
vector bundle (see also [5]). Urakawa applied the Gilkey’s results to the Jacobi operator
of a harmonic map from a closed (compact without boundary) manifold, M", into a
space form of constant curvature, N™(c), and proved that if the Jacobi operators of
two harmonic maps from M into N have the same spectrum, then these harmonic
maps have the same energy. The Jacobi operator of a harmonic map arises in the
second variational formula of the energy functional and several people studied in
this field (see [9, 10, 11, 12]). In the case of Jacobi operator of a harmonic map, the
spectral invariants computed by Gilkey can be expressed explicitly by the integration
of geometric notions like curvature.

We will consider the Jacobi operator of a harmonic map from a closed manifold into
a warped product manifold of two space forms which may be different. We generalize
the results in [12] and prove some similar results about warped product manifolds.
Warped product manifolds give us various examples and the structure of those are
simple in some sense other than space forms (see [2]). Recently, Cheeger and Colding
studied warped product manifolds and proved several remarkable results (see [4]).
Also in [8], Ivanov and Petrova classified 4-dimensional Riemannian manifolds of pos-
itive constant curvature eigenvalues and showed that a warped product manifold is
one of those manifolds and Gilkey, Leahy, and Sadofsky generalized this result for
dimensions n =5, 6, or n > 9 (see [7]).
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2. Preliminaries. In this section, we describe, briefly, some results due to Gilkey
and Urakawa about the asymptotic expansion of the trace of the heat kernel for the
Jacobi operator of a harmonic map.

Let (M,g) be an n-dimensional compact Riemannian manifold without boundary
and (N, h) an m-dimensional Riemannian manifold. A smooth map ¢ : M — N is said
to be harmonic if it is a critical point of the energy functional E defined by

E(¢) = fMe<¢>dvg, @.1)

where e(¢p) = (1/2) X h(p+ei, pxe;) called the energy density, ¢ is the differential
of ¢, and {e;} is a local orthonormal frame of M. In other words, for any vector field

V along ¢,

d
at t:OE(<J5t) =0, (2.2)

where ¢; : M — N is a one parameter family of smooth maps with ¢y = ¢ and

d
i ¢t =Vx € Tp(x)N (2.3)
tli=o

for every point x in M.
The second variational formula of the energy E for a harmonic map ¢ is given by
dZ

dt?

E() - JMh(v,J¢v) dv,. (2.4)

Here Jg is a differential operator (called the Jacobi operator) acting on the space
I'(¢p~1TN) of sections of the induced bundle ¢~ TN. The operator J¢ is of the form

JoV =V VUV -S> RN(¢p.e;,V)pse;, VeT(Pp™'TN), (2.5)
i=1

where ¥ is the connection of ¢~ TN which is induced by
VxV=vh \V, (2.6)

where V € ¢~!TN, X is a tangent vector of M, V" is the Levi-Civita connection of
(N,h), and RV is the curvature tensor of (N,h). Since J¢ is a selfadjoint, second-
order elliptic operator, and M is compact, J¢ has a discrete spectrum of eigenvalues
with finite multiplicities. We denote the spectrum of the Jacobi operator J4 of the
harmonic map ¢ by

Spec(Jp) ={A1 <Ap <+ <A<+ 1 oo}, (2.7)
The operator e~/¢ is defined by

e Hev(x) =JMK(t,x,y,J¢)V(y)dvg(y), (2.8)

where K(t,x,y,J¢) is an endomorphism from the fiber of ¢~ TN at y to the fiber
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at x, called the kernel function. Then one has an asymptotic expansion for the L2-trace

[ )

(e te) Z ~ (41Tt) "2 Z m(Jp)t™ (ast — 07), (2.9)

where a,(J¢) is the spectral invariant of J4 which depends only on the spectrum,
Spec(Jg). Moreover, since M is compact and without boundary, the odd terms of a,
vanish. For more detail, see [5, 6].

