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A GENERALIZATION OF KY FAN’S INEQUALITY
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ABSTRACT. Let Py (x) be the generalized weighted means. Let F(x) be a C 1 function,
v = y(x) an implicit decreasing function defined by f(x,y) =0and 0 <m <M <m/,
n =2, x;i € [mM], y; € [m',M']. Then for -1 <r < 1, if f,’(/fj’, <1, (F(Pn1(y)) —
F(Pny (Y)))/(F(Pn1 (X)) = F(Pny (X)) < (MaXyy <g<p [F (E))/ (Minm<p<p [F (D)) -
M/m’. A similar result exists for fy./f;, = 1. By specifying f (x, ) and F(x), we get various
generalizations of Ky Fan’s inequality. We also present some results on the comparison of
P (y) =P, (y) and P s (x) =P, (x) for s = v, @ € R.

2000 Mathematics Subject Classification. 26D15, 26D20.

1. Introduction. Let Py, (x) be the generalized weighted means defined by Py, ,- (x) =
(X, wix!)V7, where w;, 1 < i < n are positive real numbers with > ; w; = 1 and
x = (x1,X2,...,Xn). Here we denote P, ((x) as lim,_o+ Py, (X). Let f(x,y) be a real
function, we write f(x,y) = 0fory = (y1,¥2,...,yn) ifforalli=1,...,n, f(x;,yi) = 0.

In this paper, we always assume x; < Xy < - -+ < Xy, f(X,y) = 0 and denote x; = m,
Xn =M, y1 =M, y, =m'. We also write A, = Py, 1(X), Gn = Py0(X), Hy = Py,—1(X),
Ay =Pp1(Y), Gy = Pno(y), Hy = Po 1 (y).

The following inequality, originally due to Ky Fan, was first published in the mono-
graph Inequalities by Beckenbach and Bellman [6, page 5].

THEOREM 1.1. For f(x,y)=x+y -1, x; €[0,1/2],

A, Ay
< — 1.1
Gh = G (.1
with equality holding if and only if x1 = - - - = xy,.

Ky Fan’s inequality has evoked the interest of several mathematicians and many
papers appeared providing new proofs, generalizations and sharpenings of (1.1). We
refer the reader to the survey article [3] and the references therein.

Under the same condition of Theorem 1.1, the following additive analogue of (1.1)
was proved by Alzer [1].

THEOREM 1.2. For f(x,y)=x+y -1, x; €[0,1/2],
A, —G, <A,—Gy (1.2)
with equality holding if and only if x1 = - - - = xy,.

Refinements of (1.1) and (1.2), were obtained by Alzer (see [4, 5]) in the following
two theorems, respectively.
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THEOREM 1.3. Let x; € (0,1/2] (i=1,2,...,n; n=>=2) and m <M, then

m A, -Gy M

< . 1.
1-m “Ay-Gy 1-M (1.3)
THEOREM 1.4. Let x; € [a,b] (i=1,2,...,n; 0<a<b<1),then
(a/(t-a)? 4 (b/(1-b))?
(ﬂ) << (ﬂ) . (1.4)
Gn Gn Gn
Recently, Mercer obtained the following generalized Ky Fan’s inequality [7].
THEOREM 1.5. For f(x,y)=xP+y? -1, p=1,n=2,x; €[0,2-1/P],
Py (X)Pno(Y) = P (Y)Pro(X) (1.5)

with equality holding if and only if x1 = - - - = x,.

Our main goal in this paper is to present a theorem which provides essentially a
unified treatment of Theorems 1.1, 1.2, 1.3, 1.4, and 1.5 and also gives new extensions
of Ky Fan’s inequality. In Section 3, applications to Ky Fan’s inequality will be given
by specifying the functions f(x,y), F(x).

More generally, we can talk about the comparison of Pj(y) — Py, (y) and Py (x) -
Pf, (x) for real «. The case of A%~ G% and AY — G¥ was discussed in [5] and we will
give some results related to the general case in Section 4.

