IJMMS 29:4 (2002) 217-238
PIL. S016117120200501X
http://ijmms.hindawi.com

© Hindawi Publishing Corp.

MATRIX METHOD FOR SOLVING LINEAR COMPLEX
VECTOR FUNCTIONAL EQUATIONS

ICE B. RISTESKI

Received 24 April 2000

We give a new matrix method for solving both homogeneous and nonhomogeneous linear
complex vector functional equations with constant complex coefficients.
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1. Introduction and preliminaries. In the previous investigation [1] the solution
of one class of homogeneous complex vector functional equations is obtained by the
method of intersections, while in [2] several classes of homogeneous complex vector
functional equations are solved on the basis of the well-known method of elimination
of variables. For the purpose of expanding our investigations, here we will propose a
matrix method suitable for both homogeneous and nonhomogeneous complex vector
functional equations with constant complex coefficients.

Now we will introduce the following notation. Let V" be a finite-dimensional complex
vector space and let a mapping f : V" — V" exists. Throughout, Z; (1 <1i < n) are
vectors in V. We assume that Z; = (zj1(t),...,zin(t))T, where zij(t) (1 =i<mn) are
complex functions and O = (0,0,...,0)T is the zero vector in V.

Let A be an n X n matrix. Suppose that by elementary transformations the matrix
A is transformed into A = PyDP,, where P; and P, are regular matrices and D is a
diagonal matrix with diagonal entries 0 and 1 such that the number of units is equal
to the rank of the matrix A. The matrix B = P, ! DP;! satisfies the equality ABA = A.
This means that the matrix equation AXA = A has at least one solution for X.

If A satisfies the identity

A"+ kA" otk 1 A=0 (ke #0), (1.1)

where O is the n X n zero matrix, then the matrix

1 . .
X=- (A" 24+ kA 3 4o+ ko), (1.2)
krfl
where I is the unit n X n matrix, is also a solution of the equation AXA = A.
Now we will prove the following theorem.

THEOREM 1.1. If B satisfies the condition ABA = A, then

(1)AX =0 < X=(UI-BA)Q, (X and Q are n xm matrices);

Q) XA=0<X=QU-AB), (X and Q are m Xxn matrices);
B)AXA=A< X=B+Q—-BAQAB (X and Q are n xn matrices);
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4 AX =A< X=I+(I-BA)Q;
B)XA=A=X=I+QU—-AB).

PROOF. The theorem will be proved only for the case (3), because the other cases
can be proved analogously.
(3) Let X = B+ Q — BAQAB. Further it holds that

AXA=ABA+AQA—-ABAQABA, ABA=A
— AXA=A+AQA-AQA = AXA=A. (1.3)
Conversely, assume that AXA = A, then it holds that
B+(X—-B)-BA(X-B)AB=X-BAXAB+BABAB =X -BAB+BAB = X. (1.4)
Thus
AXA=A= X=B+Q-BAQAB, forQ=X-B. (1.5)

If X is an »n x k matrix, according to Theorem 1.1(1) all the solutions of the homo-
geneous system of equations

X1
X2
Al . |=0 (1.6)
Xn
have the following form
X1 uy
X2 U
=U-BA)| . |, (1.7)
Xn Un
where u1,...,u, are arbitrary. O

2. Solution of homogeneous functional equations. Now we will prove the follow-
ing results.

THEOREM 2.1. The general solution of the basic cyclic complex vector functional
equation with complex constant coefficients

n
E(f) =D aif(Zi,Zis1,...,Zizn-1) =0 (Znsi = Z;), (2.1)
i-1
where a; (1 <1i<mn) are complex constants, is given by the following formula:

f(Z1,25,...,2,) h(Z,,Z,,...,7,)

f(Z2,25,...,7y) h(Z3,23,...,7;)

=B , (2.2)

f(anZIl"‘!Zn*I) h(Zﬂ)le-",ZYL*l)
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where
ap az --- an by b, --- by
an, ap -+ Qap-1 b, by --- by,
A=| . , B=|. (2.3)
a» as - a b, by --- by

are nonzero n X n cyclic matrices with complex constant elements such that
AB =0, (2.4)

where O is the n X n zero matrix and h is an arbitrary complex vector function with
values in V.

PrROOF. If we permute successively the vectors in (2.1), we get

alf(Zl,Zz,...,Zn) +6{2f(Zz,Z3,...,Zn,Zl) +--- +anf(Zn,Zl,...,Zn,1) = 0,
anf(ZIyZZ;--nZn) +a'1f(ZZyZ31---|Z‘VllZI)+ e +an*1f(ZTL|le---!Z‘YL71) :Oy

(2.5)
arf(Z1,Zz,...,2,) +asf(Zy,23,...,24,Z,) +- - +a,f(Zn,Z1,...,2, 1) = O,
that is, in a matrix form
AF =0, (2.6)
where A is given by (2.3),
f(Z1,Z,,...,Zy) o
f(Z2,25,...,7,) 0
F= . . 0= (2.7
FZZsronsZ 1) 0

We will write f € F to express the first equality of (2.7).
The necessary and sufficient condition for system (2.6) to have a nontrivial solution
is

detA = 0. (2.8)

Let

n

f(Z1,Z5,...,Zy) = > bih(Zi,Zis1,..., Zisn-1)  (Znsi =Zi), (2.9)

i=1

where b; (1 <i < n) are complex constants such that the matrix B, defined by (2.3),
satisfies (2.4) and h is an arbitrary complex vector function with values in V.
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By a cyclic permutation of the vectors in (2.9), we obtain

f(Zl,Zz,...,Zn) = blh(Zl,Zg,...,Zn) +b2h(Zz,Z3,...,Zl) + e +bnh(Zn,Zl,...,Zn,1),
f(Zz,Zg,...,Zl) :hnh(zl,Zz,...,Zn)+b1h(ZZ,Z3,...,Zl)+' . -+bn_1h(Zn,Zl,...,Zn_1),

f(ZnaZI:---aZn—l) =b2h(21,22,...,Zn)+b3l’l(22,23,...,Zl)+- - -+b1h(Zn,Zl,...,Zn,1),

(2.10)
that is, in a matrix form
F =BH, (2.11)
where
h(Zl,Zz,...,Zn)
]’L(Zz,Zg,...,Zl)
H = ) (2.12)
h(Zn,Zl,...,Zn,l)
and F is defined in (2.7).
After a multiplication of (2.11) by A, we have
AF = ABH =0OH =0, (2.13)

which means that the function f € F satisfies the functional equation (2.1) for any
heH.
On the other hand, according to Theorem 1.1(1) each solution of (2.6) has the form

