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For analytic functions f(z) = zP + ap+1zl”+1 + - - - in the open unit disk U and a polynomial
Q(z) of degree n > 0, the function F(z) = f(z)[Q(z)]#/" is introduced. The object of the
present paper is to determine the radius of p-valently strongly starlikeness of order y for
F(z).
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1. Introduction. Let s, (p is a fixed integer = 1) denote the class of functions f(z)
of the form

f@)y=z"+ > arz* (1.1)
k=p+1

which are analytic in the open unit disk U= {z € C: |z| < 1}. Let Q denote the class of
bounded functions w(z) analytic in U and satisfying the conditions w(0) = 0 and
lw(z)| = |z|, z € U. We use ? to denote the class of functions p(z) = 1+c1z +
cpz%+ --- which are analytic in U and satisfy Rep(z) > 0 (z € U).

For0 = x < pand |A| < 1m/2, we denote by 9’@ (xx), the family of functions g(z) € s,
which satisfy

zg'(z) _pt {2(p—w)e N cosA—plz

9(2) -2 zel, (1.2)

where < means the subordination. From the definition of subordinations, it follows
that g(z) € s, has the representation

zg'(z) p+{2(p-wePcosA-plw(z)
= , (1.3)
g(z) 1-w(z)

where w(z) € Q. Clearly, 8"2 () is a subclass of p-valent A-spiral functions of order
«. For A = 0, we have the class 9;(00, 0 = « < p, of p-valent starlike functions of
order «, investigated by Goluzina [5].

A function f(z) € s, is said to be p-valently strongly starlike of order y,0 <y =1,
if it satisfies

‘arg{zf,(z)H ggy. (1.4)
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Basgoze [1, 2] has obtained sharp inequalities of univalence (starlikeness) for certain
polynomials of the form F(z) = f(z)[Q(z)]#/", where B is real and Q(z) is a polyno-
mial of degree n > 0 all of whose zeros are outside or on the unit circle {z:|z| = 1}.
Rajasekaran [7] extended Basgoze’s results for certain classes of analytic functions of
the form F(z) = f(z)[Q(z)]#/". Recently, Patel [6] generalized some of the work of
Rajasekaran and Basgoze for functions belonging to the class Sf’g (). That is, deter-
mine the radius of starlikeness for some classes of p-valent analytic functions of the
polynomial form F(z).

In the present paper, we extend the results of Patel [6]. Thus, we determine the
radius of p-valently strongly starlike of order y for polynomials of the form F(z) in
such problems.

2. Some lemmas. Before proving our next results, we need the following lemmas.

LEMMA 2.1 (see Gangadharan [4]). For|z|=v <1, |zx| =R > 7,

2 R

= RZ_E (2.1)

z T
z—zx R2-72

LEMMA 2.2 (see Ratti [8]). If ¢p(z) is analyticin U and |p(z)| =1 for z € U, then for
Izl =7 <1,

IIA

(2.2)

’2¢>'(2)+¢>(2) ‘ 1
1+z¢(2) 1-v'

LEMMA 2.3 (see Causey and Merkes [3]). If p(z) =1+c1z+coz+--- €P, then for
Izl =7 <1,

zp'(z) 2r
p2) | S 1-r2 (2.3)
This estimate is sharp.
LEMMA 2.4 (see Patel [6]). Suppose g(z) € 9’;(0(). Then for |z| =v <1,
’ _ iAgy2 —
zg'(z) _( 2(p —o)etr cos?\)‘ < 2(p a)rcos?\. 2.4)
g(z) 1-72 1-72

This result is sharp.

LEMMA 2.5 (see Gangadharan [4]). IfR,; =Re(a)sin((1r/2)y)—Im(a)cos((1t/2)y),
Im(a) z 0, then the disk |w —a| = R, is contained in the sector |argw| = (11/2)Yy,
O<y=1.

