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1. Introduction. Itis known that the Clebsch-Gordan coefficients for highest weight
representations of SU(1,1) may be identified with three classical systems of orthog-
onal polynomials, namely, the Jacobi polynomials, the Hahn polynomials, and the
continuous Hahn polynomials [41]. They correspond to the three conjugacy classes
of one-parameter subgroups of SU(1,1). In our previous papers [29, 31] we found
that many multi-variable polynomials occurring in the literature have a similar in-
terpretation, as coupling coefficients for an n-fold tensor product of highest weight
representations. This interpretation leads to simple proofs of many properties of such
polynomials.

The purpose of this paper is to generalize some of these results to the context of
quantum groups and g-series. Several authors have found that g-Hahn polynomials
appear as Clebsch-Gordan coefficients for the SU(2) and SU(1,1) quantum groups
[16, 19, 22, 34, 39]. More recently, Granovskii and Zhedanov [11] and Koelink and Van
der Jeugt [20] found similar interpretations of g-Racah polynomials and Askey-Wilson
polynomials, respectively. In this paper, however, we only consider multivariable gen-
eralizations of g-Hahn polynomials. This case is more elementary and more similar
to the Lie algebra case.

For comparison, we will summarize some of the basic facts of [29, 31]. Let, for v > 0,
AY be the Hilbert space of analytic functions on the complex unit disc with norm

I£1% = 2 If(k (1.1)

Here f(z) = Zf(k)zk and (V)g =v(v+1)---(v+k—1) is the Pochhammer symbol.
For v > 1 one has the integral formula

v-1 1
|z|<1

112 = | f(2) |2 (1=1z12)" 2dxdy. (1.2)
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The norm of #{V is invariant under the transformations

Fo it () (¢ e oo

which give rise to a unitary representation of a covering group of SU(1,1) on each
space V. This representation is irreducible and has the highest weight vector 1 of
weight —v. The derived representation of the complexified Lie algebra s((2,C) is given
by the densely defined operators

a

d d
= —— = 27 = — _—
X, = iz’ X_ zdz+vz, H (v+22dz>, (1.4)

which satisfy the structure equations
[X,X_]=H, [HX.]=2X,, [HX_]=-2X_, (1.5)
and the su(1,1) reality conditions
Xf=-X;, H*=H. (1.6)

Consider a Hilbert tensor product 4! ® - - - ® {¥» of such spaces. It decomposes
under the Lie algebra action as

Ae---edn =P 0o

i <n+s—2
s=0

)deJrZS’ (17)

(where |v| = X v;), that is, #/V1*25 occurs with the multiplicity (":Lfgz> . A highest weight
vector Q in {1 ® - - - ® A¥n of weight — (|v| +25s) is an image of 1 under an intertwining

embedding
AT L i g .. @ V. (1.8)

In our realization this means that Q is a homogeneous polynomial of degree s which
can be expressed as a function of the differences z; — z; of the coordinates. Equiva-
lently, Q satisfies

Q(azy+b,...,azy+b) =a*Q(zy,...,z4), a,beC. (1.9)

n+s—2>

In agreement with (1.7), the space of such polynomials has dimension ( o2

Let, for each highest weight vector Q, $¢ be the intertwining operator
Fo A @ - @AV — flVIF2S (1.10)

determined by }51 = Q. In the present realization, $¢ is a differential operator. In
fact, if
Q(z)= D czit--- 2y, 1.11)

[t|=s
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then ) .
AV @ o (2)
c® f = 1.12
Fo(fi® - ®fu)(2) \tIZ:'sCt Vi), (V) 1.12)
In particular, if n =2 and Q(z1,z2) = (z1 — z2)* then
S(s\ (DR g (s—k)
= —_— . 1.1
}Q(fl®f2)(z) %(k) (Vl)k(v2)37kf1 (Z)fZ (Z) ( 3)

These bilinear operators occur (although usually expressed in homogeneous coordi-
nates (cf. Appendix A) and with v; replaced by negative integers) in classical invariant
theory and are called transvectants. They have also been used in the theory of modular
forms, where they are called Rankin-Cohen brackets [26, 43].

It follows from (1.12) that, writing e, (z) = z™,

Jolem ®---®em,) = T1Q(M)em|—s, (1.14)

where T;Q is the polynomial

T1Q(mq,...,my) = (=1)* Z ¢ (—ml)tl - (_m")tn.

1.15
Itl=s Vi)g = (Vn)y, 1

Since the monomials are eigenfunctions of the rotations of the disc, this exhibits T} Q
as a coupling coefficient, with respect to this subgroup, of our representation. If Q" is
another highest weight vector then, by an application of Schur’s lemma to $¢- }3,

5 VD) - (Vn)

... |
Il —k-+s mq! my!

(Ivl+2s)

ETQMTIQ (M) = ~—=(Q,Q)gp v (1.16)

for k = 0,1,2,.... Thus, given an orthogonal system of highest weight vectors, the
transform T, gives a corresponding system of discrete orthogonal polynomials. For
fixed k one may eliminate one variable and view these as polynomials of n — 1 variables.
In the case n = 2 one obtains in this way the Hahn polynomials.

Replacing the monomials by formal eigenvectors to other one-parameter subgroups
gives multivariable Jacobi polynomials

th .. .xt”
ToQ (X1, Xn) = D Gt (1.17)
2 ( 1 n) lHZ::S t(Vl)tl . (Vn)tn
and multivariable continuous Hahn polynomials
vi/2—-1ix e (vp/2-1ix
T3Q (X1, Xn) = . ct( 1 ey 2 ”)t". (1.18)

|t]=s (vl)tl ."(Vn)tn

Many orthogonal and biorthogonal polynomial systems occurring in the literature
may be obtained by applying the three transforms T; to specific bases in the space of
highest weight vectors; confer [31] and the references given there.

In this paper, we will obtain a g-analogue of the transform T;, leading to multivari-
able g-Hahn polynomials. One may also consider more general coupling coefficients
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connected with the so-called twisted primitive elements of the quantum algebra. This
leads to multivariable generalizations of Askey-Wilson polynomials and g-Racah poly-
nomials; confer [32] for some further remarks.

The plan of the paper is as follows. Section 2 contains preliminaries on g-series
and quantum algebra. In Section 3 we find a g-analogue of the expression (1.12).
This is used in Section 4 to find analogues of the transform T; and of the orthog-
onality relations (1.16). In Section 5 we study g-analogues of the coupling kernels
introduced in [31]. These are the reproducing kernels for spaces of coupling coef-
ficients. In Section 6 we discuss identities involving multivariable g-Hahn polynomi-
als and coupling kernels which follow from the quantum algebraic interpretation.
In Section 7 we consider explicit examples of orthogonal and biorthogonal systems
which may be obtained as coupling coefficients. There are two appendices, where we
use quasi-commuting homogeneous coordinates to give an algebraic description of
the space of highest weight vectors.