F=(I-BA)H, (2.14)

where B satisfies ABA = A. If we put B=I—-BA, we have AB=A—-ABA=0O and B+ O
since detA = 0. Thus (2.11) where B satisfies (2.4) is the general solution of system
(2.6), that is, (2.9) is the general solution of the functional equation (2.1). O

EXAMPLE 2.2. By a cyclic permutation of the variables in the functional equation
f(Zl,ZZ,Z3,Z4)7f(ZZ,Z3,Z4,Z1)+f(Z3,Z4,Zl,ZZ)7f(Z4,Zl,ZZ,Z3) :01 (2-15)
we obtain the following system:
f(21,22,23,24) -
-f(Zy Z,)
f(ZI,ZZ,231 Zy) - f
—f(Z21,25,23,24) + f(Z2,23,24,7,

S(Z2,23,24,27) + f(Z3,24,741,Z>

)+ f( f(24,2,,75,2Z3 :
25,23,24,21) — f(Z3,24,21,Z5) + f(Z4,Z1,Z>,Z3
)+ f( (
)= f( (

(0]
Ol
(2.16)
Z5,73,24,2,) + f(Z3,24,2,,2>) — f(Z4,2,,2>,Z3) = O,
0.

(
(
(
( S(Z3,24,2,,25) + [ (Z4,Z1,Z,,Z3

) - ) =
) ) =
) - ) =
) ) =
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The matrix of coefficients of this system is

1 -1 1 -1
-1 1 -1 1
e (2.17)

-1 1 -1 1

Since det A = 0, system (2.16) has a nontrivial solution.
For the matrix A there exists a nonzero 4 x 4 cyclic matrix B, such that AB = O,
that is,

b, b b by —by +bs
B by —by +b; by b> b3
B= b3 bl—bz-l—bg bl bz ) (2.18)
bz b3 b] — bz + b3 h]

Therefore the general solution of the given functional equation is

f(21,25,23,24) = b\ h(Z1,2,,23,Z4) + boh(Z>,Z3,Z4,Z,)

bR, 20,20,20) + (b1~ b + D) R (24,20, 20,7),
where h is an arbitrary complex vector function with values in .
THEOREM 2.3. If the matrix A satisfies the condition
A MA™ A 1 A=0 (A % 0), (2.20)
then the general solution of the functional equation (2.1) is given by
F= i(Am’1+A1Am’2+---+Am_1I)H, (2.21)

where I is the n X n unit matrix and A; (1 <i <m—1) are complex numbers.

PROOF. The proof of this theorem is very easy. By multiplication of formula (2.21)
with A, we obtain

1

AF =
2\m—l

(AMm A A™ L A, JA)H=0H =0, (2.22)

or in other words, the function f € F satisfies the functional equation (2.1) for any
heH.
Conversely, if F is a solution of AF = 0, then obviously F satisfies the identity

F= L(AW%AIAW%---+Am_11)F, (2.23)
Am—l

that is, F can be represented by formula (2.21) with H = F. Hence we proved that the
function (2.21) is the general solution of (2.1). O

EXAMPLE 2.4. The functional equation

2f(Z1,Z2,23) = 3f(Z2,2,23) + f(Z3,Z3,Z3) = O (2.24)
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has a matrix of coefficients

1

1. (2.25)
0

The matrix A satisfies the following equation:
A3-A%-2A=0. (2.26)

The required general solution of the above functional equation is

f(Zl,Zz,Z3) h(Zl,Zg,Zg)
f(Z2,2,,Z3) | = —z(AZ—A—ZI) h(Z,,2,,73) |, (2.27)
f(Zg,Zg,Z3) h(Z3,Zg,Z3)
that is,
f(Z1,22,23) = h(Z3,Z3,Z3) = p(Z3), (2.28)

where p is an arbitrary complex vector function with values in .
This example shows that Theorem 2.3 can also be applied to equations not of the
form (2.1).

THEOREM 2.5. The general solution of the form

f(Z1,2Z5,...,2,) =R(h(Z,,Z5,...,Zy))
(2.29)

M=

bin(Zi,Zis1,. .. Zisn-1) (Zn+i=1Z;)

i=1

of the functional equation (2.1) is reproductive (R(R(h)) = R(h)) if and only if the
following condition is satisfied:

E(f) =0 = f =R(f). (2.30)

PROOF. Assume that R(h) is the general solution of the equation E(f) = O. Let
R(R(h)) = R(h) hold for every h. Then, from E(f) = O it follows that f = R(h) for
some h, so that for the same h we have f = R(R(h)) = R(f).

Conversely, let the condition E(f) = O = f = R(f) be satisfied. Since for every h it
holds that E(R(h)) = O, then according to the assumption we obtain R(h) = R(R(h))
for every h. |

EXAMPLE 2.6. We will determine the general reproductive solution for the func-
tional equation given in Example 2.2.
On the basis of the general solution, we obtain
R(f(Z1,22,Z3,24)) = b\ f(Z1,22,Z3,24) + b2 f (Z2,23,24,Z1)
+b3f(Z3,24,21,2,) + (b1 — b2+ b3) f(24,21,2>,73)
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=b1f(Z1,22,23,24) + b2 f (Z5,23,24,Zy) + b3 f (23,24,7,,Z5)
+(b1=bo+b3)[ f(Z1,Z2,25,24) ~ f (Z2,23,24,71) + f (Z3,24,71,Z,)]

= (2b1-b> +b3) f(Z1,Z2,Z3,Zs) + (= b1 +2b> = b3) f(Z2,Z3,24,Z1)
+ (b1 —b2+2b3) f(Z3,24,2,,7>).

(2.31)
The condition R(f(Z1,Z>,23,24)) = f(Z1,Z,7Z3,Z4) holds if
2b1—b2+l’)3 =1, —b1+2b2—b3 =0, bl—bz +2b3 =0, (2.32)
that is,
3 1 1
bl_Z’ b; e bg——:l. (2.33)

Therefore, the general reproductive solution of the given functional equation is

3 1
f(Z1,2,,25,24) = Zh(21122,23,z4) + Zh(ZZaZB;Z4azl)
1 1 (2.34)
—Zh(23,24,21,22)+Zh(Z4,Zl,Zz,Z3)-

Next we will give a procedure by which for every functional equation (2.1) in the
case n = 3 we may determine the canonical equation which is equivalent to it.

