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PERIODICITY IN DISTRIBUTION.
I. DISCRETE SYSTEMS

A. YA. DOROGOVTSEV

Received 5 January 2001 and in revised form 1 October 2001

We consider the existence of periodic in distribution solutions to the difference equations
in a Banach space. A random process is called periodic in distribution if all its finite-
dimensional distributions are periodic with respect to shift of time with one period. Only
averaged characteristics of a periodic process are periodic functions. The notion of the
periodic in distribution process gave adequate description for many dynamic stochastic
models in applications, in which dynamics of a system is obviously nonstationary. For
example, the processes describing seasonal fluctuations, rotation under impact of daily
changes, and so forth belong to this type. By now, a considerable number of mathematical
papers has been devoted to periodic and almost periodic in distribution stochastic pro-
cesses. We give a survey of the theory for certain classes of the linear difference equations
in a Banach space. A feature of our treatment is the analysis of the solutions on the whole
of axis. Such an analysis gives simple answers to the questions about solution stability of
the Cauchy problem on +o0, solution stability of analogous problem on —oo, or of exis-
tence solution for boundary value problem and other questions about global behaviour of
solutions. Examples are considered, and references to applications are given in remarks
to appropriate theorems.

2000 Mathematics Subject Classification: 34-02, 34F05, 34K50, 60-02, 60H10, 37155, 93E03.

1. Bounded and periodic solutions of difference equations. In this section, we
construct an explicit representation of bounded or periodic solutions for abstract de-
terministic linear difference equation with a constant or periodic operator coefficient
and bounded or periodic input. Then, general linear difference equations are studied
too. The existence of bounded and periodic solutions is present for some difference
equations with Lipschitz type nonlinearity and for the equation of Riccati type. Sta-
bility of solutions under bounded perturbation of operator coefficients is considered.

1.1. Notations. Let (B,] - ||) be a complex Banach space with a zero element 0 and
%(B) be a Banach algebra of all continuous linear mappings A : B — B with a unity
element I and zero element ©.

For an operator A from £(B), let o (A) and p(A) be the spectrum and resolvent set
of A, respectively.

Suppose that o (A) is the union of two spectral sets o_ and o... If T is a simple cycle
which lies in C\ o (A) and envelops o_, then the operators

pP_ :=—L_§(A—M)-1d)\, P, :=1-P_ (1.1)
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are well defined and belong to £(B) (see, e.g., [23] or [16]). Moreover, P2 = P_, P? = P.,
and P_P, = P,P_ = ©. The operators P_ and P, are called the spectral projectors or
Riesz spectral projectors.

DEFINITION 1.1. The sequence {y(n):n € Z} with y(n) € B, n € 7 is bounded if
11l := sup ||y (n)]] < +co. (1.2)
nez

DEFINITION 1.2. For fixed p € N, the sequence {y(n) : n € Z} with y(n) € B,
n € 7, is p-periodic if

yn+p)=ymn), nelr (1.3)
Define
S:={zeC:|z| =1}. (1.4)

1.2. Simple linear equation. First, we give basic theorem about the difference equa-
tion with one operator coefficient. The many applications lead to the equation of such
kind. The following result has been proved in [9]. Let A € £(B) be a fixed operator.

THEOREM 1.3. The following statements are equivalent:
(a) the equation

x(n+l)=Ax(n)+y(n), neZz (1.5)

has a unique bounded solution {x(n) : n € Z} for every bounded sequence
{y(n):ne 7};
(b) for spectrum o (A), we have

g(A)NS =3. (1.6)

PROOF. (a)implies (b).LetAg € Sandz € B.Let {x(n):n € Z} be aunique bounded
solution of (1.5) that corresponds to the bounded sequence {—A{{z:n € Z}. Put

un):=xm)A,", nel (1.7)
From formula (1.5), it is clear that the equation
Aoun+l)=Aun)—-z, ne’z (1.8)
has a unique bounded solution {u(n) : n € Z} for every z € B. Consequently,
A(umn+1)-umn)) =Aun)-un-1)), nez (1.9)

Thus u(n) = u(0) =: u for every n € Z. Therefore, given any element z € B, there is a
unique element u € B such that

(A=Al u = z. (1.10)

Thus, by the Banach theorem, the operator A — Ayl is invertible.
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(b) implies (a). Let
o =0(A)n{zeC:|z| <1}, o, =0(A)\o_, (1.11)
and P_, P, are the corresponding spectral projectors. It is easy to show that
© . -1 .
Li= 2 |I(AP-)||+ X [I(AP.)|| < +eo, (1.12)
Jj=0 ==

where (AP_)%:= P_ (see, e.g., [16, 23]). If {v(n) :n € Z} is a bounded sequence in B,
then the sequence

x(n):= > G(lym-1-j), nez, (1.13)
Jjez
where
- [@apry, =0
G = . 1.14
v {—(APAJ. j=-1jez .

is also bounded. Moreover, for every n € Z, we have

Ax(n) = (AP_+ AP, )x(n)
-1

(AP)Y M ym-1-j)- 5 (AP, y(m-1-J) (1.15)
=0 j:—oo

Il
Me

~
Il

=x(n+1)-P-y(m)-P,yn)=xn+1)-yn).