2. Preliminaries

2.1. Notation. Throughout the paper, g will be a fixed number in the range 0 <g < 1.
It will be convenient to use the symmetric g-factorials and g-Pochhammer symbols
defined by

[k]'=[1][2]---[k], [alx =[alla+1]---[a+k-1], (2.1)
where 1 1
qu _qfa
[a]l = 7{11/2 BV 2.2)

This is related to the more standard notation of [10],

(@)K =1-a)(l-aq)---(1-aq*™), (2.3)
by
@% Dk 1 /akeark-3) lalk ~ @%D q2rm-a)
= : kA Ak . 2.4
[ali (1-q)k? ’ (b1 (%) 9

Sometimes we will use the multi-index notation
[alk = [(11]k1 s [an]kn1 (K1l = [ki]'- - - [kn] (2.5)

The basic hypergeometric series , ¢, is defined by [10]

ai,...,ar o (ai;a)y -+ (ar;q)x k()T k
s Dz = -1 ; 2.
v [bl'"-’bs 1 Z] ké)(q;mk(bl;@k---(bs;q)k<( *a®)) 2 (2.6)

in particular,

q*t,...,q%+! o laili - [aralk (1/2)k(lal=Ibl-1) Sk
d,z | = zk, 2.7
r+1¢r|: ab,...,qbr a :| Igb[k]![bl]k-..[by]kq
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where |x| = > x;. The g-Hahn polynomials, introduced by Hahn [12], are given by

a " «pgtt,g ™

Qn(qx;“sﬁ:N|Q):3¢2|: _N
xq,q

;q,q}, n=0,1,...,N; (2.8)

this is a polynomial of degree n in q~*. They form an orthogonal system with respect
to a measure supported on {1,q,...,q N}; confer [18]. The dual orthogonality relation
may be written as an orthogonality relation for a different system of polynomials,
namely, the dual g-Hahn polynomials.

We will write

fa'?z) - f(qa'?z)

Dgyf(2) = q'2z—q-12z

. S™(2) =Dkf(2), (2.9)
for the symmetric g-derivative. It satisfies the g-Leibniz rule

Dy(f9)(2) = (Dgf)(2)g(a ?2) + f(a"?2) (D49) (2). (2.10)

We will need the following simple lemma in a special case.

LEMMA 2.1. For «;; scalars, f; formal power series and z;, w; formal variables, the
following identity holds:

oY kl kn
Wy - -Wn [kl] [kn] kn
—_— o)X SO Z
S A i) 0 )
00 leq .. .Zlfln k] o] . @.11)
= Tl k! (0‘11 ‘mel) Su ( O‘n%wn)
K1 ook =0 : :
PROOF. It suffices to take f;(z) = z™i. Since then
Fld gy = mall (2.12)
' [mi—ki]!
the left-hand side is given by
mi,...,My n
[ml]| T [mn]! k1 kn ,M1-ki Mmp—k kjmi—k;)
w e W ‘nz e Z n n o .
kl,...,zk: [ki]![my —ki]!- - - [kn] M —kn]! * n i,lj:[1 1 2.13)

Changing k to m — k gives the same expression with z and w interchanged and «;;
replaced by «j;. This proves the lemma. O

For any x € R", we will denote by x* the element in R"™ with coordinates

i-1 n
=>x;— > xj, i=1,...,n (2.14)

Jj=i+l
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Then N
b= 2 Xy =X xiyj=- 2. xi¥; (2.15)
i=1 i>j i<j
defines a skew-symmetric form on R™. It appears naturally in connection with multi-
variable g-series; for instance, one has the multivariable g-Chu-Vandermonde formula
(equivalent to [10, Exercise 1.3])

[Xl +- +X11]k Z [xl]il e [x"]in q(l/Z){i,x}

Tl = (L] [in]! (2.16)

i1+---+in=k

2.2. Quantum algebra. The quantum algebra (or quantized universal enveloping
algebra) U = WU41/2(su(1,1)) is the associative involutive algebra over the complex
numbers defined by generators

X, X_, K, K1 (2.17)

relations
KK'=K'K=1,

KXinl — qil/ZXi,

(2.18)
K2 *K72
X+X_ —X_X+ = m,
and involution
(K*)* =K*,  X¥=-X; (2.19)

here and below we write K* = K, K~ = K~! when convenient. We refer to [4] for an
introduction to quantum group theory. A unitary representation of AU is a represen-
tation by densely defined operators on a Hilbert space, such that the involution *
coincides with the Hilbert space adjoint.

The algebra U has the additional structure of a Hopf algebra. We need to discuss
only the coproduct, which is the map A: U — U QU given on the generators by

A(K*) =K*®K*, A(X.)=K&X.+X.0K . (2.20)

This means that, given two unitary representations H; and H; of 9, another one is
defined on the Hilbert tensor product H; ® H, by

K* =K*®K*, X, =X.®K+K'®X,. (2.21)

The coproduct is non-cocommutative, that is, the flip f® g — g ® f is not an intertwin-
ing map H; ® H» — H, ® H;. It is, however, coassociative in the sense that there is only
one way to repeat it to obtain a representation on a finite tensor product H; ® - - - ® Hy,,
namely, by

K*=K*®---®K*,
X:=X.0K® - -9K+K '9X.®K®---®K (2.22)

+...+K71®---®K71®X1.
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It is easily proved that

xk= Y ¢ XNKH @ @ XK
B Jite+in=k [Jl] [‘]n] B
(2.23)
= > K gitxie. .. e KX,

14t jn=k [Jl]' n [Jn]'

where x is given by (2.14).

2.3. Holomorphic realization. We will work with the holomorphic realization of
highest weight representations of U2 (su(1,1)); confer [13, 17, 21]. A “geometric”
motivation for this realization is provided in Appendix A.