For every canonical equation we will determine the general and reproductive
solution.

Now we will consider the equation

arf(Z1,2,,23) + a> f(Z2,23,7,) + a3 f(Z3,2,,Z>) = O. (2.35)
From (2.35) by a cyclic permutation of the variables we obtain the following system:

a1 f(Z1,22,23) + a> f(Z22,23,Z,) + a3 f (Z3,2,,Z,) = O,
asf(Z1,22,23) + a1 f(Z2,23,2,) + a2 f(Z3,Z,,Z;) = O, (2.36)
arf(Z1,22,23) + a3 f(Z»,23,Z,) + a1 f (Z3,2,,Z,) = O.

The determinant of system (2.36) is
1
A= E (a1 +ap +a3) [(a1 —az)z + (6L2 —a3)2 + (ll3 —al)z]. (2.37)

There are four possible cases:

(@ aj+ar+az =0and (a; —az)%+(a,—az)?+ (a3 —ai)? =0,
() a1 +az+az #0and (a1 —az)?+(ax—az)?+(az—a;)? =0,
(© ay+az+az=0and (a; —az)?+(a—az)’+(az—a;)? #0,
(d) a; +az+az =0and (a; —az)%+ (a,—az)?+(az—a1)? = 0.
In the case (a), system (2.36) is obviously equivalent to equation

f(Z1,2,,23) = O. (2.38)
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In the case (b), we have
2

a3 - (a1 +az)az +a—aja+as =0 (2.39)

or

[a1 +a, +i(ar—az)V3]

If a, = a1, then also a3 = a; and a; + a; + a3 # 0 implies a; *# 0. Thus system (2.36)
is equivalent to the equation

S(Z1,25,Z3) + f(Z,23,Z,) + f(Z3,Z,,Z>) = O. (2.41)
In the general case, we can write

1+i/3 15i/3
as = 5 a) + > ay

(2.42)

or, if wg and wgl are the primitive 6th roots of 1, then a3 = a,wg +a; wgl. Now (2.35)
takes the form

a1 f(21,22,23) + a2 f (Z2,23,Z1) + (a1 w6 + azwg ') f (Z3,Z1,Z,) = O. (2.43)
If a3 =0, we have aq +a» + 0, alwé +ap = 0 and the equation takes the form
S(Z1,25,23) — w3 f(Z2,23,Z,) = O, (2.44)

where w3 is a primitive third root of 1 (we assume w3 = wé).
If a; = 0 or a; = 0, we obtain, respectively, the equations
f(Z1,2,,Z3) + we f (Z3,2,,Z,) = O,

. (2.45)
f(22,23,7,) + wg' f(Z3,2,,Z3) = O,

which can be reduced to (2.44) by a cyclic permutation of the vectors.
We will see that (2.43) can always be reduced to (2.41) or (2.44). To this end we will
use the following lemma.

LEMMA 2.7. Suppose that (2.35) can be written in the form
oalc1f(Z1,22,23) + c2f (Z2,23,21) | + o2 [c1.f (22,23, Z1) + c2.f (Z3,Z1,Z>) ] (2.46)
+os[c1f(Z3,21,2) + c2f (21,2,,23)] = O, '

where

(0§} X2 (X3
&3 o o2|+0. (2.47)
XKy K3 04

Then (2.35) is equivalent to

1 f(Z1,25,Z3) + c2f (Z5,23,Z,) = O. (2.48)
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PROOF. By a cyclic permutation of (2.46) we derive the following system:

oalerf(Z21,22,23) + 2 f (22,23,Z1) ] + o[ c1.f (Z2,Z3,Z21) + c2.f (23,21, Z2) ]
+oile1f(Z3,21,22) +caf (21,22,23)] = O,

osle1f(Z1,22,23) + c2f (Z2,23,71) | + oa [ e1f(Z2,23,Z1) + c2f (Z3,241,Z>) ]
+oelef(Z3,21,Z:) + 2 f (21,22,23)] = O,

ool f(Z1,22,23) + caf (Z2,23,Z1) | + o[ c1.f (22,23, Z1) + c2.f (Z3,21,Z2) |
+aife1f(Z3,2,,Z2) +c2f (Z1,Z2,Z3)] = O.

(2.49)

The determinant of this system is

X1 X2 3
o3 oy o2 #0, (2.50)
X2 3 xq

thus we deduce (2.48). O
We see that (2.43) can be written in the form (2.46)
OLf(Z1,22,23) — w3 f(Z2,Z3,Z21) ]| + a2 [ f(Z2,23,Z,) — w3 f(Z3,Z1,Z>)]

(2.51)
+arwe|f(Z3,21,22) — w3 f(Z1,22,23)] = O.
The determinant in condition (2.47) is
0 a a1 We
aiwg 0 a | =as-al. (2.52)
ar a;Wg 0

If a3 # a3, then by Lemma 2.7, (2.43) is equivalent to (2.44). If a, = a;, then it is
equivalent to (2.41). If a3 = a3, but a, # a4, then a» = a;w? or a; = a;wg. In the
latter case we have

ar+a+as=ax +a1wg+a1w6+a1w% =a;—aiwg+aiwg—a; =0 (2.53)

which is a contradiction. Suppose that a, = alwé. Then az = 2a;wg and (2.43) be-
comes

f(Z1,Z,,Z3) +(U(23f(22,23,21) +2wef(Z3,Z1,Z2) =0 (2.54)
or
f(21,22,23) — w3 f(Z2,23,Z1) + 23| f (Z2,23,Z1) — w3 f (Z3,21,2>) ]
+0[f(Z3,21,Z2) — w3 f(Z1,Z2,Z3)] = O. (2:5%)
The determinant
1 2ws3 0
1 2w3|=1+8w3=9%0, (2.56)

2w3 0 1

thus by Lemma 2.7, (2.43) is equivalent to (2.44).
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In the case (c), a; + a2 + a3 = 0 and at least one of the inequalities a; —a, + 0,
a;—as + 0and az—a; # 0isvalid. Suppose, for the sake of definiteness, thata; —a, +
0. In view of a3 = —a, —a» we have

arf(Z1,2,,23) + ax f(Z2,23,Z,) + (- a1 —az) f(Z3,2,,Z>) = O, (2.57)
or the form (2.46)
0[f(Z1,22,23) - f(Z2,23,Z1) | + az[ f (Z2,Z3,Z1) — f (Z3,Z1,Z>) ]

(2.58)
—a1[f(Z3,2,,Z>) - f(Z1,2,,Z3)] = O.
The determinant in (2.47) is
0 a —-a
a0 ay|=a3-al. (2.59)
a —-a 0

Since a; — a» # 0, the equality a% — ai’ = 0 is possible only for a, = a;w3 (w3 a
primitive third root of 1), then a3 = —a;(1 + w3) and we are led to a contradiction
with (a; —a»)2 + (a» —a3)? + (a3 —a;)? # 0. Thus, in this case (2.35) is equivalent to
the equation

f(21,2>,23) - f(Z,,23,Z,) = O. (2.60)

If a; —a» = 0, then at least one of the differences a, — a3 and a3 —a; is not 0 and
we come to the same conclusion.