Finally, define the endomorphism L for ¢p~!TN by

L(V)=> RN(psei,V)psei, VePITN. (2.10)
i=1

Then we have

Try (L) = Try (¢p* RicV), (2.11)

where RicY denotes the Ricci curvature tensor of (N, h).
Now applying Gilkey’s results to the Jacobi operator of a harmonic map, one has
the following theorem.

THEOREM 2.1 (see [5, 6, 12]). For a harmonic map ¢ : (M,g) — (N,h),
ao(Jg) = mVol(M, g),

ax(Je) = 6,[ sydvg + J Try (¢ *RicY)dv,,

(2.12)
a1(i9) = 355 |, {35% - 2lIRic I*+ 2/IR¥|°}

1 N2 i N 2
365 M{—30H¢>*R [I? + 605y Trg (¢* RicY) + 180 LI} dvy,
where for tangent vectors X,Y € TyM, (¢*RN)(X,Y) is the endomorphism of Tpx)N
given by (p*RN)(X,Y) = RN (¢« X, P+ Y) and sy is the scalar curvature of (M, g).

3. Spectral invariants for warped product manifolds. We now assume that the
target manifold (N,h) is a warped product manifold of the form N = N™1(cy) Xr
N™2(c,), where N™i(c;) is a space form of constant curvature ¢; (i =1,2), and f is a
positive smooth function defined on N™1(c;). Furthermore, the Riemannian metric h
is of the form h = hy + f2h,, where h; is the standard metric on N™i(c;) with constant
curvature c;.

We use the following convention R(X,Y) = —[Dx,Dy] + Dix,y; for the Riemannian
curvature tensor, and so denoting h = (, ) we have in the space form of curvature c,

R(X,Y)Z=c{{X,Z)Y —(Y,Z)X}. (3.1
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Let {e;}", be alocal frame on M and {E;,E>,...,Em,,F1,...,Fm,} be a local frame
on N such that Ej, E»,...,Ey, are tangent to N™ (c;) and Fi,...,Fy, are tangent to
N™2(cy). Then ¢ e; splits into the horizontal part

mp
(puei)’ = D (puei, Ei) Er (3.2)
k=1
and the vertical part
mp
(4)*31')L = Z (pxei, Fr) F. (3.3)
k=1
So
<¢*ei,¢*ej> = <¢*e?,¢*ef) + (d’*ell,d)*e]l) (3.4)

Denoting e(p)T = (1/2) 37 | (psel ,piel) and e(p)t = (1/2) 11 (psef, Ppuei), the
energy density of ¢ splits as follows:

e(h) = 3 3 (pueibaei) = o) +eldh)". (3.5)
i=1
Finally, we denote
lp*hl|> = > (Prei,dres)’,
i,j=1

Ip*hTI* = > (el Puel)?, (3.6)

ij=1

||¢*hLH2: Z (qb*e#,ﬁb*ej)z-

ij=1

Then we have

llp* k> = [|p* KT | +||p*h*[|* +2(p*hT,p*h"), (3.7)
where
(O*hT,p*ht) = > (el dre]) (dief, Pue). (3.8)
i,j=1

The rest of this section is devoted to compute the terms a»(J¢) and a4(Jg¢) of the
asymptotic expansion for the Jacobi operator J4 in the case N = N™1(c1) Xy N™2(cp).
To compute them, we have to calculate the terms Try(L) = Trg(d)*RicN ), ||R§||2 =
lp*RNI?, and Try(L?) = |IL||>. To do this, the following lemma is needed. From now
on, M is a closed Riemannian manifold and N = (N,h) is N = N™ (c¢;) Xy N™2(c3)
unless otherwise stated.
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LEMMA 3.1. Let X, Y, Z be vector fields on N™ (c1) and U, V, W vector fields on
N™2(cp). Then the Riemannian curvature tensor R = RN of N satisfies the following:

_ 2
R(U,V)W = Cz}izﬂ{w,ww— vV, W)U},

R(X,V)Y = —%(DXVf,Y)V

R(X,)Y)V=R(V,W)X =0, (3.9

R(X,V)W =R(X,W)V = %(V,W)DXVf,

R(X,Y)Z = —{(X 2)Y —(Y,Z)X},

where D denotes the Riemannian connection on M, and V f denotes the gradient of f.

