IJMMS 27:7 (2001) 399-406
PII. S0161171201006688
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

NECESSARY AND SUFFICIENT CONDITIONS UNDER WHICH
CONVERGENCE FOLLOWS FROM SUMMABILITY
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ABSTRACT. We prove necessary and sufficient Tauberian conditions for sequences sum-
mable by weighted mean methods. The main results of this paper apply to all weighted
mean methods and unify the results known in the literature for particular methods. Among
others, the conditions in our theorems are easy consequences of the slowly decreasing con-
dition for real numbers, or slowly oscillating condition for complex numbers. Therefore,
practically all classical (one-sided as well as two-sided) Tauberian conditions for weighted
mean methods are corollaries of our two main theorems.
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1. Introduction. Let (sx:k =0,1,2,...) be a sequence of real or complex numbers
and p = (px) be a sequence of nonnegative numbers such that py > 0 and

n
Pyi=> px— o asn— o, (1.1)
k=0

The weighted mean (formed with this sequence p) of the sequence (si) is defined by

by =

"U‘,_.

n

n
> prsk for n e No. 1.2)
k=0

The sequence (si) is said to be summable by this weighted mean method (shortly
summable (N, p)) if the sequence (t,,) converges to a finite limit s.

It is well known that condition (1.1) is necessary and sufficient that every convergent
sequence is summable (N, p) to the same limit, that is, the weighted mean method in
question is regular. We are interested in the converse implication. Under what condi-
tions does convergence follow from summability by the given weighted mean method?
There are many results answering this question see for example, [2, 6, 8, 9, 12]. How-
ever, our two main results give necessary and sufficient Tauberian conditions for all
such methods and thus contain all particular results of this kind.

2. Main results. Let (p,) be a strictly increasing sequence of positive integers such
that p,, — c0 as n — co. We say that p is an upper allowed sequence with respect to p if

P
liminf% > 1. (2.1

n—oo n
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Similarly, we say that p is a lower allowed sequence for p if

P

liminf -2 > 1. (2.2)
n-e Ppn

Denote by A, and A, the classes of all upper or lower allowed sequences, respectively.

In the case of real sequences (sx), we will prove the following one-sided Tauberian

theorem.

THEOREM 2.1. Let (si) be a sequence of real numbers, which is summable (N, p) to
a finite limit s. Then

llim Sk=S (2.3)
if and only if
1 Pn
sup liminf ——— Sk—5Sn) =0, (2.4)
pEAI:1)4 n—oo pn_PTL k:%:+lpk( k n)
1 n
sup liminf ———— pi(sn—sk) = 0. (2.5)

peng " Pn—Pp, o

A few remarks are appropriate here.

REMARK 2.2. (i) Obviously, it is sufficient to verify conditions (2.4) and (2.5) for
some subclasses A, and Ay. A natural type of subclasses is given by the following
construction. Define

m
p;‘(A)::min{m>n; > p"z?\—l} for A > 1, (2.6)
k=n+1 k
then we have
PY(Q) -
Py 2Pu+Py > “52AP, (2.7)
k=n+1

and we may consider A, := {(p%(A)),, A > 1} instead of A,,.
Analogously, we define

n
pf;()\):—max{m<n; > pkz?\—l} for A > 1, (2.8)
k=m+1 k
then we have
n
Pk
PrzPyoy Py 2 P =M (2.9)
k=ph (M) +1

and we may consider Ay 1= {(pfl()\))n,)\ > 1} instead of Ay.

(ii) Following Schmidt [10] (see also [2, pages 124-125]), a sequence of numbers
is slowly decreasing with respect to the method (N, p) if the following condition is
satisfied:

lim liminf min {sx —s,} = 0. (2.10)
A=1+ n—oo n<k<pp(d)
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Note that for m = p£(A) + 1, we have

n

pi(A)—m=n-pl(A) since %<2\—1 (2.11)
v

v=m+1
by the maximality of p’(A). Hence

liminf min {s, —sx} = liminf min {s, - s} (2.12)
n—co ph(N)<ksn k=0 k<nspf(\)

and from (2.10) it follows that

lim liminf min {s, — s} = 0. (2.13)
A-14+ n—o pfl()\)<kgn

So, we have that (2.10) implies (2.13) and both yield trivially our TC (2.4) and (2.5).
(iii) Conditions (2.4) and (2.5) are independent of each other in general. We refer
to the example given in [7, pages 56-57], in case of integral summability (C,1) on
R.. However, the discrete counterpart in case of (C,1)-summability of sequences (i.e.,
prx =1, k € Np) can easily be adapted.
(iv) The symmetric counterparts of conditions (2.4) and (2.5) can be written as fol-
lows:

1 Pn
inf limsup —— Sk—5Sn) <0,
oo nﬁmpppn ~p, k=n+1pk( k= Sn)
M (2.14)
inf limsup# (Sn—sK) <0
peAp n—ow Pyu—Pp, k:pn+1pk n—3Sk) = 0.