In the case (d), we have a3 = —a; —ap, a +a;a, +as = 0, that is, either a; = a, =
a3 =0 and (2.35) reduces to the identity

0 =0, (2.61)
or a, = a|ws, Az = alwg, where w3 is as above. Now (2.35) reduces to
f(Z1,22,23) + w3 f (22,23, Z1) + i f (23,21, Z2) = O. (2.62)
On the basis of the exposition we conclude that the following lemma holds.

LEMMA 2.8. The functional equation (2.35) is equivalent to the following equations:
() f(Z1,2,,Z3) =0 if

ar+ar+az =0, (a17a2)2+(a27(13)2+(a37a1)2iO; (2.63)
(I) (2.41) or (2.44) if

a)+ar+as+0, (al—a2)2+(az—a3)2+(a3—a1)2=0; (2.64)
) (2.60) if

a)+a»+as =0, (a17a2)2+(a27a3)2+(a37a1)2iO; (2.65)
(IV) O =0 or (2.62) if

a)+az+as =0, (al—a2)2+(a2—a3)2+(ag—a1)2=O. (2.66)

For any of the above equations, we give formulas for the general solutions and
formulas for the general reproductive solutions of these equations.
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PROPOSITION 2.9. The equation
f(21,22,23) + f(Z2,23,Z,) + f(Z3,2,,Z>) = O (2.67)
has a general solution given by
f(Z,,22,73) = b1h(Z1,Z5,Z3) + byh(Z2,23,Z,) — (b1 + b2) h(Z3,Z2,,Z>), (2.68)

where h is an arbitrary complex vector function with values in V' and b, b, are arbi-
trary complex constants.

PROOF. From the given equation we obtain the system
f(Z1,22,23) + f(Z2,23,Z,) + f(Z3,2,,Z>)
f(Z1,22,23) + f(Z2,23,Zy) + f(Z3,2,,Z>)
f(21,22,73) + f(22,23,Z1) + f (Z3,Z1,Z>)

with matrix of coefficients

0}
O, (2.69)
o

1 1 1
A=(1 1 1]. (2.70)
1 1 1

The general solution of this system, according to (2.9) is given by

f(Z1,2,,Z3) h(Z1,Z,,Z3)
f(Z2,23,Z,) | =B| h(Z2,23,Z,) |, (2.71)
f(Z3,Zl,ZQ) ]’L(Zg,Zl,Zz)

where B is a general cyclic 3 x 3 matrix which satisfies the condition AB = O.
On the basis of formula (2.9), we may write

f(Z1,Z,,Z3) = b1h(Z,,Z2,Z3) + boh(Z2,Z3,Z1) — (b1 + b2) h(Z3,Z,,Z>), (2.72)
which proves the proposition. O

PROPOSITION 2.10. The reproductive solution of (2.67) is
2 1 1
f(Z1,2,,Z3) = §]’l(Zl,Zz,Z3) - §h(22,z3,21) - §”L(Z3,Zl,22), (2.73)

where h is an arbitrary complex vector function with values in V.

PROOF. This statement will be proved in the following way. From the general so-
Iution (2.68) we obtain

R(f(Z1,Z5,Z3)) = b1\ f(Z1,Z2,Z3) + by f (Z2,23,Z,) — (b1 + by) f(Z3,Z,,Z>)
=b\f(Z1,22,23) + b2 f(Z2,Z3,Z1)

(2.74)
+ (b1 +b2) [ f(Z1,22,Z3) + f(Z2,23,Z,)]
= (2b1 +b2) f(Z1,Z2,23) + (b1 +2D2) f(Z2,23,Z,).
The condition R(f(Zy,Z,,23)) = f(Z1,Z,,Z3) is satisfied if
b = g b, = —l. (2.75)
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Thus

2 1 1
f(ZI!ZZ!Z3) = gh(Z1,Zz,Z3)—gh(Zz,Zg,Zﬂ—§h(Z3,Zl,Zz) (2-76)

is a reproductive solution of (2.67). O

In a similar way, we can prove that (2.44) has a general solution given by
f(Zl,Zz,Zg) = b[h(zl,22,23) + (1)3]1(22,23,21) + w%h(23,21,22)], (277)

where b is a complex constant and h is an arbitrary complex vector function with
values in V.

Of course, in the last equality we can put b = 1, including the arbitrary constant
in the function h. Also, if we put b, = b, b, = bws, then by virtue of the equality
1+ w3+ w3 = 0 we see that the general solution of (2.44) is of the form (2.68).

On the other hand, it is sometimes convenient to keep this factor. For instance, we
see that the reproductive solution of (2.44) is obtained for b = 1/3, that is,

[h(Z1,22,73) + w3h(Z2,23,Z,) + w3h(Z3,71,Z,)]. (2.78)

W=

f(2,,2,,25) =
Similarly, (2.60) has a general solution given by
f(Z1,Z2,Z3) = h(Z,,Z2,7Z3) + h(Z2,Z3,Z,) + h(Z3,Z,,Z>) (2.79)
and a reproductive solution given by

f(Zl,Zz,Zg): [h(Zl,Zz,Zg)+h(22,23,21)+”L(Z3,Zl,22)], (2.80)

W | =

and (2.62) has a general solution given by
f(Zl,Zz,Zg) = blh(zl,ZZ,Zg) +b2,’l(22,23,21) - ((U%bl +w3b2)h(23,21,22) (281)

and a reproductive solution given by

2 w3
F(20,22,25) = Sh(Z1,22,25) - %h(zz,zg,zl) - SPh(25,2.,22). (2.82)

On the basis of the previous results the following two theorems hold.