For v > 0 and 0 < q < 1, we denote by sy the Hilbert space of analytic functions
with the norm

RN [L ool (2.24)

where f(z) = 3 f (k) zk. By Cauchy’s g-binomial formula [10], sy has the reproducing

kernel

o [V]k ok e 1_q1/2+v/2+jzu-}

(here we use that 0 < g < 1) and thus the natural domain of definition is the disc
{ze G |z]| < qV/*114]. (2.26)

We write ey (z) = z¥ for monomials, so that

[

(f,9) = Z 2]]’,‘ (f,ex) (ex,g)- (2.27)

There is a unitary representation of U, (su(1,1)) on s, given by

f(a'?z) - f(a'?z)

X+f(Z) = - ql/zz—qfl/zz ,
a'*f(q'?z) —a'*f(qa'?*2) (2.28)
X-f(z)=2 qiz—g-12 J

Kif(z) _ qiv/4f(q11/22)_

In the limit g — 1,

d

T

X — zZi +vz, (2.29)
dz

4log,K* — :(v+22%>,

so we recover the Lie algebra operators (1.4).
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Though we will not use it, we remark that for v > 1 there is an integral formula for
the norm of 54} [17]. In terms of Jackson’s g-integral [10]

C (o]
L fx)dgx =c(1—-q) > q*f(a*c), (2.30)
k=0
it can be written as
[v—1]( 1+q 1/2) q/H-D e o 1 —r2qUB-VI+]
IF12 = J I r|f(ret?)] U 17 2gD 01 g2 Ao,
7= (2.31)

which is a g-analogue of (1.2). In contrast to the case g = 1, this formula extends to the
case 0 < v < 1, though the mass on the outer circle |z| = g///~1 is then negative.

3. Quantum transvectants. In this section we will obtain an expression for the
multilinear transvectants in the present context. As in the case g = 1, there is a de-
composition

(o)
v n+s-2 >
sﬁq1®---®sa;n=€]9< "o )&dq‘“’ s, (3.1)
5=0
where |v| = > v;. We define a transvectant of order s to be an intertwining map
Frsly @@y — sl (3.2)

n+s—2)

thus the transvectants of order s form a linear space of dimension ( oo

A highest weight vector is, by definition, a solution in @}, &d“;"’ to
KQ =gV, X.Q=0. (3.3)

These are mapped to constants by the transvectants of order s. The first equation
means that they are homogeneous polynomials of degree s. For each highest weight
vector Q, we denote by $, the transvectant of order s determined by }31 = Q. This
gives a one-to-one correspondence between highest weight vectors and transvectants.

We will now fix Q and seek a g-analogue of the expression (1.12) for $¢. It will be
convenient to write u = |v| +2s,

(f,g)v=<fsg>ﬂ;1®...®ﬂ;n: (f=g>u= <f’g>m5 (34)
Since 1
er = ——X*1 (3.5)
(]
in s4, we must have
1
gaek = mXIfQ- (3.6)

For f a polynomial (to avoid questions of convergence) in @7, &d;", it follows that

Fofw) = (Faf k), =3, % “(fofed,= 3, [[”]" (f Faend
k=0 o (3.7)

Il
Me
=

><

?T‘
||

i ” WXk F,Q), = (TufaQ)
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where T, is the g-translation operator
S (-wX
= > WX (3.8)

LEMMA 3.1. As an operator on the subspace of polynomials in Q! &d‘q’i, Tw IS given by
Tw(fi®- - ®fn)(2)

ki+-+kn
_ W k) plk) (- 120K ) L plkd (- (120K )

= 4
K1k = [ki]t- - - [kn]! (3.9)
had kl P kn
_ z 21 Zn fl[kl](q<1/2)kf+(1/4)vfw) f[kn]( (1/2) k;i+(1/4)vnw)

B ko k]t [ka ]!

PROOF. The first expression follows from (2.23). The second one then follows from
Lemma 2.1, in the case when

a, i<],
=11,  i=], (3.10)
i,
a J 0
Plugging the last expression of the lemma into the equality
$o(fi®- o fu)(w)=(tw(fi®- - ®fn),Q), 3.11)
gives the following explicit expression for the transvectant.
THEOREM 3.2. If
Q(z1yeey2n) = D, iz - oo 2lp (3.12)
[t|=s
is a highest weight vector, then
$o(fi®: - ®fu)(w)
_ Ct 0] (VUL 1)) . . flin] (g (UAVE+(1/2)8
s [Vl]tl "'[Vn]tnfl (q ) fn (q ):
(3.13)

where x is defined by (2.14).

As an example, for n = 2 the space of highest weight vectors of degree s is one-
dimensional. It is easy to verify that it is spanned by

Q(z1,22) 1_[ Vz/4+J/ZZ1 ,q*V1/4*J/222)

i (3.14)
[s]! J LA (=1 (=) +v2i-vif) Hi 5.
L RTITIR ziz3;
+Jj=s : :
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confer also Section 7 and Appendix B. The corresponding transvectant is

EQ(f1®f2)(w)
10 vyae L] -
= > 1)U+ vaio) @2 ii2w) £ (g4 2 w)
el l]'[J]' [vili[val; ’

(3.15)

which is a g-analogue of (1.13).

4. Coupling coefficients. To each highest weight vector Q we associate the function
P on Z" given by

Jolem, ® - ®em,) =P(Mmy,...,Mn)em|—s, (4.1)
where s is the degree of Q. Equivalently,

[|V|+25]k * Z [Vl]ml"'[vn]mn

e St [ ]1- - [l

P(m)em, ®---®em,. 4.2)

|m|=k+s

This exhibits P as a coupling coefficient for the quantum algebra. If Q is given by
(3.12), it follows from Theorem 3.2 that

LI
P(m) Z Ct tn (71)Sq(l/4)(vl*+2tf)(m17t1)+---+(l/4)(V;§+2t;’{)(mnftn).
It]=s Vi t " [Vn]tn

4.3)
Using that >; x;x; = 0, one may rewrite the exponent of g as

%{v+2m,v+2t}, (4.4)

where {, } is given by (2.15). Thus P = TQ, where T is the linear operator defined by

[-ma],, - [-mal,
Tle; ® Qe . (m) — (_1)\t\ 1 n q(1/8){v+2m,v+2t}. (45)
(en 2 [Vl]t1 "'[Vn]tn

Now let Q and Q' be two highest weight vectors. Then, by an application of Schur’s
lemma to $o' $4),

(Q, Q") lexll” = (Fs e, 5 ex)

-5 D g o) em g e

(4.6)

_ Vil - Vi, I
_\m\§k+5 [my]l-- - [my]! TQmM)TQ' (m)]fex||".

This gives the following orthogonality property.
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THEOREM 4.1. For Q and Q' two highest weight vectors in @', sly' and k a non-
negative integer,

[Iv]+2s],
(k]!

5 [Vl]ml..-[vn]m'n TQ(m)TQ (m) = (Q,0Q"), 4.7)

Im|=k+s [ma]t--- [mn]
where s is the degree of Q (or of Q').