Now, Theorem 2.1 remains valid if conditions (2.4) and (2.5) are replaced by the latter
two conditions. As a by-product we obtain the following: assume that a real sequence
is summable (N,p) to a finite limit; if conditions (2.4) and (2.5) are satisfied, then
conditions (2.14) are also true, and vice versa.

(v) Analogously to (ii), we may say that a real sequence (si) is slowly increasing
with respect to the method (N, p) if it satisfies the condition

lim limsup max {sx—s,} <0. (2.15)
A=1+ mn—o n<k<ph(d)

As before, this condition implies conditions (2.14).
Next, we consider complex sequences (si) and will prove the following two-sided
Tauberian theorem.

THEOREM 2.3. Let (si) be a sequence of complex numbers, which is summable (N, p)
to a finite limit s. If one of the following two conditions is satisfied:

Pn

inf limsup 1 pr(sk—sn)| =0, (2.16)
PEAU N-o Ppn —Pn kemsl
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or
n

1
inf limsup | ——— pr(sp—sx)| =0, (2.17)
PEN) n—o Pn_Ppn k=pn+1

then (2.3) holds. Conversely, (2.3) implies both (2.16) and (2.17).

REMARK 2.4. A sequence is said to be slowly oscillating with respect to the method
(N,p) if

lim limsup max |sg—s,| =0. (2.18)
A=1+ n—o n<k<ph(d)

Condition (2.16) clearly follows from (2.18).

We note that Theorem 2.1 can be extended to sequences whose terms belong to an
ordered space over the real numbers. We do not enter into details, but refer to [5] and
also [6] as a pattern, given in the case of (C,1)-summability.

3. Proofs. The following lemma plays a basic role in the proofs of our theorems.

LEMMA 3.1. Let (s;) be a sequence of complex numbers which is summable (N,p)
to a finite limit s.

(i) If p € Ay, then
Pn

1
Iim —— PkSk = S. 3.1)
= Py, = Pn k=n+1
(i) If p € Ay, then
1 n
lim ——— > prsk=Ss. (3.2)
= Pn =Py, k=pn+1
PROOF. (i) By definition,
1 & P, P,
> o PiSk = tp, — tn
Ppn_Ple:,,Hl Ppn_Pn PDn_Pn (33)
P,
= t m(tpn tn)
By (2.1) we have
limsu P (liminfpﬂ—1>_1 < o (3.4)
PP, — P, Ul p, ' '
Thus (3.1) follows from (3.3) and the convergence of (t;) to s.
(ii) By definition,
1 = Pn Pﬂ
5 b PkSk = ty — 2 tp,
Pn_PPn k=pn+1 P"_Ppn Pn Ppn (35)
P n
= t"+Pn—pPpn (tn —tpn)
By (2.2) we have
lims Fon (l'm'nf P 1)_1 < (3.6)
—_— = — = 00, .
ln”‘}c’lp P" P Pn lnﬁloo Ppn

Thus (3.2) follows from (3.5) and the convergence of (t;,). O
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PROOF OF THEOREM 2.1. Necessity. Assume (2.3), whence the convergence of (t,,)
to s follows. To verify (2.4), consider an arbitrary sequence p € A,. By (3.1) we have

1 Pn 1 Pn
Iim ——— Sk—Sp) = lim —— sk—lims,=5-5s=0. (3.7)
L —, kz%ﬂlﬂk( k—Sn) = lim Py k:%Hpk k= lim s,

This means that (2.4) is satisfied even with an equality sign. Condition (2.5) can be
proved analogously relying on (3.2).

Sufficiency. Assume that (2.4) and (2.5) together with the convergence of (t,) to s
hold. In order to prove the convergence of (s,) we choose some ¢ > 0. By (2.4), there
exists a sequence p € A,;, such that

Pn

1
liminf ———— pr(sk—sn) = —¢. (3.8)
n=e Pp, = Pn k=n+1

By (3.1), the left-hand side in (3.8) equals (note that the first term has a limit)
Pn

1
Iim —— piSk —limsups, = s —limsups,. (3.9)
n=e Py =Py S5 n—oo n~oo

Combining (3.8) with (3.9) yields

limsups, < s+e¢. (3.10)

n—oo
On the other hand, by (2.5) there exists a sequence p € Ay such that

n
liminf% > prlsn—sk) = -« (3.11)

n—oo —_
noTPn k=pp+l

By (3.2) the left-hand side in (3.11) equals

n

liminfsnflim# > pisk =liminfs, —s. (3.12)
noe n=e P =Ppy s noee

Combining (3.11) with (3.12) gives
s—ssliyrlrlinfsn. (3.13)

Now, (2.3) follows from (3.10) and (3.13). O

PROOF OF THEOREM 2.3. Necessity. This is essentially a repetition of the proof of
Theorem 2.1. Therefore it is omitted.

