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ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF A DISCRETE
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By means of Bihari type inequalities, we derive sufficient conditions for solutions of a dis-
crete reaction-diffusion equation to be bounded or to converge to zero. Asymptotic repre-
sentation of solutions are also derived. Our results yield estimates and explicit attractive
regions for the solutions.
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1. Introduction. Discrete reaction-diffusion type partial difference equations have
recently been introduced by a number of authors as models for the study of spatio-
temporal chaos (cf. [4]). Stability criteria have also been derived for such equations,
which involves two-level (see [2]) as well as three-level processes (cf. [3]). Besides, the
question of stability and asymptotic representation of solutions of such difference
schemes are also of fundamental importance. In this paper, we study nonlinear two-
level partial difference equations and, by means of comparison theorems, we derive
sufficient conditions for the solutions to be bounded or to converge to zero. Further,
asymptotic formulae for the solutions of the above equation are obtained. We want to
point out that our results compare favorably with results in [1, 2], basically because
their main results are valid only for linear or sublinear perturbations. Besides, our
results are new and do not overlap with those in [1, 2].

2. Preliminary facts. Let R be the set of reals and N the set of nonnegative integers.
Consider a discrete reaction-diffusion equation of the form

u™ = au? +pul’ +cul’ + gV +F(i,j,u<1)), (2.1)

i

where i = 1,2,...,n; j € N; a,b,c eR; g = {gij)} is a real function defined for i =
1,2,...,nand j € N, and F is a real function. We will also assume that side conditions

u(()j):hje[R, jeN,
ulli=a;eR, jeN, (2.2)
uio)z'rie[l&, i=1,2,...,n,

are imposed. Let

Q={(,j)i=0,1,....,n+1; j €N} (2.3)
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A solution of (2.1) and (2.2) is a discrete function u = {u(j)}(ij)eg which satisfies the
functlonal relatlon (2.1) and also the side conditions (2.2). If we put u) = Col(u(J )
u(ZJ ) ) and T = col(Ty,...,Tn), then the sequence {ul }30:0 will satisfy the two-

term Vector equatlon
ut = AuD + £+ F(j,u"), jeN, (2.4)

subject to the initial condition

u® =1, (2.5)
where
[ b c 0 ]
a b c 0
Ao 0 a b c 0 ,
PR PR PR - .. PR - .. (2.6)
L 0 - . 0 a b )

fj*(gij), ,giﬂ'))+Col(ahj,0,...,0,cqj),
F(j,x) =col(F(1,j,x1),....F(n,j,xn)).

Conversely, if {u(f)}"" isa solution of (2.4) and (2 5) then by augmenting eachu') =

Col(u(J) ) with the terms u =h; and un+1 =g, to form {uo ,u% ), ,u;j),

U, +1} we see that the resulting family forms a solution of (2.1) and (2.2).

THEOREM 2.1 (see [5]). LetB = (bij)nxn be areal matrix and p (B) its spectral radius.
Then, there exists a constantT = 1, such that |Bt|| <T'(p(B))! fori e N.

We will use the following theorem which gives an explicit estimate for a function
u = u(m) which satisfies the functional inequality

p m-1
u(m)sc+zz i(Hwi(u(j)), meN, (2.7)

where (G1) ¢ = 0, p is a positive integer, (G2) A1,Az,...,A, are nonnegative sequences
in ¢1 (N), where £;(N) is the set of all absolutely summable real sequences defined
on N, and (G3) the functions w;, 1 < i < p, are continuous on [0,o) and positive
on (0,0), such that w;;,/w;, 1 <i < p—1, are nondecreasing on (0, ).

To this end, we need to define

u

Wi(u):Li wi(s)ds’ u>0,u;>0,1<i<p, 28

Yi(u) =W, N (Wi(w) + o),

with «y,...,xp € R, and @o(u) =u, @; =¥o¥i_jo---o¥; forl <i<p.
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THEOREM 2.2 (see [6, 7]). Under the conditions (G1), (G2), and (G3), if u = {u(m)}men
is a nonnegative sequence which satisfies (2.7), &; = Z;‘;O Ai(j),andc < cp;1 (00), then

m-1
u(m) <w,! (W,,,((p,,_l(c)) + > Ap(k)>, meN, (2.9
k=0

and u(m) < @,(c) formeN.
We remark that if

© ds
1 wi(s)

o, l<i<p, (2.10)
holds, then the same conclusion u(m) < @, (c) is valid for all ¢ > 0. If the dual con-
dition

U ods
0+ wi(s)

0, l=<i<p, (2.11)

holds, then the same conclusion u(m) < @, (c) is valid if ¢ is small enough.