The function TQ is not a polynomial. To obtain orthogonal polynomials from
Theorem 4.1, we introduce the new variables x; = g~ (M1+m2+-+mi) 4§ =1 5. Switch-
ing to standard notation (2.3) and using

Iml|t] = {m,t}+> mit; +2> mit; (4.8)

i i<j
we obtain
q(’l/z)s‘ml’(l/‘mm'”TQ(ml,...,mn)

(c1;a) ¢, (x2/X13A) ¢, -+ - (Xn/Xn-1;4)y,,
An-1

= N (1) gt XL viti oy :
MZ:S ' ! @), @=a), - @,

(4.9

which is a polynomial in the variables x; of total degree |t|. Given a complete orthogo-
nal (biorthogonal) family of highest weight vectors, Theorem 4.1 gives an orthogonal-
ity (biorthogonality) relation for the corresponding polynomials. For fixed k, one may
view this as a system of polynomials in the n — 1 variables x1,...,x,_1. By a dimension
count, the latter system will be complete.

In particular, for n = 2 and Q as in (3.14) one has

TQ(m1,m2) = q(1/4)(v1m2,\,2m1)

[s[-m1];[- m2]
X; (v L2 ],

1 (L1)igA =D =D+ 2)iva4ma)=(1/2) v +m)

(4.10)
Using transformation formulas from [10] one may check that
qf(l/Z)S(ml+m2)*(1/4)(\’1m2*\’2m1)TQ(ml,mZ)

“Mmim2sg)

(av2;q),

W/2)5a-vp-1/41s6-1) (4 SQs(@™;q" 1,92 my +ms | q),

(4.11)

=4

where the right-hand side is a g-Hahn polynomial as defined in (2.8). Theorem 4.1 then
gives the orthogonality relation for g-Hahn polynomials; confer [22, 34].

5. Coupling kernels. In [31] we introduced certain functions called coupling ker-
nels. We expressed them explicitly as multivariable hypergeometric sums. The discrete
coupling kernels, connected with the transform T;, were used in [30] to study Wigner
9j-symbols. The coupling kernels connected with T» were independently introduced
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by Xu [42], who used them to study Cesaro summability of multivariable Jacobi polyno-
mial expansions. In this section we will generalize the explicit expression for discrete
coupling kernels to the quantum algebra case.

Just as coupling coefficients are matrix elements for the intertwining maps $q :
R, sﬁ;" - sﬁ'q"“zs , coupling kernels are matrix elements for the intertwining projec-
tion I1; from ®!-, s{;' onto the isotypic subspace equivalent to ("*ff)&d!{"*zs. More

n
precisely, for any elements X, Y of the quantum algebra, consider the matrix element

(Tls Xex,Ye;) = (HSX(ekl ®---®e,),Y(e,® - -®ey, (5.1)

)>®;'n=l st

of II;. Let (Q;); be an orthonormal basis of the space ¥'s; of highest weight vectors of
degree s. Then, by Hilbert space arguments,

s = > 95 9o, (5.2)
j
and thus
<H5X€k,Yel> = Ps(k,l) <X€\k\_5,Ye|”_5>&q’\1v\+2:, (5.3)
where
Ps(k,1) = > TQ;(k)TQ;(D). (5.4)
J

We call the functions P coupling kernels. Since

Qs(z,w) = > Q;(2)Q;(w) (5.5)
Jj

is the reproducing kernel for the space ¥, it follows from Theorem 4.1 that P; is
the reproducing kernel for the corresponding space of coupling coefficients, with the
reproducing property

Vil - [Vnlm

2
sl [l [m ]'n TQ(m)Ps(l,m) (5.6)

Th0 Lty = >

|m|=k+s

for k =0,1,2,... and Q € V5. Choosing Q = >,;TQ;(I')Qj, so that TQ(l) = Ps(L,l'),
gives the addition formula

[VI+25L 7 Vil = V0l ,
7P5 ’ = PS i) PS y -7
[k]! (l l ) \mgors [ml]! e [mn]! (l m) (m ! ) (5 )

for coupling kernels. Since, again by Hilbert space arguments,

N [(v1i[v]u tu
Qs(z,w) = m:%\:g [t][u]! (Isep, ey )z wt, (5.8)
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we may also write

[=l[-m]y
2 [t][u]!

1/8){v+2lv+2t}+(1/8){v+2m,v+2u} (5 9)

Ps(l,m) = <Hsetseu>q(

[tl=lul=s
We will use this identity to prove the following theorem.

THEOREM 5.1. The coupling kernel Ps is given by

DS][ = mi ]
Ps(Lm) = =0 1]

5.10
> [|V|+5*1]U|[*5]\j\ [-;[-m]; ( )

X 2 [l =1ml];  [vILan

J1seedn=0

1/4){v+l+m,v+2j}

with the convention 0/0 = 0, so that the sum is actually finite.

We remark that for n = 2 the space of coupling coefficients is one-dimensional, and
therefore its reproducing kernel P, factors as a product of two g-Hahn polynomials.
This gives a quantum algebraic proof of Rahman’s Watson-type product formula for
the g-Hahn polynomials [28].

The proof of Theorem 5.1 is similar to the case g = 1 treated in [31]. It is based on
the following projection formula.

LEMMA 5.2. Let ¥ denote the subspace of @1, &QZ" consisting of homogeneous poly-
nomials of degree s. Then the restriction of TIs to ¥ is given by

(-1)*

Xkxk, 11
[v]-2s], + G.11)

,% E

Since we failed to do so in [31], we give some history of this type of formulas. In the
case q = 1 and the realization of su(1,1) coming from spherical harmonics (X, = A,
X_ =Y, x? generate a realization of (s4'/?> @ 513/2)®" on L?(R")), Lemma 5.2 goes back
to Clebsch [5]; confer also [7]. For su(2), it was rediscovered and used by Lowdin [23]
in the context of quantum physics. This was the starting point for projection oper-
ator methods in quantum physics and representation theory, developed by ASerova,
Smirnov and Tolstoy; confer [2, 35, 37].

We indicate the simple proof of Lemma 5.2. Using the fact that % is an
eigenspace of K* and the elementary identity

[al+[b]la+b+1]=[b+1][la+Db], (5.12)
one proves by induction on k that
XoX¥|g = XX, = [K][Iv]+2s+k—1]x*1 (5.13)

We note that the restriction of ITs to ¥ is the orthogonal projection onto the subspace
Vs of highest weight vectors. Denoting the operatorin (5.11) by A, it follows from (5.13)
that X, A =0, so that A¥; < V's. On the other hand, the image of Id —A is in X_%;_1,
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which is the orthogonal complement of ¥ in . Thus A is indeed the orthogonal

projection onto V.