PROOF. The proof follows from [2, Lemma 7.4] and (3.1).

O
From now, we will compute norms of curvature tensors.
3.1. Trg(L). Note that
n om
Try(L) = Try (¢p* RicY) z Z N(¢pyei,Ej)psei,Ej), (3.10)

where m = m; +mp, and Ew, 4k = F, k=1,...,m5.
Using ¢ye; = cb*eiT + ¢e;, and Lemma 3.1, one can get

%2

u[\/_|§

N(per Ep)duer, Ey) = ZCI(’}@;)e<¢>T—;e<¢)i(Z<DEA,-Vf,EJ->),
j=1

i Z ¢*etaFJ)¢*el,F]>—2( 1)<C2_|v~f2)e(¢))l

f2
+*z<¢*el,D¢*eivf> Z(‘b*eisD‘p*eva}-
72 7 & i

(3.11)

On the other hand, since Vf is a horizontal vector field, that is, the tangential
component of Vf to N™2(c,) is zero, one has

mi

> (Di,Vf,Ej) = Af,
Jj=1
(bxei Dy, rVf) =0, (3.12)

> (puel Dy, 1V f) =Trg (0*(DAS)),
i=1

where Dd f denotes the Hessian of f.
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Hence using these identities, one has

_ _ 2
Trg(n) = 2D o) 2 my 1) (2L Yo

f f

2Af (3.13)
el - f ry (p* (DAS)).

3.2. |[RV|2. Note that
IRVIP = [|¢*RV|[P = S S (RN (dpuei,pre)) B RY (preirpre))Er),  (3.14)

i,j=1k=1

where m = m; + mp, and Ewm, +k = F, k = 1,...,mo. The similar argument as in com-
puting Try (L) in Section 3.1, using ¢se; = pse! + p.ef, and the fact that Vf is a
horizontal vector field, and Lemma 3.1, one can get

S S RN (dersdores) Eell fsﬂ (e()T) Hd)*Dde e(h)*

i,j=1 k=1
2"‘ Ll hT|2 - 2 (p*h*,d*Ddf),

S S RN (reis ey il —8( ml\Aik ) (e(¢)*) lelqb*Ddfll e(h)*

2
ij=1 k=1 f

. 2\?
_2<C2Vf|> ||¢*hL‘|2—%<¢)*hL,¢*Ddf>,

VE
(3.15)
where
(p*h*,p*Daf) = > (pxef,dbuef)(Pp*Ddf (ei),p*Ddf(e;))). (3.16)
i,j=1
Summing up these two equations, one gets
N n mp . n o mp
IRVI[* = 3 S |IRN (pueisdue))Exl[*+ X D (RN (i pue) Fell’
i,j=1k=1 ij=1k=1
Cor— 2\?
if; (e(d)T)’ + ( a- Bt ) (e(¢))’
(3.17)

2
+F||¢*Ddf||2e<¢w C1||¢>*hT||

— 2 2 2
2SR g Lot g par)
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3.3. Try(L?). Note that

Trg (L?) = |IL|I* = ZHLEk

m n (3.18)
= Z z N(psei Ex)pei, R (¢*ej!Ek)¢*ej>.
k=1 i,j=

A straightforward computation which is a little complicated, but not still hard shows

> D(RN(¢pyei, Ex)Pprei, RN (Psej,Ex) due;)
ij=1 k=1
4(my —2)cf Af

_fi(euj)) )? —SCIFe«b)Te(cﬁ)L

e($)* Tr, (¢*Ddf)

(3.19)

L llpnr|+ 26t

*F(e(‘“ ?\\Dd | +%<¢>*hi,¢>*ndf>.