Now, we prove that the solution {x (n) : n € Z} for (1.5) isunique.Let {u(n) :n € 7}
be a solution of (1.5) which corresponds to {y(n):n € Z}. Then, the sequence

{fv(n):=xn)-un):n ez} (1.16)
satisfies the equation
vin+l)=Av(n), nel’, (1.17)
which is equivalent to the system
v_(n+1) = (AP-)v_(n), vi(n+1)=(AP.)v,(n); nez (1.18)
with
v_(n):=P.v(n), vin):=P,v(n), nel. (1.19)
From this we have, for m > 1,

lv-()]] = [[(AP-)"v_(n—m)|| < ||(APf)mH§<12123||v—(k)H,

m . (1.20)
lv: )| = [[(AP+) " v. (m+m)]| < [[(AP) IISkUIzgllm(k)II-

Therefore, v_(n) =0 =v.(n), n € 7. O
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Let {Ag,A1} C£(B) and {x(n)}:={x(n):n e 7}.

COROLLARY 1.4. IfAgA1 =A1Aq holds, then the following statements are equivalent:
(a) the equation

x(n+1)=Apx(n)+A1x(n-1)+yn), nez (1.21)

has a unique bounded solution {x(n)} for every bounded sequence {y(n)};
(b) for every A € S, the operator A’I —AAy — A, has a bounded inverse.

PROOF. (a)implies (b). The argument used to establish the first part of Theorem 1.3
can be adapted easily to get this result.
(b) implies (a). It is a direct consequence of Theorem 1.3 for the equation

x(n+1)) _ (Ao A1\ [ x(n) I e\ ( ym
(x(n) )(1 @) (x(n—1)>+(® ®) (y(n_l)), nez. (1.22

1.3. Periodic solutions. We give the condition under which (1.5), with a p-periodic
sequence {y(n):n € Z}, has a unique p-periodic solution. Put

Spi={zeC:zF =1} (1.23)

THEOREM 1.5. The following statements are equivalent:

(@) equation (1.5) has a unique p-periodic solution {x (n)} for every p-periodic input
{y(n)};

(b) for spectrum o (A), we have

0(A)NS, = D. (1.24)

PROOF. Itisimmediate. A complete proof of Theorem 1.5 can be found in [9, Chap-
ter 1, Section 1.1]. O

1.4. General linear equation with one operator coefficient. We now consider a
generalization of (1.5). To this generalization lead also some applications (see, e.g.,
[26, 32, 35]). We need the following condition.

CONDITION 1.6. Let w be a complex-valued function which is analytic in some
neighbourhood of circle S.

Under Condition 1.6, the function w may be written as the Laurent series:

(U(Z) = Z anzn, ne Zl (125)
nez
where
Ay = § w(z)z " 'dz, nez
21l Js
B (1.26)
r =limsup |a,|"'™, R= <1im511p\‘1n|l/n) .
N——oo n—+o

By Condition 1.6, we have r <1 <R.
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Let A be a closed linear operator with dense domain D(A) in B. We consider the
equation

> arx(n+k) =Ax(n)+yn), nez, (1.27)
kez
where {y(n)} is a bounded sequence in B.
DEFINITION 1.7. Sequence {x(n)} is called a solution of (1.27), if

@) forallmez x(n) e D(A);
(ii) sequence {x(n)} satisfies (1.27).

Let .t be the class of all sequences {c(n)} C £(B) satisfying the conditions:
(i) forallmeZ c(n):B— D(A);
(ii) foralln € Z, Ac(n) € £(B); Ac(n) =c(n)A on D(A);
(iii) imsup,,_ lc(m) V" < 1,limsup,,_._, [lc(n)||V/" < 1;limsup,,_ [[Ac(n)[|}/"
<1, limsup,,_._. [[Ac(n)||V/" < 1.