Now let t and u be two multi-indices of length s. We want to compute the scalar

product (Il;e;, ey, ) occurring in (5.9). Since X* = —X,, Lemma 5.2 gives

S 1
(Iser,eq) *kgz) [k1N[2—1|v|-2s];

(Xker, X¥e,).

Now, by (2.23),

[k]! )
Xke, = Z 7[—t]jq(1/4){1'v+2t}et7j

P vAL
_ (- ljzt_ky;};[_t]jquu){tj,v+znej’
which gives
(Tser,en) = > [s =111t [_t]i[_u]jq(l/4){t—j,v+2t}+(l/4){u—j,v+2u}.

~[2-Ivi=2s] ;) Lilv];

Inserting this expression in (5.9) gives

[s—1jl]! [ [-m]y [-t][-ul;
Ps(l,m) = -
’ m:%m% [2=Ivi-2s],;  [elMult [NV,
><q(1/4){t—j,v+2t}+(1/4){14—j,v+2u}+(1/8){\/+—Zl,v+2t}4—(1/8){v+2m,v+2u}.

Replace t, u by t + j, u + j. The exponent of g may then be expressed as
1 | . 1 .
—{v+l+mv+2jt+-{t,j -1} + - {u,j—-m}.

4 2 2

Thus, changing the order of summation, we obtain

Po(lm) = Z [s—1jl]! [_l]j[_m]jq(1/4){v+l+m,v+2j}

=~ [2=Ivi-2s]y LDv]

=8 japys-n Li=mlu -qrzuj-m
2 iy A I T '

[tI=s—Ijl [ul=s-1jl

where the inner sums are of the form (2.16). This leads to the expression

[|j| B ‘”]s—\jl [|j| B |m|]57|j\ [_l]j[_m]j (1/4) {(v+l+m,v+2j}

Pollim) =2, [2=IvI=2s]s_;[s= 141t [i1v];

J

which may be rewritten as in Theorem 5.1.

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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6. Convolution and linearization formulas. In the case g = 1, matrix elements for
the group action in the basis of monomials are given by Meixner polynomials [18]

—n,—k
Mn(k;v,c>:zF1( " ‘1—%), ©.1)

where > F; is Gauss’ hypergeometric function. The interpretation of the polynomials
T1Q as coupling coefficients leads to the convolution formula

(Iv] +2S)kT1Q(l)c52F1<_k’S_ I c)

k! [v|+2s
)y - (V) " ! ©2)
Vi (v —mi,—1;
= > ml, n,m" TIQ(m)H2F1< e
[m|=k+s My My j=1 Vj
and the linearization formula
n min([k/,|1])
—~kj,—1; _ R S—lkl,S—ll\’
j_nlel< v, c) = go Pg(k,1)c*»Fy vie2s |€ (6.3)

for Meixner polynomials, confer [31]. In this section we will generalize these formulas
to the present setting.

Let T) be the g-translation operator occurring in Lemma 3.1. We will consider the
matrix element

(T)\ek,Tuel> = <T)\(ek1 [ ®ekn),-ru (el1 ®--- ®el")>®?=lm;i y (6.4)
which, by Lemma 3.1, equals
> [=k];jl-U; (/4 tv+ktly+2j) 7 k=1l 1T =1]

Li1v];
(6.5)

n
- q(1/4){k+l,v})\\k\ull\ 1_[ 21

j=1

q—kj,q—lj q(1/2)(Vj+kj+lj+l—vJ’-‘—k;‘—l}‘)
qv_] Yq’ Au .

Here we use the quantum algebra approach [8], considering g-exponentials of quan-
tum algebra elements as generalized group elements. We remark that we would have
obtained the same results considering instead the matrix elements

(eq(—~AX.K)ex Eq(~HX-K V)er) gn i, (6.6)

where e; and E; are the g-exponential functions [10]

d zn i q(g)z”
= , E = , 6.7
¢al2) EO (@ @)n al2) go (@a@)n 6.7
confer [9, 14, 44].
Consider the identity
o il vl
(agben,tuer) = > —~m ($5ersem) (Taem, Tuer). (6.8)

[my]t-- - [ma !
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Since T, is a lowering operator there is no problem with convergence. Since Ty com-
mutes with }5, the left-hand side equals

TQ(D (T/\ek,Tpeups)&{\qvuzg. (6.9)

Inserting the expression (6.5) for matrix elements and letting ¢ = 1/Au we obtain the
following proposition.

PROPOSITION 6.1. For Q a highest weight vector in @1, &ﬁ;”' of degree s, and for k
a nonnegative integer, one has the identity

V| +2s atq "
[ [k]| ]kTQ(l)CSZ¢l|: qlv“—zs ;q,q(l/Z)(\v|+k+|l\+s+1)c

n -m; ,—L; *
D [[‘T’r]g:q<1/4>{m+l,v}TQ(m)l_[z¢1[q qJV'Jq J;q,q(l/zﬂvﬁmﬁlﬁlvfmJ‘l?)c]

|m|=k+s j=1

(6.10)

For n = 2 this is a degenerate case of identities proved in [20]. We must point out
that it is possible to deduce the general case from the case n = 2 by choosing a basis in
the space of highest weight vectors constructed by binary coupling; confer Section 7.
We also remark that for A = 0, (6.8) takes the form

[s—IL]k _ s [=Um _1/8)tv+2tv+om)
TR re =1 > Fnt 4 TQ(m). (6.11)

Im|=k+s

A linearization formula may be obtained by considering the identity

0 min(|k[,|1])
(T)\ek,Tuel> = Z (HST/\ek,Tuel> = Z Ps(k,l)<TAe|k‘—S,Tueu|—5>.ﬂ\q\/|+23- (6.12)
s=0 s=0

This leads to the following proposition.