THEOREM 2.11. The general solution of the equation
a1f(21,2,,23) + a> f(Z2,23,Z,) +as f(Z3,2,,Z2) = O (2.83)

is given by the following formulas:
(1) f(Z1,22,Z3) =0 ifa;+a>+asz + 0 and (a1 —a»)?+ (a» —az)? +(az—a1)%> # 0;
(2) f(Z1,22,23) = b1h(Z1,22,23) +b2h(Z2,23,Z1) — (b1 +b2)h(Z3,21,Z>) ifa, +az +
a3 = 0and(a; — a2)? + (ax — a3)?® + (a3 — a1)®2 = 0, (in particular,
f(Z1,25,Z3) = h(Z1,22,Z3) + w3h(Z,Z3,Z1) + w3h(Z3,Z1,22) if ai,a2,a;3 are
distinct nonzero numbers);
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() f(Z1,22,Z3) = h(Z,,Z3,Z3) + h(Z2,23,Z,) + h(Z3,2,,Z>); if a, + a2 +a3 = 0
and (a, —az)*+(ax—az)*+ (az—a1)* # 0,
4) ifai1+ax+az=0and (a1 —az)?>+(a>—az)?+(az—ai)? =0, then
(@) f(Z1,22,Z3) = h(Z1,2,,23) ifa; = a> = a3 = 0;
(b) f(Z1,22,Z3) =b1h(Z1,Z2,73) + boh(Z2,Z3,Z1) — (w3b1+w3by)h(Z3,Z1,Z>)
ifa, =a,ws,as =a w%, a, + 0, where h is an arbitrary complex vector function
with values in V.

THEOREM 2.12. Under the assumptions of the previous theorem denoted by (1)-(4),
the general reproductive solutions are given by the following formulas:

(1) f(Z1,Z2,23) = 0O;

(2) @) f(Z1,2>,23) = (2/3)h(Z1,Z,Z3) — (1/3)h(Z2,23,Z,) — (1/3)h(Z3,Z:,Z>) if
ay=az=a3+0;
(b) f(Z1,22,23)=(2/3)h(Z1,Z2,23)— (w3 /3)N(Z2,23,Z1)— (w3 /3)h(Z3,Z1,Z>) if
ai, ap,as are distinct;

(3) f(Z1,22,Z3) = (1/3)[h(Z1,Z2,Z3) + h(Z3,23,Z1) + W(Z3,Z1,Z3)];

4) (@) f(Z1,Z2,Z3) = h(Z,,Z>,Z3);
(b) f(Z1,Z,Z3)=(2/3)h(Z1,Z2,Z3)— (w3 /3)N(Z2,Z3,Z1)~(w3/3)h(Z3,Z1,Z>).

3. Solution of nonhomogeneous functional equations. Next we will give the fol-
lowing results.

THEOREM 3.1. The basic cyclic complex vector nonhomogeneous functional equa-
tion with complex constant coefficients

E(f) = Zaif(ziazi+1,---1zi+n—1) :g(Zl,Zz,---,Zn) (Zn+i = Zi)! (3.1)
i=1

where a; (1 < i < n) are complex constants, has a solution if the right-hand side g
satisfies

9(21,7,...,7y)

g(Zz,Z3,...,Zl)
(AC+1) . =0, (3.2)

g(ZnyZly---;anl)

where A is given by (2.3), C is any nonzero n X n cyclic matrix with complex constant
entries satisfying ACA+ A = O, O is the n X n zero matrix, I is the n X n unit matrix
and O is defined as in (2.7).

If (3.2) holds for some C, then the general solution of (3.1) is given by the following
formula

f(Z1,23,...,2,) h(Z1,Zy,...,Zy) 9(21,75,...,7y)

f(Zz,Zg,...,Zl) h(Zz,Z3,...,Zl) g(Zz,Zg,...,Zl)

=B -C . , (3.3)

f(znyzla---uzn—l) h(ZnaZh---;Zn—l) g(ZYL’ZI)"HZn*I)
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where the nonzero n xn cyclic matrix B given by (2.3) satisfies the condition
AB=0 (3.4)
and h is an arbitrary complex vector function with values in V.

PROOF. By a cyclic permutation of the vectors in (3.1), we get

arf(Z1,Zs,....2n) + ax f(Z2,23,...,21) + - - -+ anf (Zn,Z1,...,Zn_1)

=g(21,22,...,2n),
anf(Zl,Zg,...,Zn) +a1f(22,23,...,21) +:--- +¢1n—1f(znazly---;zn—l)
=9(22,23,...,7,), (3.5)

azf(Zl,Zz,...,Zn) +(13f(22,23,...,21) + - +a1f(Zn,Zl,...,Zn,1)
=g(Zn,Zl,---,Zn—1),

that is, in a matrix form

AF =G, (3.6)
where
f(ZhZZl"'!ZTL) g(ZI’ZZ)"'lZn)
f(Z>,23,...,7,) 9(Z5,73,...,7,)
F= . , G= . (3.7)
f(Znazla---,anl) g(Z'”JZl!"'IZn*l)

Suppose that (3.6) has a solution F and that C satisfies ACA+ A = O. Then
(AC+1)G = (AC+I)AF = (ACA+A)F =0, 3.8)

thatis, (3.2) must be satisfied. Conversely, let (3.2) hold for some cyclic matrix C. Then
—CG is easily seen to be a solution of (3.6)

A(-CG) = -(AC+I)G+IG=1G =G. (3.9)

Now we prove that (3.3) is the general solution of (3.1).
Let f be a solution of (3.1), which we will write in the form

E(f)=g. (3.10)

We denote by fj, the general solution of the equation E(f) = O, and by f, we denote
a particular solution of (3.10).
Then f = fi + fp is the general solution of (3.10). Indeed,

E(fu+fp) =E(fu) +E(fp) = g. (3.11)

On the other hand, let f be an arbitrary solution of (3.10). Then

E(f-fp)=E(f)-E(fp)=9g-9=0, (3.12)
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that is, f — f, is a solution of the associated homogeneous equation. So there exists a
specialization fj, of the expression fj such that

f—fp=fu thatis, f=fu+fy. (3.13)

Thus fj + fp includes all solutions of (3.10).

The general solution of the homogeneous equation E(f) = O given in a matrix
form according to Theorem 2.1 is BH, where B and H are defined by (2.3) and (2.12),
respectively, and a particular solution of the equation E(f) = g in a matrix form is
—CG, then F = BH — CG includes all solutions of the nonhomogeneous equation.

On the other hand, every function of the form (3.3) satisfies the functional equation
(3.1). O

Next we will consider the functional equation
a1 f(Z1,22,23) + ar f (22,23,Zy) + a3 f(Z3,21,22) = g(Z1,Z>,Z3). (3.14)
By a similar procedure as in Section 2 one can prove the following lemma.