2. The main theorem

THEOREM 2.1. Let F(x) be a C! function, v = y(x) an implicit decreasing function
defined by f(x,y) =0and0<m <M <wm',n=2.Then for -1 <v <1, if fx/fy <1,

F(Pn,l(Y)) _F(Pn,r(Y)) ’ < maXy’ <g<m’ F,(§)| . M @.1)

F(Pn,l(x))_F(Pn,Y(X)) mjnmsnsM \F'(I’))| m,- ’
Iffelfy =1,

minm’SESM’ F’(§)| . m ’F(Pn,l(Y)) _F(Pn,r(Y)) (2.2)

maXms<n<m |F'(T]) | M’ F(Pn,l (X)) - (Pn,r (X))

provided the denominators on both sides are nonzero.

PROOF. Since the proofs of (2.1) and (2.2) are very similar, we only prove (2.1) for
v + 0 here, the case ¥ = 0 is also similar. We will consider the case F(x) = x first. We
definefor 1 <i<mn-1and 0 < x < Xj:1:

Xi = (X, X, Xis 150, Xn)s
Vi= (Vs ¥, Vit1s ooy V),
D (i) = xn(Pn1(Xi) = Pny (Xi)) = ¥n(Pn1 (Vi) = Puy (i),

1-r -1
.y” ,

(2.3)

1-v

9(Xi) = XnPnr(Xi) 'XV*IJFJ’nPn,r(Yi)

and D;(x) = D(x;), gi(x) = g(X;).
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We need to show that D, (x;) > 0. Differentiation of D, (x;) yields

S
e

an(l—Pn,r(Xi)l_T' ) (1 Pnr YL - y,ul)

=Xn+Y¥Yn—gi(x),

QD) = xn (1= Py (x:) - X7 (1=Purty) ")

(2.4)

where Q; = 3} w;.
Consider

L N xux? A\ T
gi(x)=-(1-7r) > wj{(P”'V(X‘)> L _fx_(Pn,r(Yl)) y yj}

Pt X xr+1 f}’/ % yr+1
N 1-2r r 1-2r r
P ) Xa X" j2 . A
<-(1-r > w{( "'V(Xl)> o —( M(YI)) yni/f} <0.
=i+l x X ¥y ¥y
(2.5)
The last inequality holds, since when -1 <v <1/2,k=1i+1,...,n, we have
1-2 1-2
Pn,r (Xi) " > Pn,r (Yi) ' Xk > Dk
x - b X y b
(2.6)
N\ ) 1+7r 1+7r
=G -6
Yn \Vj Vi y
when 1/2 <7 <1, we have
(Pn,‘r(xi) >1727‘ . <ﬂ)1727 <Pn,r (yi))I*ZV - (&)1—27
x T \x ' h% T \y '
2.7)

2-2r v 2-2r v 2—-r 2-v
G G =G0 G -6 -6
Yn yi) \Yi Vi Vi Y
Thus gi(x) > gi(xit1) = giv1(Xiv1) = ir1(Xi2) = -+ = gn-1(Xn-1) = gn-1(Xn) =
Xn + Yn, which implies D}(x) < 0 for all x € (0,x1), SO

D, (Xl) > D, (Xz) = Dz(Xz) =D (Xg) =2 Dn—l(xn—l) = Dn—l(xn) =0. (2.8)

Since D; is strictly decreasing, we conclude from m < M that D, (x;) > 0.
Next, for arbitrary F, by using the mean value theorem, (2.1) is equivalent to

F(Pn1(y)) = F(Puy(y)) _F' (&) Pni(y)—Pur(y)

F(Pn,l(x)) _F(Pn,r(x)) - F'(n) . Pn,l(x)_Pn,r(X), (2.9)

where m’ < & < M’, m < n < M. Taking absolute value and applying the result for
F(x) = x, we get the desired inequality (2.1). This completes the proof. O
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3. Consequences of Theorem 2.1. In this section, by choosing different functions
f(x,y), F(x), we will give several results of generalized Ky Fan’s inequality of type
(2.1). There are corresponding ones of type (2.2) and we leave the statements to the
reader. To simplify expressions, we define

Pr?,s (Y) - P‘V‘l’.‘,?’ (Y)

Asiro= P‘EL‘,S (x) _Pvli(,r (x) (3.1)
with
(1n(Pns(Y)/Pnr(Y)))
Asyo = - > . 2
0= (I (P (%) /Py (X)) 3-2)

Also in order to include the case of equality for various inequalities in our discus-
sion, we define 0/0 = 1 from now on.
As a generalization of Theorem 1.3, we have the following corollary.