PROPOSITION 6.2. There is the identity

n ki o—L:
J J
q(1/4){k+l’V} qubl |:q »qd ;q,q(l/Z)(ijrijrljJrlv‘;‘kj-‘ljf)cj|

.
j=1 1’
(6.13)
min(|kl,|]) gk gl
= Z Ps(k,l)052¢1|: qM’m ;q,q‘””v*’””“c]
s=0

Inserting the expression for coupling kernels given in Theorem 5.1, this is not hard
to prove directly. It can be obtained as a special case of Verma’s expansion formula
[40], confer also [36]. This gives an alternative proof of Theorem 5.1, since the ex-
pansion (6.13) determines the coefficients P;. For n = 2, factoring P; as a product of
two Clebsch-Gordan coefficients, this linearization formula occurs in [14, 34, 39] in a
similar context.
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The special case A =0 of (6.12) is

in(|kl,IL1)
[=Uk _(1/8)tv+21,v+2k) smm( [s—I1U] s
R ’ =(-1 —=—P.(k,1), 6.14
o (=1) go [vI+2s] s s (k, 1) ( )
which, for |l| = |k]|, reduces to
Wl 5 lki=sl g 6.15)
[V]k k,l 3:0[‘V|+25]|k\73 s\K,L). .

For n = 2, factoring P; as a product of two terminating 3¢> series, this is the orthog-
onality relation for dual g-Hahn polynomials.

7. Examples. In this section we will consider some examples of orthogonal and
biorthogonal multivariable Hahn polynomials which may be obtained by our method.

One way to construct orthogonal bases in the space of coupling coefficients is by
binary coupling. This leads to multivariable polynomials which may be factored as
products of g-Hahn polynomials. For g a power of a prime, such polynomials arise
in connection with finite fields [6]. In the limit g — 1, the corresponding polynomials
are of importance in the quantum theory of angular momentum, and they have also
been used in certain stochastic models in genetics [15]. To obtain them as coupling
coefficients, we first note thatif Q; € ®f:1 Ay and Qr € @Iy, sy are highest weight
vectors of degrees t1, t, and weights —pu;, —u», respectively, and Q; is a highest weight
vector of degree s in &dﬁl ® &d’é’z (unique up to a multiplicative constant), then the
equation

}(Ql,th (f1®' e ®fn) = }Qs (§Q1 (fl®' e ®fk) ®§Qz (fk+1®' t ®fn)) (7.1)

determines a highest weight vector (Q1,Q>?); € ®?:1 &QZ". Choosing fi(z) = z™i gives
T(Q1,Q2)s(m) =TQ1(M')TQ2(m")TQs(|m'| —t1, |m" | —t2), (7.2)

where m’ = (mq,...,my), m"”’ = (Mmy41,...,My ). Moreover, one has the identity

((Q1,Q2) 5, (Q3,Qa),) = 8t|Qs]1(Q1,Q3)(Q2,Qu). (7.3)

As an example, the polynomials
Qm’: ((111)q=1)r’ q+r =5 (74)

form an orthogonal basis in the space of highest weight vectors of degree s in a three-
fold tensor product ' ® sy° ® sdy*. Applying the transform T gives a system of
orthogonal polynomials which, by (7.2), factor as products of two g-Hahn polynomials.
The orthogonality relation, as well as the convolution formula in Proposition 6.1, then
follow from the corresponding identities for g-Hahn polynomials. The coefficients

<((111)q11)rv(11(1:1)t)u> (7.5)
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are Racah coefficients, or Wigner 6 j-symbols, for U,1/2 (su(1,1)), which may be identi-
fied with g-Racah polynomials [16]. For an (n+ 1)-fold tensor product, there is a large
number of ways to construct orthogonal bases by binary coupling, and the coefficients
for a change between two such bases are given by Wigner 31 j-symbols.

As a different example of coupling coefficients, we will construct g-analogues of
certain biorthogonal multivariable Hahn polynomials introduced by Rahman [27] for
n = 3 and by Tratnik [38] in general. For Jacobi-type weights, this kind of polynomials
were first studied by Appell; confer [1]. In the case g = 1, they correspond to highest
weight vectors of the form

(z1- Zn)tl o (zpo1 - Zn)tYH1 (7.6)

and to the dual basis.
It will be convenient to write %, (for Dirichlet, cf. Appendix A) for the space of
polynomials in one variable, viewed as a U-module with the action

X.zM=—[k1z*Y, X ZM=[k]Z, KEZK = grOPREK, (7.7)

which may be obtained by formally letting v = 0 in (2.28). Write 6 for the dilation
operator 6 f(z) = f(qz), so that K = g~ ¥/#6~'/2 as an operator on «}. Thus

— q(”‘“"fDq @5 g5 M24... +q<1/4>v;§ S2g...g51/2 ®D,,

Xl ® <ty
(7.8)
where D, is the g-derivative (2.9), while
~Xilgen =Dg®8 ?@- @5 P+ 150857 0D, (7.9)
Applying the commutation rule
D,6" = g5 D, (7.10)
gives the following lemma.
LEMMA 7.1. The operators X . \®n ali and X, |@§n are connected by
i=1
X, |®$‘:1&4¥ =S X, |ggnS, (7.11)
where
S=6Wg...050/Hv0, (7.12)

In particular, this shows that if V', is the space of highest weight vectors of degree s
in®>", &QZ‘, then S%; is, as a space of polynomials, independent of the parameters v;.

LEMMA 7.2. Let j be an integer with 1 < j <n. If f and g are two elements in 33"
such that f depends only on the variables zi,...,z; and g only on zj,...,zy, then

X.(fg) =X, fKg+K ' fX,g. (7.13)
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PROOF. Tor n =1 this is (2.10). To prove it in general, decompose 33" as @2(171) ®

Dq ®€Dq(" ) . By linearity, one may assume f = fi® fo®1, g = 1 ® g» ® g3. The lemma
then follows from the case n = 1, using the coproduct rule

X, =X, ®K®K+K '9X,®K+K '®K '®X,. (7.14)
O

The lemma also follows from the results of Appendix B, where we describe a product
* on 97" which satisfies

X (feg)=X,feKg+K 'feX,g (7.15)

and which agrees with the usual product of polynomials under the assumptions of
the lemma.
PROPOSITION 7.3. For any multi-index t = (ti,...,t,_1), the polynomial

t1-1

0:(2) = [] (21 —q e 0z,)

j=0
- (7.16)
. o
x H —(JHtg et 1)2 1_[ (zno1—q 77 zy)
j=0
is annihilated by X. |ggn, and thus
Qi(z) = qMHVT+ Vit §10, (2)
(1/49){(t,0),v} A —(1/4)vf —(1/4)v;t (7.17)
=q IVQi(a 121,...,9 "Zn)
is a highest weight vector in @, sly'.
Note that
t tn—
Qe |zn:0 =zi' -z (7.18)

Since the dimension of the space of monomials of degree s in n— 1 variables equals the
dimension ("” 2) of the space of highest weight vectors of degree s, the polynomials
(Q¢)t)=s form a basis of the latter space. In particular, it follows that Q; is the unique
highest weight vector satisfying (7.18).