3. Main results. Our first theorem is the following one.
THEOREM 3.1. Suppose that
F(z) = f(z) Q@)™ 3.1)

where B is real and Q(z) is a polynomial of degree n > 0 with no zeros in |z| < R,
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Rz 1.1If f(z) € d, satisfies

1/8
Re (M> >0, 0<6=1,zel, (3.2)
g(z)
g(z)
Re[h( )]>0, zel, (3.3)

for some g(z) € A, and h(z) € Ef’i‘,((x), then F(z) is p-valently strongly starlike of
order y in|z| < R(y), where R(y) is the smallest positive root of the equation

74[(p+3)sin<%y) +2(p — &) cosAsin (A*%Y)]

3[IBIR+2(p — ) cosA+2(5+1)]
(3.4)

—1’2[(10(1 +R?) +,8)sin(E

> y) +2(p — ®)R?cosAsin (A— gy)]

—7[IBIR+2(p — x)R*cosA+2(5+1)R?] + pR? sin(%y) =0.

PROOF. We choose a suitable branch of (f(z)/g(z))'/? so that (f(z)/g(z))'/? is
analytic in U and takes the value 1 at z = 0. Thus from (3.2) and (3.3), we have

F(2) = pl(2)p2h(2)[Q(2)]"", (3.5)
where pj(z) € ® (j =1,2).
Then
zF(2) _szpi(2)  zps(2)  zh(2) B
Fz) °pi@ p@  h Z z-zi 5.6)
Since h(z) € #5 (), by Lemma 2.4, we have
zh'(z2) 2(p —x)e*r2cosA ‘ 2(p — x)r cosA
nz) *< * 112 ) =T o2 3.7)
Using (3.6) and (3.7) with Lemmas 2.1 and 2.3, we get
zF'(z) ( 2(p—oe*r?cosA  Br? ) ‘
— 2 2_
F(z) 1-7r R 3.8)
2{(p—)rcosA+r(5+1)} . |BIRY
- 1-72 R2—72’

Using Lemma 2.5, we get that the above disk is contained in the sector |argw| <
(1r/2)y provided the inequality

2{(p—o)rcosA+r(5+1)} . |BIRY

1-72 R2—72
2(p—x)r2cos?A Br? ) . (T!' )
< _
_(p+ 1,2 RZ_2 sin Zy (3.9)

2(p—x)r?sinAcosA (17 )
- co

1-7r2 s 53/
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is satisfied. The above inequality is simplified to T(+) = 0, where

T(r)= 74[(,0—2(1) - x)cos?A+B) sin(%y) +(p — ) sin2A cos (gy)]

r3[IBIR+2(p— ) cosA+2(5+1)]
72 (-pR2 = p 200 - 0R? cos? A~ B sin (Ty) - (p — coR?sim2ncos (T )]

—7[IBIR+2(p— ®)R?cosA+2(5 +1)R?] +pstin(%y>_
(3.10)

Since T(0) > 0 and T(1) < 1, there exists a real root of T(r) =0in (0,1). Let R(y) be
the smallest positive root of T(#) = 01in (0,1). Then F(z) is p-valent strongly starlike
of order y in |z| < R(y). O

REMARK 3.2. For R =1 and y = 1, Theorem 3.1 reduces to a result by Patel [6].

THEOREM 3.3. Suppose that F(z) is given by (3.1). If f(z) € s, satisfies (3.2) for
some g(z) € 9’;(0(), then F(z) is p-valently strongly starlike of order y in |z| < R(y),
where R(y) is the smallest positive root of the equation

y) +2(p—«)cosAsin </\— Ey)]

1f4[(;9+[3)sin<E 5

2
3[IBIR+2(p — ) cosA +26]

, , - , - (3.11)
—TZ[(p(l +R?) +B)sin(§y> +2(p — x)R?cosAsin ()\— Ey)]
—7[IBIR+2(p — ®)R?cosA +26R?] + pR? sin(%y) =0.

PROOF. If f(z) € o, satisfies (3.2) for some g(z) € Efg((x), then

(3.12)

zF’(z)iézp’(z) zg'(z) BZ z
F(z) p(z) 9z mnZz-zi

Using Lemma 2.4, we get

, _ iA,2 _
zg (Z)_< Jr2(;9 x)etr COSA>‘§2(p (x)rcos?\. (3.13)

g(z) 1-72 1-72

By (3.12) and (3.13) with Lemmas 2.1 and 2.3, we have

zF’(z)_( 2(p—x)e*r?cosA  pr? )’
F(z) 1-72 R2 -

_2{(p-—x)rcosA+7rd}  |BIRr
< T2 t R 2

(3.14)