COROLLARY 3.1. Let f(x,y) =ax?+by?P-1,0<a<b,p=1,0<m<M <
(a+b)~ 1P n=2 Forox<1,let F(x) =Inx if x =0, or F(x) = x%, otherwise. Then
for-1<r<1

M 2—«x
Auﬂ<(—ﬁ . (3.3)
m

PROOF. This follows from fy/f;, < 1, maxy <g<m |F'(E)|/miny<pem |F (N)] <
(M/m’)l-«, O

We remark 'here in Corollary 3.1, the case & = 0 gives Py 1(Y)/Pny(y) < (Pn1(X)/
Py (x))M/m)? which partially generalizes Theorem 1.4. Also for the case « = 0, by
only assuming x; € [0, (a+b)~1/P ], we get Py 1 (y) /Py (y) < Pp1(X) /Py (x) for -1 <
r < 1 with the equality holding if and only if x; = - - - = x,. This is a generalization of
Theorem 1.5.

As a generalization of Theorem 1.2, we have the following corollary.

COROLLARY 3.2. Let f(x,v) =axP+byP-1,0<a<b,p=1,x;€[0,(a+b)"17].
Forax <1, let F(x) =Inx if x =0 or F(x) = x%, otherwise. Then for -1 <v <p

0<Aya<l (3.4)

with equality holding if and only if x1 = - - - = x,.

PRrROOF. The first inequality is trivial, and the second inequality for the case —1 <
r < 1 follows from (3.3) by noticing M/m’ < 1. For 1 <+ < p, we will prove the case
o« =1 and the general case follows from using the mean value theorem. We define for
l<i<n-landx, ;<x<M

Xi = (X1yee0y Xn—i,X,y000, X),
yi:(yly---lynfi!y!-'-yy)v (35)
E(Xi) :Pn,r(xi) _An(Xi) _Pn,r(Yi) +An(Yi);

and E;(x) = E(X;).
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We need to show that E; (x;) = 0, notice first for x; <--- <x,

1-r)/2
Ppy ()T x4 Py () Ty > 2 (PM(;:)I;”(Y)) , (3.6)
non
n ¥ - ’ 1/v
Py (X) Pur (¥) _ S w (xiyi> .y ww((xiyj> +<xjyi)>
Xn¥n i=1 XnYn l<i<j<n o Xn¥n XnYn |
3.7)

Since the function x[(1/b)(1 —ax?)]!/? is increasing for 0 < x? < 1/2a, we have
(xiyi/xnyn)" <1 for all i.
Now for fixed i < j, define

h(x) =2x7y; -y"x7 -x"yj, (3.8)
then b’ (x;) <vx? 'yl "~ ’”xJ x{ 7'y} <0 since v < p and x;/y; <1 < y;/x;. Thus
hix;) = ZnyJ -/ xJ -x7 yj > h(xj) = 0, which implies

(00 (220) < (XY () L (5) (%) <o g
XnYn Xn¥n Xj¥j XiYj Xj Yj

Back to (3.7), we have

Pl (($08) (S 02)) " = (St e sw) -1

XnYn i-1 i<j
(3.10)
In particular this gives (where Q; ' = >, .. wi)
-1 _ 1-r a xbP- ! -r r—1
Q7 E{(X) = Ppy(xi)  -Xx" _1+E yr- (Pnr(Y1) Yy -1)
> Ppy (%) X" =14 P (y) oy =12 0.

Thus we deduce

E1(xn) =2 E1(Xn-1) = E2(Xn-1) = - -+ 2 En-1(x2) = Ep-1(x1) = 0. (3.11)

A close look of the proof tells us the equality holds in (3.4) if and only if x; =
- = X, and the proof is completed. O

As a special case of the above corollary, we have A;l —H;L < A, — H, for generalized
weighted means, a proof of this for the special case where w; = - - - = w, was given
in [2].