EXAMPLE 2.3. Let w;(u) =u" fori=1,2. Then

ul i+ x; (1 -mn; 71”"*”, n;e (0,1)u (1, ),
o) =1L i(1=n)] t€(0,1)u(l ) 2.12)
U exp «;, ni=1,
for i = 1,2. Thus, for n; = 1, @ = ¥, o ¥; takes the form
@) = {[ut™ + o (1-ny)] "2 MY L (1-mp) 2D, (2.13)

Moreover, since \I'fl (u) = Wi’1 [W;(u) —x;], @ 1(u) is obtained from (2.13) by replac-
ing o; with —«;. Thus, for n; > 1, @ (u) is defined for all u < =1 (), where

(nz-1)/(n1-1)

@ (00) = {[or (1~ 1)] + o (np—1)) 1Y, (2.14)

For the case n; =1 < np, we get

@) =[(ue)' ™+ xp(1-np)] M"Y
_ e (2.15)
:ueo(l|:1+0(2(1_n2)(ueo(1)1’l2—1:| 1/(ny 1),
which is defined for
u<<p‘1(oo)=[(x2(n2—1)]_”("2_1), (2.16)
and if n; <1 =ny, then
@) =e[ul ™ + oy (1-ny)] MY (2.17)

is defined for u < @1 (o0) = (o).
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3. Boundedness. Now, we can establish our boundedness criteria.

THEOREM 3.1. Assume that

p
IFGl = X Mhwi(lxll), jeN, (3.1)
1=1
for all x € R", where wy,...,w), satisfy condition (G3), and A,...,A, are nonnegative
sequences in 1 (N). In addition, suppose 3 ;_o |l fxll < o0, p(A) = p <1, and ||At|| <Tp?
for i € N. If there exists a constant d > 0 such that

Zm(k)<1j L ds, 1<l<p, (3.2)
P oy @ wils)

and T (Tl + X g0 Il fxll) < d, then all solutions of (2.4) are bounded.

PROOF. By inductive arguments, it is easily seen that the unique solution {u'/}%,
of (2.4), subject to u® = 1, satisfies

j-1 j-1
ul = AT+ Y AL A Y ATRLE(ku®), jeN. (3.3)
k=0 k=0

Thus, in view of Theorem 2.1 and our assumptions,

Jj-1 p j-1
| <Tpl It +T D> pI K| fie|[+T D D pi %I o wi (J[u®]]),  (3.4)
k=0 1=1k=0

where T is some positive number greater than or equal to 1. Put v (j) = ||[u/|| for j € N.
Then

) p j-1
v() <TITI+T X 1Al +T X > Ak wi (v (k)
k=0 1=1k=0
. (3.5)
p j-1
<d+T> > Mkwi(v(k)).
1=1k=0
So, by Theorem 2.2, we obtain
j-1
v(j)swp1<wp(<pp1(d))+r22\,,(k)), jeN. (3.6)
k=0

Inequalities (3.2) show that this estimation is valid for all j € N, and that the function
in the right-hand side is bounded, in fact,

w,! (Wp(q)pl(d)) +I > Ap(k)> <@,(d). (3.7)
k=0
Hence,
v(j) =@p(d); JEN, (3.8)

concluding the proof. |
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REMARKS. (a)If jf"(l/wl(s))ds = o0, 1 <[ < p, then conditions (3.2) of Theorem 3.1
are satisfied for all d > 0.

(b) If fol L (I/wi(s))ds = o, 1 <1 < p, then there always exists a small d satisfying
conditions (3.2) of Theorem 3.1.

(o) If fol+(1/wl(s))ds < 0,1 <1< p, then the inequality >3 A (k) > [y (1/w,(s))ds
for some [, 1 <[ < p, implies that there is no d > 0 satisfying (3.2). In every case, the
biggest d satisfying conditions (3.2) is d = cp;l (00).

Thus, we can establish the following corollary of Theorem 3.1.

COROLLARY 3.2. (A) If [["(1/w;(s))ds = o, 1 < | < p, holds, then the result of
Theorem 3.1 is valid for all solutions.

B) If fol+(1/wl(s))ds = o0, 1 <1 < p, holds, then the statement of Theorem 3.1 is
valid for all solutions of (2.4) such that T (|[u'Q || + X7, Il fx|l) is small enough, namely,
T+ 250 1fil) < @, ().

COROLLARY 3.3. Suppose that

14
IFGL 20l < X A lxl™,  jeN, (3.9)
1=1
wheren; = 1,1 <i<p andA,,...,A, are positive sequences in £, (N). Then, the state-
ment of Theorem 3.1 is valid for all sufficiently small positive d.

REMARK 34. If 0<n; <1,1 <i<p,in (3.9), then the statement of Theorem 3.1
remains valid for all d > 0, and consequently for all solutions of (2.4).

THEOREM 3.5. Suppose that the function F = F(j,x) satisfies (3.9), where
(I) the functions w;, 1 <l < p, satisfy conditions (G3), and for any 1,1 <1 < p,
there is a function v; defined on (0,0) such that w;(xu) < r(«)wi(u) for
x=>0,u=0;
(1) the functions A;, 1 <L < p, satisfy >pop % A1 (k)11 (p*) < oo;
(IN) there is a constant d > 0 such that

ds
wi(s)’

S ok ton(eh) < 2 | 1<l<p; (3.10)
P o @

V) Srop Xl fell < 0. If p(A) = p < 1 and ||Al|| <Tp! fori € N, then any solution
u') of (2.4), such that T(| Tl + >r_op * VI fkl) < d, converges to zero, as

J— .
Indeed, it suffices to proceed in a way similar to the proof of Theorem 3.1, thus we
omit it.