In the last term one can use the following identity:

my

2. ADE Vf, biel ) (Dp VS, dse]) = (d*Ddf (er), p*Ddf (e))). (3.20)

k=1
Similarly one has

n mp

> D ARN(pxei, Fi)psei, RN (puej,Fi) pse))

ij=1k=1
VE

- —1vriz\’
ratme-2) (=" ) (et (5 g

= T (11, ¢ Daf)* - <m2—1>(”"w'2)e<¢w<ng¢*mf)
(3.21)

+%<¢*ha¢*pdf>.

Therefore,

2 2
Trg<L2)=%(e(¢ )2 +4(m 2—2)(02_}?”) (e()*)?

_8617{@(¢>T (p)r+ ||¢*th| +4cl e(p)* Try (¢*DAf)
+F(e(¢) YIDdf| +fZ (Trg¢p*Ddf)* (3.22)

~4(m; - 1)(62_}?'2) e(d)* (Try p*Daf)

(}vf') 671+ 2 (" 9" D)
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Now foramap ¢ : M — N = N"(c1)xgN™2(c2),let ¢ = (¢p1,P2), where ¢p; = miop
(i=1,2),and 113 : N - N™1(c;) (i = 1,2) be the projection. Then substituting (3.13),
(3.17), and (3.22) into Theorem 2.1, one gets the following theorem.

THEOREM 3.2. Let ¢ : (M,g) — N™ (c1) Xy N™2(c2) be a harmonic map of an
n-dimensional compact Riemannian manifold (M, g) into an m(=m;+my)-dimensional
Riemannian warped product manifold N. Then the coefficients ao(J¢), a»(J¢), and
as(J¢) of the asymptotic expansion for the Jacobi operator J 4 are, respectively, given by

ao(Jp) = mVol(M, g),

az(Jy) = GJ sgdvg +2c1(m 1—1)J <f2 ¢)1>€(¢) dvg

+2J ({ mZ_ C2_|Vf| ) Af‘f} ¢l)e(¢) d'Ug

“me, (}wl)ﬂg(d)*mﬁ v,

as(Jp) = %JM{55572||chMH2+2HRMH2}dvg

" 2 p
o { ( -Ivs ) (e(¢) )2 gl DAfI <¢)L+Scl(e<¢>T)2}dvg

e fr
IR (CZ‘}ff'z) o1+ o ht ppag) fav,
+éJMSg{2((m21)(}:§|Vf|) Aff)e(d))i 2C1(7}1211)e(¢)r}dvg
_% M(fo¢1)Trg(¢*Ddf)dvg 1J Qdvy,
(3.23)
where
Q—4(mlf7)( e()7)’ - fjf; e(p)Te(d)* Af+ ||qb*hT||2
+ 25 e(®) Ty (97DAf) + 1 (e(@)) 1D I

+4(m2—2)<62_}§ﬂ2)(e(¢%)2 a 2 (Try (¢*Ddf))* (3.24)

—4(my—1) (C‘Z_chgflz)e(d))LTrg (¢*Ddf)

: (Cz}fﬂ)qu*wnﬂfz<¢*ha¢*Ddf>-
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Note that the integration of the function f over M means the integration of fo ¢,
over M.

In the product case, that is, f is a constant function 1, Theorem 3.2 reduces to
the following which is a result due to [9]. However our expression looks a little more
concrete.

COROLLARY 3.3. Let ¢ : (M,g) — N = N™ (c;) Xx N"™2(cp) be a harmonic map
of an n-dimensional compact Riemannian manifold (M,g) into an m(= m; + m»)-
dimensional Riemannian product manifold N. Then the coefficients ao(J¢), a>(J¢),
and a4(Jy) of the asymptotic expansion for the Jacobi operator J4 are, respectively,
given by

ao(Je) =mVol(M,g),
m T
a(Je) = EJMsgdvg+201(m1 — I)JMe(¢) dvg
2co(ma-1) | e(g)*dv,,

m .
as(Jp) = @JM{SSE_ZHREMHZ +2\|RM||2}dvg

2 2 T\2

+§c1(3m1—7)JM (e(p)) dvg (3.25)
2

+§C§(3m2*7)JM (e()*) dvg
2 % 2 *p L

226t [ eI dv,+ 56 [ [1eehe | dv,

s3eimi=1) [ spe() dv,
M

+ %Cz(mz -1) J’Msge(cb)Ldvg.