We remark here if 0 < b < a, then in general Py, 1 (X) — Py »(x) and Py 1(y) — Py (Y)
are not comparable. For example, if we leta =2, b =1, n = 2, w; = w», then when
x1=1/3,x2=1/27, Ao — G = A, — G5; when x1 = 1/3, x» =0, Ay — G2 > A, — G} and
when x; =1/3, x2 =1/4, Ay — G2 < A, — G

The classical case of Ky Fan’s inequality corresponds to the choice of f(x,y) =
x +y -1, where fy/f; = 1. In this case both inequalities (2.1) and (2.2) hold and
combinations of previous results yield the following corollary.
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COROLLARY 3.3. For f(x,y)=x+y—-1,0<m<M=<1/2,n=2thenfor-1<r <

1, x<1
2—-«x 2—-«x
m M

(iZ)  <awa<(Z) 5.12)

4. The comparison of PZ(y) = PF, (y) and P (x) — Pf, (X). In this section, fixing
fx,y)=x+y-1, x; € [0,1/2], we give some results relating the comparison of
Pi (y)—P7,(y) and Pg (X) — Py, (x), where s > ¥, x € R.

Our first result is the following lemma.

LEMMA 4.1. Givens >, if for xg € R, we have A, «, < (=)1 with equality holding
ifand only if x1 = - - - = xy, then for all x < (=) xo, As;r,« < (=)1 with equality holding
if and only if x1 = - - - = xp.

PROOF. Leti=ys,7, v =Xy, we can assume Py ;(v) # 0. If xo # 0, write Pj(v) —
P&, (V) = (Pp3(v)) /%0 — (Prl (v))¥/®0 = (at/ 0tg) %0 (P (V) — Py (V) with Py, (V) <
& < Pns(v), where when « = 0, we define (P, (v))%/®0 = lnP;ﬁ (v). By taking the quo-
tient, we get the desired result. If &g = 0, we write P, (V) = e®nPniV) and proceed

similarly. O

For any s > 7, the above lemma enables us to define a number sup(«);, such
that As, « <1 holds for all & < sup(x)s,. A special case of this, sup(x);0 =1 was
determined in [5].

The inequality A« = 1 seems unusual but indeed it can happen, even for the case
¥ = 1. Indeed we have the following theorem.

THEOREM 4.2. Ag =21 fora=s=22;As1a<1forl1<s=<2, x<$;Ar«=<1 for
x <r <0, in all cases the equality holds if and only if x1 = - - - = xp,.

PROOF. From Lemma 4.1, it suffices to prove the theorem for & = s or . In this
case, for x € [0,1/2], consider the function f(x) = x! — (1 —x)! with f”(x) = t(t -
1) (xt=2 — (1 — x)t2). By considering the sign f”'(x) for various t and using corre-
sponding Jensen’s inequality: >’ w; f(x;) = (<) f (> w;x;), the above assertions follow.

O

In Theorem 4.2, by restricting x; € [m,M], 0 < m <M < 1/2, we will get results
similar to Corollary 3.3 and we will leave the statements to the reader.

We have omitted the case 0 < ¥ < 1 for Theorem 4.2 since we have a stronger
result as Corollary 3.2. We point out an interesting phenomena here that when s = 2,
A21,x = ()1 for = (<)2. We also remark here the proof of (1.1) follows by applying
Jensen’s inequality to the function Inx —In(1 —x) for x € [0,1/2].

Notice Py s (X) — Py (X) = Py s(y) — Py, (y) does not hold for arbitrary real numbers
s > r, for otherwise we will have Py, ;(x) /Py (X) = Py () /Ppn(y) which is not true in
general according to a nice result by Chen and Wang [8].

THEOREM 4.3. For arbitrary n,s > v, x; € (0,1/2], As»o < 1 holds if and only if
l¥ +5| <3,2" /¥ =25/s whenr >0, r2" <s2° whens <O.

By using Lemma 4.1 and Theorem 4.3, we get the following theorem.
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THEOREM 4.4. sup(c)s, = 01if |y +s| <3,2"/r =25/s whenv >0, v2" < s2° when
s < 0. Moreover, sup(x)1, =1 for -1 <v <1 and sup(x)s,; =s for1 <s <2.

PROOF. The first assertion follows from Theorem 4.3 and the definition for
sup(a)s,. From Corollary 3.2, we know that sup(«);, = 1 for -1 <7 <1 and when
ax>1,letx1=1/2,xo=---=x, =€, and

flwi,€) = (P (%) — P (%)) = (PR 1 (Y) = P (¥)). (4.1)

A simple calculation reveals that there exist positive real numbers 6 and n such
that we have f(wi,€) <0,if 0 < w; <dand 0 <€ <n and f(w,e) >0,if 1-6 <
w; <1 and 0 < € < n. Similar conclusion holds for sup(«)s,1 and this completes the
proof. O
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