The remaining parts of the proof can be proved by a method similar to the one
given in the proof of Theorem 3.1. O

WithA=0,8=0,6=1,R=1,and y = 1, Theorem 3.3 gives the following corollary.
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COROLLARY 3.4. Suppose that f(z) is in slp. If Re(f(z)/g(z)) > 0 for z € U and
g(z)e 9’;’;(0(), then f(z) is p-valently starlike for

Iz < P . (3.15)
(p+1-0)+ 2 -2x+2p+1
THEOREM 3.5. Suppose that F(z) is given by (3.1). If f(z) € A, satisfies
53" 51 poin(3y)
‘(g(z) 1/<1, 0<6=1, p sin 2y >0, (3.16)
g(z))
Re(—h(z) >0, zelU 3.17)

for some g(z) € A, and h(z) € 8’?,(0(), then F(z) is p-valently strongly starlike of
order y in|z| < R(y), where R(y) is the smallest positive root of the equation

7’4[(]0+B) SiIl(g}/) +2(p7(x)cosx\sin(?\f gy)]

+73[|BIR+2(p — &) cOSA+2 + 6]
(3.18)

—1’2[(79(1 +R?) +B)sin<gy> +2(p — ®)R?cosAsin (A— %y) +6]
—7[IBIR+2(p — x)R?*cosA +2(5 +1)R?] +pstin<%y> —S8R?=0.

PROOF. We choose a suitable branch of (f(z)/g(z))'/? so that (f(z)/g(z))'? is
analytic in U and takes the value 1 at z = 0. From (3.16), we deduce that

f(2)=g(2)(1+w(2)°, w(z) eQ. (3.19)

So that
F(2) = p(2)h(2)(1+2$(2))°[Q(2)]"", (3.20)

where ¢(z) is analytic in U and satisfies |¢p(z)| =1 and p € P for z € U.
We have

zF'(z)  zh (2)  zp'(2) zp'(2)+p(2)\ B - z
F(z) ~ h(z) * p(2) +6( 1+z¢p(z) >+nk§12—zk (3.21)
Using Lemma 2.4 and (3.21), we have
zF'(2) ( 2(p — x)elrr? cos)\) ‘
F(z) 1-7r2 (3.22)

< 2{(p—o)rcosA+r}+56(1+71) N |BIRY .
1-72 R2—7?

So, using Lemma 2.5 and (3.22), the result can be proved by using a method similar
to the one given in the proof of Theorem 3.1. |
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THEOREM 3.6. Suppose that F(z) is given by (3.1). If f(z) € s, satisfies (3.16) for
some g(z) € Ef’g((x), then F(z) is p-valently strongly starlike of order y in |z| < R(y),
where R(y) is the smallest positive root of the equation

74[(}9+B)Sin<g)’) +2(p — &) cosAsin <?\*%Y>]

+73[|BIR+2(p — x) cosA + 8]

_TZ[(p(1+R2) +B)sin(gy> +2(p — )R?cosAsin ()\— %y) +5] (3.23)

—7[IBIR+2(p — x)R%>cosA + 6R?] + pR? sin(gy) —S8R%>=0.

PROOF. We choose a suitable branch of (f(z)/g(2))'/° so that (f(z)/g(2))'/? is
analytic in U and takes the value 1 at z = 0. Since f(z) € s, satisfies (3.16) for some
g(z) € #3(x), we have

F(2) =g(2)(1+z¢(2))[Q2)]", (3.24)

where ¢(z) is analytic in U and satisfies the condition [¢(z)| = 1 for z € U. Thus,
we have

ZF'(z) _zg'(2) (29" (2)+P(2)\ B~ =z
F(z)  g(z) +6( 1+z¢(2) >+nk§‘12—zk' (3.25)
Using Lemma 2.4 and (3.25), we get
ZF'(2) 2(p —x)err2cosA
F(z) ( L=r ) (3.26)
< 2(;970()1fcosi\+6(l+r)+ |BIRY
- 1-r2 R2—72"

Using Lemma 2.5 and (3.26) and a method similar to the one given in the proof of
Theorem 3.1, we complete the proof of the theorem. |

REMARK 3.7. Some of the results of Patel [6] can be obtained from Theorem 3.6 by
takingR=1and y = 1.
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