LEMMA 3.2. The functional equation (3.14) is equivalent to
) f(Z1,Z2,23) = (1/A)[(af — a2a3)g(Z1,Z2,Z3) + (a5 — ara2) g (Z2,Z3,Z,) + (a5 -
a1a3)g(Z23,21,Z2)] if a1+ ax +az + 0, and (a) — az)* + (a2 — az)? + (as —
a)?+ 0;
(D) f(Z1,22,23) + f(Z2,23,Z21) + f(Z3,21,Z3) = (1/a1)g(Z1,Z22,Z3) if a; = a» =
as =0 or
f(21,25,23) — w3 f(Z2,23,7,)

_a1a2wed (Z1,22,Z5) +atwig (Z2,23,Z1) + a59(Zs, 21, Z>)
3 3
a;—ay
9(21,25,23) —2w39(Zy,25,Z,) +4w39(Z3,Z1,Z5)
9&1

ifa3 + a3,

ifaz =a;ws
(3.15)

ifai+az+az +0,and (a; —a»)?+ (a» —asz)?+ (a3 —a1)% = 0;
(M) f(Z1,Z2,23) - f(Z2,2Z5,Z1) = (1/ (a3 —a3}))[a1a29(Z1,Z2,Z3) + atg(Z2,23,Z;) +
asg(23,21,2,)) ifa; +az +az =0, and (a1 —az)? + (az —az)? + (a3 —a)? # 0;
(IV) O = g(Z1,Z5,Z3) or f(Z1,Z5,Z3) + w3 f(Z2,Z3,Z1) + w5 f (Z3,21,Z,) = (1/ay) X
9(Z1,23,73) ifay +ay+az =0, and (a; —az)? + (az —az)? + (a3 —a1)? = 0.

For each of the above equations we will determine the conditions which must be
satisfied by the function g so that the equation should have a solution.

PROPOSITION 3.3. Equation (3.14) whose coefficients satisfy the conditions
ar=a=az+0 (3.16)
has a solution if and only if the function g satisfies the condition
9(21,25,25) -~ 9(Z>,25,Z,) = O. (3.17)
PROOF. In this case the equation considered is equivalent to the equation

ar[f(Z1,22,Z3) + f(Z2,23,Z1) + f(Z3,21,Z>)] = g(Z1,Z>,Z3). (3.18)
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Since
1
A=a,|1 1 1], (3.19)
1 1

then A% = 3a, A, that is, A(-I/3a;1)A+ A = O, and hence we obtain C = —I/3a;. The
condition ACG + G = 0 reduces to

2 1 1
§g(211221z3)7§g(ZZlZ3yZI)7§g(z3lzlsz2) :0 (3-20)
and (see Lemma 2.7) eventually to (3.17). O

In a similar way, we obtain the necessary and sufficient conditions for solvability of
the other equations. Thus, we obtain the following result.

THEOREM 3.4. The functional equation (3.14) has a solution if and only if the func-
tion g satisfies the following conditions

(1) g(Z1,Z5,23) is arbitrary if a1 +ax +az + 0, (a1 —a2)® + (ax — az)? + (az —
ay)? = 0;

(2) 9(Z1,22,Z3) - g(Z2,Z3,Z1) = O or g(Z1,Z2,Z3) + w3g(Z2,Z3,Z1) + w3g(Zs,
Z1,Z,) =0 ifa,+ar+az 0, and (a1 —a»)?+ (a>—az)?+(az—ai)>=0;

() 9(Z1,2,,Z3) + g(Z,Z3,Z,) + g(Z3,Z,,Z2) = O if a1 +ax +a3 = 0, (a1 —a2)? +
(az—asz)’*+(azs—a1)? #0;

4) g=0o0rg(Z,,75,73) —w39g(Z»,23,Z1) =0 ifa, +ax +az =0, (a; —a»)% + (a» —
a3)2+(a3—a1)2 =0.

Now we will find the general solution for any equation of Lemma 3.2. We will illus-
trate this only for the second equation.

PROPOSITION 3.5. The general solution of the equation

1
S(Z1,Z2,Z3) + f(Z2,23,Z,) + f(Z3,Z,,Z) = a_lg(ZIyZZ,Z3) (3.21)
is given by
f(Z1,25,23) = b1 h(Z1,Z5,Z3) + boh(Z2,23,Z,)

. (3.22)
— (b1 +b2)h(Z3,2,,Z2) + 3—mg(21,22,23),

where h is an arbitrary complex vector function with values in V.
PROOF. The general solution of the corresponding homogeneous equation is

f(Zl,Zz,Zg) = blh(zl,ZZ,Zg) +b2h(22,23,21) - (bl +l92)h(23,21,22). (3.23)

The particular solution of the considered nonhomogeneous equation is

1
f(ZlyZZ!Z3) = Tlllg(zly221z3)- (3-24)
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Thus, the general solution of the given nonhomogeneous equation is

f(Z1,Z5,Z3) = b1h(Z:,Z,,Z3) + by h(Z>,Z3,Z,)
1 (3.25)
_(b1+b2)h(23,21,22)+3—alg(21,22,23). 0
THEOREM 3.6. The general solution of (3.14) in the cases given in Theorem 3.4 is
(1) f(Z1,25,23) = (1/A)[(a% — aza3)g(Z1,22,Z3) + (a3 — a1a2)g(Z2,23,Z1) + (a5 —
a1a3)g(Z3,Z1,Zy)] ifay +az +az #0, and (a, —a,)? + (az —az)* +(az—ai)* # 0;
(2) f(Z1,22,Z3) = bih(Z1,25,23) + byh(Z3,23,Z,) — (b1 + b2)h(Z3,Z1,Z;) +
(1/3a1)g(Z,,Z,,Z3)ifa, = a» = a3 = 0 or
f(ZI;ZZyZ3)
=h(Zl,Zz,Z3)+w3h(22,23,21)+(U§h(Z3,Z1,Zz)
(a2 —2a1a>w6 —asw3) g(Z1,22,73) + w3 (ai —arawe —2a3w3)g(Z2,23,2,)
3(a3—aj)
* if a; # af,
@3 (Z2,23,Z,) ifa, =a,w
3a1g 2,43,41 2 =0a;ws3
(3.26)

ifai+a>+asz =0, and (a, —a»)? + (ar —asz)?+ (a3 —a,)? =0;

(3) f(Z1,22,23) = b1[h(Z1,22,Z3) + h(Z2,23,Z,) + h(Z3,Z1,Z2)] + ((a2 — a1)g(Z,
72,73) + (ay +2a2)g(Z2,23,Z1))/3(a% +aia> +a3) ifa; +ax +az =0, and (a; —
az)*+(az—az)?+(az—a)* +0;

4) f(Z1,22,Z3) = h(Z1,2,23) or f(Z1,Z23,23) = bih(Z1,2,23) + b2h(Z>,Z3,Z;) —
(w%lol +a)3b2)h(23,21,22) + (1/3a1)g(21,22,23) ifal +ar+az=0, and (a1 -
a2)’ +(az—az)? + (a3 —a,)2 = 0.