Sufficiency. We assume (2.16) together with the convergence of (t,) to s. For any
sequence p € A, we have

1 Pn

Pop =Pn ) S50

1 Pn

Ppn

|spn—s]| <
—Pn o S0

Pr(Sk—sn) | + Prsk—s|. (3.14)
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It follows from (3.1) that

Pn

limsup | s, — | < limsup 1 Pr(sk—su)|. (3.15)
neee e | Py =Pny S0
Taking (2.16) into account we obtain
limsup | s, —s| =0, (3.16)
n— oo
which is equivalent to (2.3) to be proved.
Assuming (2.17), we can prove (2.3) in an analogous way. O

4. Special cases. (a) If px =1 for all k, then the weighted mean method is the so-
called Cesaro method of order 1, the method (C,1). Here for the sequence pi(A),
pl(A) we may choose An with A > 1 and < 1, respectively. In this case our result was
proved in [6] and [7, Section 4] (see also [11]). In the real case, the classical one-sided
Tauberian condition

j(Sj*Sj_l) >—-H 4.1)

of Landau [4] implies slow decrease with respect to the method (C,1). Here and in the
sequel, we denote by H some positive constant not necessarily the same at different
occurrences. To justify this, let A > 1,and 1 <n <k < An =: p,(A), then we have

k

k
1
Sk=Sn= > (sj—-sj-1)=-H > =
Jj=n+1 j:n+1J 4.2)

k
z—HJ di:—HlogEz—HlogA—»O asA—1+.
n X n
In the complex case, the classical Tauberian condition is
jlsi=sj1| <H 4.3)

yielding slow oscillation.

(b) The same sequence (p,(A)) and the same Tauberian conditions can be applied
to the cases py = (k+1)%L(k) with some & > —1 and some slowly varying function
L(-) (see [1] for the definition of slowly varying functions).

(c) If px = 1/(k+1), then the weighted mean is the so-called harmonic mean (of
first order). We may choose p%(A) = [n*], A > 1 where [-] means the integral part.
Obviously, we have

A
Pt (2 dx x _ ., log([n']+2) ~log(n+2)
Po 14 Mldx/x 1+log(n+1)

(4.4)

and this is bigger than A — 1 — &, with &, — 0. However, this will do the job since we
may replace A by A’ being just a little bit smaller. We note that the results in [8] are not
applicable, since Py, /P, — 1 for all A > 1. So our condition (2.10) is now of the form

lim liminf min (sx—sn) = 0. (4.5)
A-1+ n—o logns<logk<Alogn
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Furthermore, condition (2.16), expressing slow oscillation, takes the form

lim limsup max | sk —sn| =0. (4.6)
A-1+ mn-o logn<logk<Alogn

These conditions are for example, implied by the following conditions
(jlogj)(sj—sj1)=-H,  (jlogj)|sj—sj1| <H, 4.7)

respectively, which follows by similar arguments as in (4.2).

(d) If pr =1/((k+ 1)) where £ = Z{‘,:O 1/(k +1) then the weighted means (t,)
form the harmonic means of second order. A suitable sequence is now p’(A) =
exp((log(n+1))%). Then the condition of slow decrease is given as

lim liminf min (sx—$n) =0, (4.8)
A-1+ mn—o loglogn<loglogk<Aloglogn

which is, for example, implied by the local condition
(jlogjloglog j)(s;—sj-1) = —H. (4.9)

(e) If px = exp(k*) with some « € (0, 1), then we have P,, ~ n!~*exp(n®)/« and a
suitable sequence p, (A) is given by p¥*(A) = n+ (logA)n!~*/x and we can easily write
down the appropriate Tauberian conditions.

(f) If py = e then we have P, ~ e"*!/(e—1) and we may choose p,(A) = n+1 for
1 <A <e/(e—1).Hence the Tauberian condition of slow decrease type is given by

liﬂigf (Sps1—5n) =0, (4.10)

so the sequence has to be almost nondecreasing. However, in this case the weighted
mean method is equivalent with convergence as it can be seen directly from the inverse
transform.

OPEN PROBLEM. The one-sided Tauberian condition (4.1) is also a Tauberian condi-
tion for the Abel method. Similar results hold for more general power series methods
(Jp) with regularly varying weights py (cf. [3]). The question is whether our Tauberian
condition (2.4) and (2.5) is also a Tauberian condition for the associated power series
method (Jp).