REMARK 3.4. Since 11;: N — N™i(c;) is totally geodesic in case f = 1, the composi-
tion 113 0 ¢p = ¢b; is also harmonic. So Corollary 3.3 implies that the coefficients of the
asymptotic expansion for the Jacobi operator J4 split as follows:

ao(Jp) =ao(Je,) +ao(Jsp,),
ax(Jp) = az(Jp,) +a2(Jp,), (3.26)

as(Jg) =as(Jg,) +as(Js,).

Also Corollary 3.3 reproves a result of [12].

COROLLARY 3.5 (see [12]). Let ¢ : (M,g) — N™(c) be a harmonic map of an n-
dimensional compact Riemannian manifold (M, g) into an m-dimensional space form
N. Then the coefficients ao(J¢), a2(J¢), and as(J4) of the asymptotic expansion for
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the Jacobi operator ] 4 are, respectively, given by
ao(Jp) =mVol(M, g),
m
a(Jg) = 3 JMsgdvg +2c(m—-1)E(¢),
m ; ) 2 2
as(p) = o | {555 -2IRic" P+ 2IR¥|*} v 5.27)
2 2 2 2
+3¢ JM{(3m—7)e(¢) +||¢*hl[*} dvg
1
+§c(m—1)JMsge(qb)dvg.
PROOF. One can consider ¢p asamap ¢: M — N™(c) x N™(c) with ¢ = (¢, const.)

and apply Corollary 3.3. O

As a special case of Corollary 3.3, when m; = m; = m and ¢, = ¢> = ¢, one gets the
following corollary.

COROLLARY 3.6. Let ¢p : (M,g) — N™(c) x N™(c) be a harmonic map of an n-
dimensional compact Riemannian manifold (M, g) into a 2m-dimensional Riemannian
product manifold N. Then the coefficients ao(J¢), a>(J¢), and as(J¢) of the asymptotic
expansion for the Jacobi operator J4 are, respectively, given by

ao(Jg) =2mVol(M, g),
ax(Jge) = %JMsgdvg +2c(m—-1)E(¢),

m . 2 2
as(Jp) = ﬁJM {5s§—2||R1CM|| +2||RM|| }dvg

> (3.28)
+ §c2(3m— 7) JM {(e(cb)T)z + (e(¢)L)2}dvg

2 2 2
#5368 (I9hTIP +1197h ) dvy

1
+ §c(m— 1) JMsge(cb) dvy.
4. Applications. In this section, we will investigate properties for the Jacobi oper-

ator when the spectrum of the harmonic maps coincide in various cases of N.
First we recover a result of [9].

COROLLARY 4.1 (see [9]). Letp,y: (M,g) — N™(c) xN™(c) be two harmonic maps
of an n-dimensional compact Riemannian manifold (M,g) into a 2m-dimensional
Riemannian product manifold N withm > 2 and c + 0. If ¢ and @ are isospectral, then

E(¢p) =E(y). 4.1)

PROOF. The proof follows from Corollary 3.6. O
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In Corollary 4.1, if furthermore M has a constant scalar curvature, then one has

(3m—7) jM {e(@))?+ (e(d)*)?} dvg +2JM (ll* 7|1+ [l p*n*||*) dvg
(4.2)
= (3m-7) jM{(eup)T)z +(e()*)*} dvg +2JM (lw*hT 1P +][w*r*(|*) dvg.

The following theorem is an improved version of [9, Corollary 3.3].