COROLLARY 3.6. Suppose that

14
IFGG,200 < D A lixI™,  jeN, (3.11)
=1

where n; =1, 1 <1i<p and the sequences Ay, ...,A, satisfy

p kA=) A (k) <00, 1=l<p. (3.12)

Me

k

0
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Further, suppose that there exists a constant d > 0 such that

(@ (d))' ™™

, I<l<p. (3.13)
1-m P

Z p~KI=m) LA (k) < %
k=0

Then the statement of Theorem 3.5 is valid for all sufficiently small positive d.

REMARK 3.7. We want to point out that ¢, (d) and @, 1(0) can be explicitly cal-
culated (see Section 2, Example 2.3), and consequently, we can show the radius of
attraction for bounded and convergent to zero solutions (see [6]).

4. Asymptotic representation. In this section, our objective is to obtain asymptotic
formulae for the solution of discrete reaction-diffusion equations of the form (2.1), but
under the additional conditions uf)j) =0= u,(fll; jeNand gij) =0foralli=1,2,...,n;
jEeN.

By iteration and induction, it can be proved that the unique vector solution {u‘/’ };’.":0
of the reduced equation

u ) = AuD 4 F(j,u?); jeNn, 4.1)

subject to u© = T, satisfies

j-1
ul = Al + Y AIKIE(ku), jeN. (4.2)
k=0

THEOREM 4.1. Assume that ||F(j,x)|l < A(J)w(l|lx|), for all x € R™ and j € N,
where w : [0,00) — [0,00) is a continuous, positive, and nondecreasing function on
[0, ). Further, suppose that A € £1(N), and there exists a constant d > 0 such that

l *© ds
Capr w(s)

> Ak) < (4.3)
k=0

If p(A) = p <1, and |At|| < Tp' for all i € N, then corresponding to each bounded
solution of (4.1) there is zog € R"™ such that u'’) = Aizy+06(1), as j — o, where 6(1)
represents a vector function of j which is bounded at infinity.

PROOF. From Theorem 3.1, we infer that all solutions u) of (4.1), such that T'|[u@ ||
< d, are bounded. On the other hand, we have

j-1 j-1
ZAJ'—k—lF(k’u(k)) < erj*kfl/\(k)w(nu(k)m
k=0 k=0

(4.4)

Jj-1 ©
<Tw(K) > A(k) <Tw(K) > A(k),
k=0 k=0

where K > 0 is a constant such that |[u/)|| < K, for j € N. Then, for every solution u
of (4.1), we see that the solution v of equation

vt = Ay, jeN, (4.5)
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given by
j-1
v =) — Z AR (e, u®), (4.6)
k=0
has the property
u(j):v(j)_;’_o'(l), asj_.oo_ (47)

Moreover, if v is a solution of (4.5), then there is zy € R" such that

v = Az, (4.8)

Therefore,
u = Alzg+6(1), asj— oo. (4.9)
O

REMARK 4.2. In Theorem 4.1, we assume that || 7] is small enough so that W (0") =
—oo, Where

u

W(u)=J ﬂ, u >0, ug >0, (4.10)
up W(s)

in order that W~! has meaning, that is, the inverse function W~1(v) is defined for
v € (0,6p), for 5o small enough.

COROLLARY 4.3. (I) If (2.10) holds, then the result of Theorem 4.1 is valid for every
solution of (4.1).

(ID) If (2.11) holds, then the result of Theorem 4.1 is valid for every solution u'’ of
(4.1), such that T||u | < @, ().

A more precise asymptotic formula is given in the following theorem.

THEOREM 4.4. Under the hypotheses of Theorem 4.1, if in addition,

-1
> AR (R u®) — 0, asj— oo, (4.11)
k=0

then

u(j)=Aj'Z()+0(1), aSj—»oo_ (4.12)

THEOREM 4.5. Under the hypotheses of Corollary 4.3(I). Suppose that ®(j, jo) =
Ai=Jo: j > jo, satisfies

[[@'(i+1,00F(j,®(j,002)]| = A(Hw(lzll), (4.13)

for j €N and z € R"; and A € £1(N). Then, for every solution u'’) of (4.1), with |u'?||
small enough, there is zo € R™, such that

u(j)zAj|:ZO+O(Z)\(l))j|l as j — oo. (4.14)

0=
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PROOF. Making u') = ®(j,0)z(j) in (4.1), we get

j-1
z(j) =T+ > AKTF(k,A*z(k)). (4.15)
k=0

The rest of the proof follows by arguments similar to those in the proof of Theorem
4.1, so we omit it. O
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