4. Solution of paracyclic functional equations. Let ¥ be a complex vector space
with complex dimension 7, and let the complex vectors X;, Y; € ¥ (1 <1i,j < n) be
given as above. Throughout this section, %; are constant complex vectors in V" and let
frrmntk oy,

Now we will consider the following paracyclic complex vector functional equation
of the first kind

n
> aif (X, Xist, oo Xion-1,Yi, Yistseo, Yisko1) =0 (Xnsi =Xi, Ynui =Yi),  (4.1)
i-1

where a; (1 <i <mn) are complex constants.
First, we will consider two particular cases for k=1 (n > 1) and k = n.
We determine the general solution of the equation

n
> aif (Xi,Xis1,--, Xisn-1,Yi) = 0. 4.2)
i-1

By a cyclic permutation of the vectors in (4.2), we obtain the matrix system

AF =0, (4.3)
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where
a ax --- an Sf(Xi,., X0, Y1) o
anp ap -+ anp-1 f(Xo,....X1,Y2) 0)
A= . , F= . , 0= (4.4)
az as e a f(Xny---;Xn—lyYn) o

For system (4.3) the following theorem holds.

THEOREM 4.1. The general solution of the functional equation (4.2) is given by for-
mula

F =BH, (4.5)

if AB = O, where A and B are nonzero n X n cyclic matrices given by (2.3), O is the
nxXmn zero matrix and

h(X1,Xo,...,Xn)

h(X2,X3,...,X1)

H= , (4.6)

h(Xp,X1,.., Xn-1)

where h is an arbitrary complex vector function with values in V.
PrROOF. If not all coefficients a; (1 <i <mn) are 0, we can suppose, without loss of

generality, that a; # 0. Then (4.2) is equivalent to the equation

a a
f(xl,...,xn,Yl)?a—‘j (Xz,...,xn,xl,Yz)f---fa—’; (X, X1, Xn-1,Yn).  (4.7)

By putting Y; = €¢; (2 < i < n), where %; are arbitrary complex constant vectors
from V', we obtain

FXy, X, Y1) = —Z—jf(xz,...,xn,xl,%z) e (X X ). (48)

The right-hand side of the last equation depends on Xi,...,X, only. Denote this
expression by h(Xy,...,X,).
Therefore, (4.8) obtains the following form:

FXt, e X0, Y1) = h(Xy,....Xy). (4.9)

Formula (4.9) is the general solution of (4.2) if and only if it holds that
n
> aih(Xi,Xii1,-., Xisn-1) = O. (4.10)
i=1

The above equation is equivalent to the functional equation (2.1), and therefore
Theorem 2.1 holds. Thus (4.5) is true. O
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Now, we will solve the functional equation (4.1) if k = n.

By denoting the pairs (X;,Y;) =Z; (1 <i < n), the functional equation (4.1) takes
the form (2.1), then Theorem 2.1 holds, that is, the general solution is given by F = BH,
where

f(Zl1ZZ""lZn) f(X1!X2!"'1Xn!Y1’Y2!""Y1’l)

B f(Z2,Z5,...,7,) S (X0, X3,...,X1,Y2,Y3,...,Y1)

f(Z‘l’UZl!---azn—l) f(X‘l’th!---1Xn—11Y’l’l]Y11---]Y‘V[—1)

(4.11)
h(X1,Xo,...,Xn,Y1,Y2,...,Yy)
h(X2,X3,...,X1,Y2,Y3,...,Y1)

h(Xnyxly---;Xn—lyYnles---yYnfl)

and B is given by (2.3).
Next, we will consider the case 1 < k < n. To this end, instead of (4.1) we will
consider the equation

alf(xll-'-)X‘Vlle)'--kalYk+ly--'!Yn)
+a2f(X2!"'!anX]JYZY'"lYk!Yk+1l""Yn!Y1) +oee (412)
+a1’Lf(XTLlX1|---!X‘Vl.*le‘l’L!Yly---!YnJrk*lyY‘VH»kl---!Y‘l’L*l) =0.

By a cyclic permutation of the vectors in the last equation, we obtain the matrix
system (4.3), where

f(Xl!"',X‘H.!YI,'"1kaYk+11"'!Yn)

f(X21'"!XTL,XI’YZ!""Yk’Yk+1,"'lYn’Y1)
. , (4.13)

f(XTI!Xl!"'1X’l’l—11Y1’l’Y1!""Yn+k—1aYn+k!""Y1’L—1)

A and O are as in (4.4).
The necessary and sufficient condition for system (4.3) with (4.13) to have nontrivial
solution is det A = 0. Since det A is cyclic, then its value is

n-1
detA =[] E(s), (4.14)
i=0

where ¢€; (0 <i<n-1) are distinct roots of the binomial equation
b(x)=1-x"=0. (4.15)

Therefore, (4.12) has nontrivial solutions if and only if the characteristic equation
E(x) =a; +axx+---+ayx™! =0 has common roots with the binomial equation
b(x) =1—x" = 0. If this is so, we can write E(x) = P(x)D(x), b(x) = D(x)F(x),
where D(x) is the greatest common divisor of the polynomials E(x) and b(x).
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The general solution of (4.12) is given by formula

S(X1, e X, Y1, Yi, Y1y oo, Ya)
=bih(Xy,....Xn, Y1, . Y, Yini1,. .., Y)
+boh(Xo, .o, X0, X1, Y2, 0, Yo, Yoo, Yo, Y1) 4 -
+ D (X1, s X, X1y o s X6, Yo 1y ooy Yimass Yimase 1o oo os Y, Y1,..., Ys),

(4.16)

where the complex numbers b; (1 <i < s+ 1) are coefficients of the polynomial
b1+b2X+'--+b5+1XS:F(X). 4.17)

The functional equation (4.1) will be called reduced equation of (4.12). Now we will
prove the following result.