PROOF OF PROPOSITION 7.3. Let j be the smallest number such that ¢; # 0. Then
Qi(z1,--zn) = (zj—q " M2,)Qu (21,-..,2n), (7.19)

where t’ = (0,...,0,tj—1,t;41,...,ts). Proceeding by induction on |t|, we may assume
that X, Qp = 0. Since Qy depends only on the variables zj,...,z,, Lemma 7.2 gives

X+Qt =X, (Zth’) - q1—|t\X+ (Qt’zn)

=X, zjKQu+K'z;X, Qv —q""" X, QvKzy—q" "K' Qv X, zp.

(7.20)

Since X;Qp =0, X1z = Xyzn = —1 and K*Qp = g7 V2=V, it follows that
X.Q,=0. O
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To obtain an expression for the coupling coefficients P = TQ;, we expand Q into
monomials. Using the terminating g-binomial formula

s—1 S
l_[ x-q° —(1/2)(s=D)(s— l)x ys 1 (7.21)
j=0 1=0
one obtains
< [—ta]y, - [—tn-a]
Qt(z):(_l)s‘ z [lll]'[l n ]|ln—1
Woylnt L n-1l: (7.22)
xq~ WD Zilti-l) -1 -Ziqjti-ltj glu o Fln1pemhi==ln
where s = [t|.Putl, =s—1; —- - - —l;,—1. Using (4.8) one may then rewrite the exponent
of q as
1l +1{(t 0),1} (7.23)
2 n 2 ] L] . .
Writing also
1 1 1 1
E{(t,O),l}+Z{(t,O),v}+Z{V,l} = g{v+2(t,0),v+21} (7.24)

gives

[—ti]y, - [~ tu] 1
(z) = (=1)¢ 1 nol g (Dl (B 260w 420 Sl ol
o 11+---z+.ln=5 (L] [l ]! a "
(7.25)
and thus
[=ti]y - [=tna]y,
Plm) = 2. [l [t ]
Ij+--+lp=s 1 n-1
(7.26)

[_ml]h e [_m"]ln q(1/2)1n+(1/4){v+m+(t,0),v+21}_
[vily, -~ [valy,

Next we consider the dual basis of (P;) ;|- It can be expressed in terms of coupling
kernels. To see this we first observe that, because of (7.18),

w | g [t [t ]!
(Qt,z, >—[ nli - _[anl]tnilét,u (7.27)

for arbitrary u;. Thus the dual basis (Q;) of (Q;) is given by

[Vl]tl Tt [anl]tn_l

Q= T T e !

(25" -z ), (7.28)

where, as above, II; is the orthogonal projection onto the space of highest weight
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vectors. It follows from (5.9) that, in general,

TI(2) - - - 2lp) (m) = Ps(t,m), |t] =5, (7.29)
which gives
[Vl]tl T [Vn—l]tn,l

P/(m)=TQ;(m) = Pg(t1,...,tp-1,0,m1,...,mMy). (7.30)

[t1]- - [t ]!
We insert the explicit expression for P; from Theorem 5.1. Then the summation vari-
able j,, may be put equal to zero. Writing X = (x1,...,x,-1) for x € R", we obtain

’ _ [7|m|]3 @
Pe(m) = [Ivl+s—1], [£]!

(7.31)

jq(1/4){v+m+(t,O),v+2(j,0)}

& vi+s=1]; [-t];[ -]

[—|m|]|j\ [‘A’]J[J]'
(which should be interpreted as a finite sum, as in Theorem 5.1). Thus, as a conse-
quence of Theorem 4.1, we have the following fact.

THEOREM 7.4. The coupling coefficients P (m) and P, (m) given by (7.26) and (7.31),
respectively, satisfy the relations

lm|=s+k

where s = |t| (or s = |u|).

As indicated in Section 4, we may view this as a biorthogonality relation for a com-
plete system of (n—1)-variable polynomials. It may be worth writing this out explicitly,
in standard notation. To facilitate comparison with the one-variable case, we view the
q"i"! as parameters and normalize the polynomials so that they take the value 1 at
my =--- =myu-1 = 0. Thus, we write

q*(l/z)ltl\m\f(1/4){m,v}pt(m)
q*(l/ZHt\Im\7(1/4)\ml\\”f\pt(0, \ml) (7.33)

= pt(q*ml ’q*(ml +m2)’___,qf(m1+---+mn—1);q\’1*1’“_,qvnfl’ |m|;q),

and p; for the polynomials similarly obtained from P;. Replacing n by n + 1, and
writing 1 for the g-Kampé de Fériet function

»[a bl,Cl b ,C
<I>%;%(d: o) ’én";q;xl,...,xn)

(7.34)

_ i @@k b1a) (15a)ky  (bnid)i, (ni@)ey k| ke
G0 @D (@@ (ea)y, (@ Dk (€n;2) s, "
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we have

pi(x1,...,Xn;a1,...,an,b,N;q)

=An 1:1 ’ yrrey )

o (nta™Na) 1;2< blq 1t g t,x) q 2, x2/x1, g™ Xn/Xn-1,
(qu;Q)m Xnq@ NI aig asq and

N+[t|+n+1 N+[t|-t1+n
bq [t] , [tl-ty

q,ai---ay az---anbxi1q

;---;anbxn—qu+tn+2);
pi(x1,...,Xn;a1,...,an,b,N;q)

_pl2 (fh coanbq™t g xy g7, x0/x1. @ Xn X1,
- ¥l

a ™ Caiq T axq 77 anq
a4 ﬂq—tl Xn-1 q2—n—\t\+tn>
i, N .

a a---Adn-1

(7.35)

In terms of these polynomials, Theorem 7.4 may be rewritten as

5 (@1a:0) 1, (@2@3) y -, (A0 @) -, (PLAN-m

.q) "M
(@D m (@D mo—mi1 - (BD mp—mp (&8 Ny Jl:[l (a;a)

O<mi<---<mu=<N
xp(@™™,...,q "™ a1,...,an,b,N;q)p, (@ ™,...,qa "™;a1,...,an,b,N;q)

@GD, @D, ba;@) e (ar---anbg™'thq) v,y

" argia),, - @naa),, (@N;a), (@GN
1 Itl _ )
el (=Nt )N A\t
o — .aann+2ltl( 1)"q'2 (ai---anq™) 15isjsn(aﬂl) .