ACKNOWLEDGEMENT. This research was completed while the first author was
visiting the University of Ulm in September 2000; and it was partially supported by
the Hungarian National Foundation for Scientific Research under Grant T 029094.

REFERENCES

[1] N.H. Bingham, C. M. Goldie, and J. L. Teugels, Regular Variation, Encyclopedia of Mathe-
matics and its Applications, vol. 27, Cambridge University Press, Cambridge, 1987.
MR 88i:26004. Zbl 617.26001.

[2]  G. H. Hardy, Divergent Series, Oxford, 1949. MR 11,25a. Zbl 032.05801.

[3] R. Kiesel and U. Stadtmiiller, Tauberian theorems for general power series methods,
Math. Proc. Cambridge Philos. Soc. 110 (1991), no. 3, 483-490. MR 92m:40008.
Zbl 748.40005.


http://www.ams.org/mathscinet-getitem?mr=88i:26004
http://www.emis.de/cgi-bin/MATH-item?617.26001
http://www.ams.org/mathscinet-getitem?mr=11:25a
http://www.emis.de/cgi-bin/MATH-item?032.05801
http://www.ams.org/mathscinet-getitem?mr=92m:40008
http://www.emis.de/cgi-bin/MATH-item?748.40005

406

[4]

[5]

(6]

[7]

(8l

[l
(10]
(11]

(12]

F. MORICZ AND U. STADTMULLER

E. Landau, Uber die Bedeutung einiger neuer Grenzwertsctze der Herren Hardy und Axer,
Prace Mat. Fiz. 21 (1910), 97-117.

L. J. Maddox, A Tauberian theorem for ordered spaces, Analysis 9 (1989), no. 3, 297-302.
MR 90i:40015. Zbl 677.40003.

F. Moricz, Necessary and sufficient Tauberian conditions, under which convergence fol-
lows from summability (C,1), Bull. London Math. Soc. 26 (1994), no. 3, 288-294.
MR 95g:40011. Zbl 812.40004.

F. Moricz and Z. Németh, Tauberian conditions under which convergence of integrals
follows from summability (C,1) over R, Anal. Math. 26 (2000), no. 1, 53-61.
CMP 1 773 357. Zbl 0964.40002.

F. Méricz and B. E. Rhoades, Necessary and sufficient Tauberian conditions for certain
weighted mean methods of summability, Acta Math. Hungar. 66 (1995), no. 1-2,
105-111. MR 95m:40010. Zbl 833.40004.

A. Peyerimhoff, Lectures on Summability, Lecture Notes in Mathematics, vol. 107,
Springer-Verlag, Berlin, 1969. MR 57#3684. Zbl 182.08401.

R. Schmidt, Uber divergente Folgen und lineare Mittelbildungen, Math. Z. 22 (1925), 89-
152.

U. Stadtmuiller, Tauberian theorems for weighted means of double sequences, Anal. Math.
25 (1999), no. 1, 57-68. MR 2000f:40007. Zbl 0929.40004.

K. Zeller and W. Beekmann, Theorie Der Limitierungsverfahren, Zweite, erweiterte und
verbesserte Auflage. Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 15,
Springer-Verlag, Berlin, 1970 (German). MR 41#8863. Zbl 199.11301.

FERENC MORICZ: UNIVERSITY OF SZEGED, ARADI VERTANUK TERE 1, 6720 SZEGED, HUNGARY
E-mail address: moricz@math.u-szeged.hu

ULRICH STADTMULLER: UNIVERSITAT ULM, ABT. MATH. III, D-89069 ULM, GERMANY
E-mail address: stamue@mathematik.uni-ulm.de


http://www.ams.org/mathscinet-getitem?mr=90i:40015
http://www.emis.de/cgi-bin/MATH-item?677.40003
http://www.ams.org/mathscinet-getitem?mr=95g:40011
http://www.emis.de/cgi-bin/MATH-item?812.40004
http://www.ams.org/mathscinet-getitem?mr=1+773+357
http://www.emis.de/cgi-bin/MATH-item?0964.40002
http://www.ams.org/mathscinet-getitem?mr=95m:40010
http://www.emis.de/cgi-bin/MATH-item?833.40004
http://www.ams.org/mathscinet-getitem?mr=57:3684
http://www.emis.de/cgi-bin/MATH-item?182.08401
http://www.ams.org/mathscinet-getitem?mr=2000f:40007
http://www.emis.de/cgi-bin/MATH-item?0929.40004
http://www.ams.org/mathscinet-getitem?mr=41:8863
http://www.emis.de/cgi-bin/MATH-item?199.11301
mailto:moricz@math.u-szeged.hu
mailto:stamue@mathematik.uni-ulm.de