COROLLARY 4.2. Let ¢, : (M,g) — N™i(cy) X N™2(cp) be two isometric mini-
mal immersions of an n-dimensional compact Riemannian manifold (M, g) into an
m(= my + my)-dimensional Riemannian product manifold N. Suppose that c; + 0 or
c2 + 0, and either m, or m; is greater than one. If ¢ and @ are isospectral, then

E(¢p) =E(y). 4.3)

PROOF. In case m; = m, and c; = ¢y, this reduces to Corollary 4.1. Thus we may
assume m; # My or ¢; * c». Note that e(¢p) =n/2, n = dim(M) and

() = %—e(dﬂT. (4.4)

So it follows from Corollary 3.3 that

az(s) = g | sadvg+2ler(mi—1)—c2(me =1} [ e()" dv,

4.5)

+c2(mp —1)nVol(M, g).

Hence comparing this with a;(Jy), one gets

T _ T
jMe(qb) dv, —JMe(Ll/) dv,. (4.6)
Now from (4.4),
| e@av, = | ew)av, 4.7)
M M

and hence E(¢) =e(y). O

In Corollary 4.2, if furthermore M has a constant scalar curvature, then one has
2
§{cf (3my—7)+c3(3my—7)} JM (e(p)T)? dvg
2 2 %1, T2 2 2 %1, L2
+§C1 MH(P | dvg+§C2 M||4> h||"dvg
4.8)

= 2 Em-7)+EGme -7} | (ew)) dv,

2 2 2 2
# Sl T | dug+ 563 [ ot he| P dvy.
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Finally, we will discuss projectively harmonic maps. In general, the composition of
two harmonic maps is not necessarily harmonic.

DEFINITION 4.3. We say a harmonic map ¢: M — N = N1 (c1) Xy N™2(c3) is pro-
Jectively harmonic if the compositions ¢, = 1 o ¢p and ¢, = 1 o ¢p are harmonic
maps, where 1t; : N - N™i(c;) is the projection map.

Not every harmonic map is in general projectively harmonic (cf. [3]). If r; : N —
N™i(c;) is totally geodesic, then ¢; = ;0 ¢ (i = 1,2) is harmonic and so in this case
every harmonic map ¢ : M — N is projectively harmonic. In particular, in the case of
product (i.e., f = 1), every harmonic map is automatically projectively harmonic.

THEOREM 4.4. Let ¢,y : M™ — N = R™ Xy N™2(cp) be two projectively harmonic
maps. If ¢ and @ are isospectral, then

A(P)E(P) = A(W)E(y), (4.9)
where
(m2—1)(c2—IVfI?) Af
A(¢) :{ : f§ f}o(bl (4.10)

and A(y) is similar.

PROOF. In case N = R™ xyN™2(c2), ¢p1 = 11 0¢ and y; = 11 o are constants
since M is compact. Thus, so e(¢p) = e(¢p)* and e(y) = e(y)*. Furthermore, it follows
from (3.12) that Try (¢p*Dd f) = 0. Hence from Theorem 3.2, one gets the results. Note
that both A(¢) and A(y) are constants. O

THEOREM 4.5. Let ¢, : M™ — N = N™ (c1) Xy N™2(c2) be two projectively har-
monic maps with m, > 1. If Vf is parallel, and ¢ and @ are isospectral, then

E(¢p) =E(y). (4.11)

PROOF. As in the proof of Theorem 4.4, ¢ = 111 0 p and ¢/ = 117 0 Y are constants
and so e(¢) = e(¢p)* and e(y) = e(y)*. Moreover by hypothesis, Ddf = 0 and so
|V f]is constant. The harmonic map is invariant under scaling of the metric, one may
assume that |Vf|? # c>. Then by Theorem 3.2, one has

1

Feb)E@). @12)

az(Jg) = %JMsgdvg+2(m2—l)(C2— |Vf|2)<

Note that ((1/f?) o ¢h) is constant. Hence if ¢ and  are isospectral, then comparing
a>(J4) with a>(Jy ), one gets

E(¢p) =E(y). (4.13)
O
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