Appendices

A. Quasi-commuting homogeneous coordinates. In this appendix we will use
quasi-commuting homogeneous coordinates to give a “geometric” motivation for the
holomorphic realization, where geometric may be understood in the sense of non-
commutative geometry (cf. [25]). First recall the classical case. If f is a function de-
fined in the unit disc, one may (at least for integer v) introduce a function F defined
in the cone |x| < |y|in C? by

1 X
F(x,y)=— (—) (A.1)
y yvf >y
The natural right action on F by SU(1,1),
a b
F(x,y)— Flax+by,cx+dy), <c d)eSU(l,l) (A.2)

then gives rise to the action (1.3) on f.
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In the quantum case we must replace the coordinate functions x, y by quasi-
commuting elements, that is, quantities satisfying xy = q'/?yx. Since we need frac-
tional powers, we let %, be the associative algebra over C generated by x%, %, x € R,
with relations

x0=90=1  xxBF=xxb  ypayb_gorB yay b g1IDaBy By (A 3)

To proceed, we need a g-analogue of the action of SL(2,C) on functions on C2. This
will be the action of U on %, given by

X, (x%yB) = —qUdA+B-c0[ ]y, p+1
X_ (X(xyB) — _q(1/4)(1+tx—ﬂ)[B]xlx+1yﬁ—l, (A4)
K* (x"‘yﬁ) _ qi(1/4)<ﬁf¢x)xlxyﬁ_
In fact, this makes %, into a U-module algebra, that is, the equations
K*(1) =1, X.(1) =0,
K*(fg) =K*(f)K*(9), (A.5)
X+ (f9) = X+ (/)K(9) +K ' (f)X:(9),

are satisfied. The existence of this module algebra is well known.
We now fix v > 0, consider the U-submodule of %, generated by (xky‘v‘k),‘fzo, pass
to the inhomogeneous notation

Zk _ q(1/4)k(v+k)xky—v—k _ q—(1/4)k(v+k)y—v—kxk (A.6)

and identify the z¥ with powers of a complex variable. The action (A.4) is then given by
X, zk = —[k1z* 1,

X_zK=[v+k]lzk, (A7)

Krzk — qI(1/4)(v+2k)Zk,

or equivalently by (2.28). If this defines a unitary action on a Hilbert space in the sense
of (2.19), it is easily seen that one must have (assuming the normalizing condition
11l =1)
l124]* = o (A.8)
k
Thus we recover the unitary representation of U on the space Ay
Similarly, for v = 0 we obtain the space 9, considered in Section 7. Since

Lk]!
v

Ak “ (A.9)

q xky™* = (gMxy)

the map zk — g¥*/4xky -k embeds @, as a sub-module algebra of %,. We will ex-
ploit this fact in the next appendix. We also mention that %,/C is a unitarizable
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U412 (su(1,1))-module. Its completion is the quantum Dirichlet space, consisting of
analytic functions on the disc |z| < g~/2, modulo constants, with the norm

[

IFI12 = STk F ) [ = 1D f 13- (A.10)

k=1

It is equivalent to the quantum Bergman space s{2, an intertwining map being the
q-derivative D,.

B. The algebra of highest weight vectors. In this section we will describe the ker-
nel of X, in ®, &4;"'. In the case g = 1, X, = —>.[*, 0/0z; satisfies the Leibniz rule
X, (fg) = X+ (f)g+ fX.(g), so the kernel is formally an associative algebra. (The
product is unbounded, but one can obtain a well-defined algebra for instance as the
subspace of polynomials.) In this appendix we will find a product e on the space of
polynomials in @, s;" which satisfies

X (feg) =X:(f)eK(g)+K1(f)eX,(9), (B.1)

so that it gives an algebra structure to the space of polynomials annihilated by X,
that is, to the span of the highest weight vectors.
First we recall the universal R-matrix

R = q1/4)(HeH) i qViu-v (kg x, ) (K—lxi)j, (B.2)

where H satisfies g1/ = K. It may be viewed as an element of a suitable extension
of U ® . For “nice” U-modules V; and V>,

Y=00R:Vi®V, — VoV (B.3)

is intertwining, where o is the flip o(f ® g) = g ® f. We will only need this when
Vi = Ve =9,

There is a canonical way to give a module algebra structure to a tensor product of
module algebras, known as the braided tensor product [24]. Namely, if A; and A, are
U-module algebras with products

mi:Ai®A; — A;, 1=1,2, (B.4)
then A; ® A, is another one with the product
(moemy)o(18¥®l). (B.5)

This construction is associative in the sense that regardless of how it is iterated to
define a module algebra structure on a finite tensor product A; ® - - - ® A, the result
is the same.

Consider the space 9, ® 9,4, consisting of polynomials in two variables z; and z»,
and view it as a sub-module algebra of the braided tensor product ¥, ® %,4. Thus
we write

z1=q"*xy lel, zZ=1®q"*xyL. (B.6)
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Denoting by e the product defined by (B.5), we have
ziezo=q"*xy teqixy !t = z12,, (B.7)
where the product on the right-hand side is the usual product of polynomials, while
zpez1 =Y(q'*xy " @q'txy )
=@*’xyloxy '+ (1-q)x*y %ol (B.8)
=qz1z:+(1-q)z3.

By associativity, this determines the product e uniquely. One may prove by induction
that, more generally, the product on 93" considered as a sub-module algebra of F3"
is determined by

2iez, = ) Fi%0 P, (B.9)
Y azjzi+(1-q)z5, i>j. ’

With this product, the kernel of X, is a graded algebra KerX, |s«w§n = 2;0:0°l75, where
s consists of homogeneous polynomials of degree s. It is generated by 7, which is
the space of constants, together with Vi={a1z1+-+anzn; a1 +---+an = 0}.

By Lemma 7.1, these observations carry over to the space @, s4"i. The span of all
highest weight vectors is a graded algebra generated by 1 and ¥; = S~19, with the
product

Q1¢Q2=5"1(5Q1+5Q>) (B.10)
given on z; by
zizj, i<j,
zZi®zj= _ (B.11)
s {q212i+(1—q)q(”‘”(”7 D22, i,

where v/ = v =v;+2(visi+- - +vic) Vi
For n = 2, the space ¥, is one-dimensional and generated by (z; —z2)*S. Now, by a

generalized binomial formula due to Benaoum [3], (cf. also [33]), one has

= Z ﬁq(l/z)k(s—l)(_l)s—kzlfz_g_k (B.12)
k=0 1™ :

for variables satisfying z>z, = gz1z> + (1 — q)zlz. However, for commuting variables,
the right-hand side of this equation equals

1;[ (@'z, - (B.13)

which thus generates ;. Applying S ! gives, up to a multiplicative constant, the poly-
nomial (3.14).
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