THEOREM 4.2. Every function f given by

FXtyee X, Y1, Yn) = Brh(Xese oo X, Yooy Yon)
+bzh(XZ!---,X‘VlyxllYZ,---va+l) (418)
o +hS+lh(XS+ll---!X‘Vlyxly---lelYS+l!---me+S)y

satisfies (4.1), wherem = k—s fork > s, h(Xy,...,Xn,Ys,...,Y,) is an arbitrary complex
vector function with values in V' and if k — s < 0, then h is an arbitrary complex vector
function only of Xi,...,X, with values in the same space V.

PROOF. We should prove that f = F(h) is a solution of (4.1), where h is an arbitrary
complex vector function with values in .
Indeed, we have

D(f)=D(F(h)) =b(h) =0, (4.19)

from where it follows that E(f) =P(D(f)) =0, which we were required to prove. [

Next, we will solve the functional equation
alf(X11X21X3!YlyY2) +a2f(X2!X3!X17Y21Y3) +a3f(x31X11X21Y3!Y1) = O' (4-20)

By a procedure similar to that in the first section, we may prove the following lemma.

LEMMA 4.3. The functional equation (4.20) is equivalent to the equation
@ f(Xl,Xz,Xg,Yl,Yz) =0 if ar+ax +asz =0, (a; — a2)2 + (ap — OL3)2 + (az —
a)?+ 0;
am  f(X1,X2,X3,Y1,Y2) + f(X2,X3,X1,Y2,Y3) + f(X3,X,X2,Y3,Y)) = O or
f(Xl,X2X3,Y1,Y2) 7w3f(X2,X3,X1,Y2,Y3) =0 ifa1 +apy+as + 0, and (a1 —
az)’ +(az—az)?*+(az—a1)* = 0;
) f(X1,X2,X3,Y1,Y2) — f(X2,X3,X1,Y2,Y3) =0 ifay +ax +az = 0, (a; —a»)* +
(az—asz)*+(az—a1)? +0;
(IV) O=0or f(Xl,Xz,Xg,Yl,Yz) + a)3f(X2,X3,X1,Y2,Y3) + (U%f(X3,X1,X2,Y3,Y1)
=0ifai+ax+az=0,and (a1 —a)?+(ax —az)?+(az—a)% = 0.
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PROPOSITION 4.4. The functional equation
f(X1,X2,X3,Y1,Y2) — f(X2,X3,X1,Y2,Y3) =0 (4.21)
has a general solution
F(X1,X2,X3,Y1,Y2) = h(X1,X2,X3) + h(X,X3,X1) + h(X3,X1,X0), (4.22)

where h is an arbitrary complex vector function of the variables X1, X,, X3 with values
inv.

PROOF. The given equation may be written in the following form:
S (X1,X2,X3,Y1,Y2) = f(X2,X3,X1,Y2,Y3). (4.23)

The left-hand side of the equation is independent of Y3 and the right-hand side is
independent of Y, so we have

S (X1,X2,X3,Y1,Y2) = F(X1,X2,X3,Y2), (4.24)
f(X2,X3,X1,Y2,Y3) = F(X1,X2,X3,Y2). (4.25)

On the other hand, from (4.24) we find
f(X2,X5,X1,Y2,Y3) = F(X2,X3,X1,Y3), (4.26)
thus we have
F(X1,X2,X3,Y2) = F(X2,X3,X1,Y3). (4.27)

Since the left-hand side of the above equation is independent of Y3 and the right-
hand side is independent of Y, we obtain

F(X1,X2,X3,Y2) = G(X1,X2,X3). (4.28)
On the basis of equality (4.28), formula (4.24) becomes
f(X1,X2,X3,Y1,Y2) = G(X1,X2,X3). (4.29)
Formula (4.29) gives a solution of the equation if and only if
G(X1,X2,X3) - G(X2,X3,X1) = O, (4.30)
whose general solution is given by
G(X1,X2,X3) = h(X1,X2,X3) + h(X2,X3,X1) + h(X3,X1,X0). (4.31)
Therefore, the general solution of the equation is

S(X1,X2,X3,Y1,Y2) = h(X1,X2,X3) + h(X2,X3,X1) + h(X3,X1,X0). (4.32)
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On the basis of the previous results, the following theorem holds.

THEOREM 4.5. The general solution of the equation
arf(X1,X2,X3,Y1,Y2) + ax f (X2,X3,X1,Y2,Y3) +azf(X3,X1,X2,Y3,Y) =0 (4.33)

is given by the formulas

(1) f(X1,X2,X3,Y1,Y2) =0 ifay +ax+asz =0, and (a; —az)? + (ax —az)? + (az —
ay)? +0;

(2) f(X1,X2,X3,Y1,Y2) = h(X1,X2,X3,Y1) — h(X2,X3,X1,Y2) or f(X1,X2,X3,Y1,Y2)
= ]’l(Xl,Xz,X3) +w3h(X2,X3,X1) +(,U§]’L(X3,X1,X2) if&ll +ay+as + 0, and (lll —
az)?+(az—az)*+(az—a)* = 0;

(3) f(X1,X2,X3,Y1,Y2) = h(X1,X2,X3) + h(X2,X3,X1) +h(X3,X1,X2) ifar +az+az =
0, (a1 —a2)? + (az —az)* + (a3 —a,)* # 0;

(4) f(Xl,Xz,Xg,Yl,Yz) = h(Xl,Xz,Xg,Yl,Yz) or f(Xl,Xz,X3,Y1,Y2) = h(Xl,Xz,
X3,Y1) - a)gh(XZ,Xg,Xl,Yz) if a+ay+asz = 0, and (al - a2)2 + (612 - 613)2 +
(az —a1)? =0, where h is arbitrary complex vector function with values in V.

ACKNOWLEDGEMENT. [ wish to express sincere thanks to Prof. V. Covachev (Insti-
tute of Mathematics, Bulgarian Academy of Sciences). His suggestions and remarks
have been of much assistance in the preparation of the paper.

REFERENCES

[1] L B. Risteski, Solution of a class of complex vector linear functional equations, Missouri J.
Math. Sci. 13 (2001), no. 3, 195-203.

[2] L B. Risteski and V. Covachev, On some general classes of partial linear complex vector
functional equations, SUT J. Math. 36 (2000), no. 2, 105-146.

ICE B. RISTESKI: 2 MILEPOST PLACE # 606, TORONTO M4H 1C7, CANADA
E-mail address: iceristeski@hotmail.com


mailto:iceristeski@hotmail.com