THEOREM 1.8. If (1.27) has a unique bounded solution {x(n)} for every bounded
sequence {y(n)}, then

o(A)Nw(S) =d. (1.28)

If an operator A satisfies condition (1.28), then (1.27) has a unique bounded solution
{x(n)} for every bounded sequence {y(n)}; and there exists a sequence {c(n)} € M
such that,

x(n)=> ctk-n)y(k), ner (1.29)
kez

PROOF. (1) Suppose that (1.27) has a unique bounded solution {x(n)} for every
bounded input {y(n)}. Let v € B, Ag € S. For a unique bounded solution {x(n)}
of (1.27) with

{y(n)=-Afv:nez}, (1.30)
we have

ardkum+k) = Aumn) -v, (1.31)
> ardf
kez

where u(n) := x(n)A;" € D(A), n € Z. The bounded solution {u(n)} of (1.31) is also
unique. Therefore,

> ad§[um+k)—um-1+k)]=Alumn) -umn-1)J], nez (1.32)
kez

and by uniqueness of solution for (1.31), we conclude that
JueDA):un)=u0)=u, nelz. (1.33)
Thus
VveB, FueDA):(A-wAo))u="1; (1.34)

and by the closed graph theorem, it follows that operator (A—w(Ag)I)~! is continuous.
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(2) From assumption (1.28) and the closedness of the set o (A), it follows that there
exists an annulus

K:={zeC:ty< |zl <t1}, (1.35)
with some 7 < ty < 1 < t; <R such that
o(A)Nnw(K) =d. (1.36)

For the operator-valued function

1

®(z):=(w(z)I-A) ", zE€K, (1.37)
we have, for every z € K,
®(z) e L(B), ®(z):B— D(A) (1.38)
and the Laurent series
®(z) = > c(n)z", z€K, (1.39)
nez
where
c(n) = ZLTH ﬂ@(z)z‘”‘ldz, neiz, (1.40)

see [23]. From the definition of the function ®, we have, for every z € K on B
(w(2)I-A)®(2) =1, (1.41)
or
AP(z) =w(z2)®(z)-1. (1.42)

Therefore, the function A® is analytic for z € K and, by closedness of the operator A,
we deduce that

Ac(n) = i§ A®(z)z" Ydz, nez, (1.43)
211 Js
From (1.42), it follows that
Ac(n) = ijﬁ (w(A)P(A) —=I)AT"1dA
2711 Js

1

- £ ST are (ARl A - 15, (1.44)

kezmeZ

= > axc(n—k)—I8n9, nez.
kez

Thus, {c(n)} € M, condition (ii) of the definition of class .l is a consequence of the
equality

AP(z) =w(2)®(z)-1=d(2)A, z€K (1.45)

onD(A).
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For a bounded sequence {y(n)}, set

x(n):= > c(k-n)y(k), ner. (1.46)
kez
It is clear that
Ixlleo < > e[ 17l (1.47)
kez

The closedness of A implies that x(n) € D(A) for n € Z, and

Ax(n) = > Ac(k-n)y(k), nez. (1.48)
kez

From (1.48) and (1.44), it follows that

Z arx(m+k)—Ax(n) = Zak Z cim—-n—-k)y(m) - z Ac(m—n)y(m)

kez kez mez meZ
=> (zakc(m—n—k)—Ac(m—n)>y(m) (1.49)
meZ \ kezZ

Z I6m-noy(m)=ymn), necl.

mez

Thus {x(n)} is a bounded solution of (1.27).

To conclude the proof, we have to show that solution {x(7)} is unique. Let {u(n)}
be abounded solution of (1.27). Then the sequence {v(n) := x(n) —u(n)} is abounded
solution of the equation

> arv(n+k) =Av(n), nez. (1.50)
kez

Let {w(n)} be a bounded solution of (1.27) with y(n) = v(n), n € Z, such that

w(n)=> ck-n)v(k), nez, (1.51)
kez

where {c(n)} € M. Using (1.50), we obtain

v(n) = > arw(n+k)—Aw(n)

kez
=>ar Y cm-n-kv(m)-A > c(m-n)v(m)
kez mez meZz
= Zak Z ccm)v(n+k+m)-A Z clm)v(n+m) (1.52)
kez mez mezZ
= Z c(m)<z akv(n+k+m)Av(n+m)) =0.
mez kez O
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1.4.1. Examples. We want to illustrate by means of simple examples how Theorem
1.8 may be applied.

(a) It is easy to see that the existence of Theorem 1.3 is a simple consequence of
Theorem 1.8.

(b) The equation

x(n+l)-2x(n)+x(n-1)=Ax(n)+y(n), neZz (1.53)
has a unique bounded solution for every bounded input {y(n)}, if and only if
o(A)n[-4,0] = D. (1.54)

(c) The equation

%(x(n+1)—x(n—1)):Ax(n)+y(n), nez (1.55)

has a unique bounded solution for every bounded input {y(n)}, if and only if
oA)nfis|se[-1,1]} = Q. (1.56)

(d) For (1.5), we have from Theorem 1.8 the generalization of Theorem 1.3 to the
unbounded operator A.

REMARK 1.9. The particular cases of Theorem 1.8 can be improved in different
ways [9].
Theorem 1.8 can be generalized in the following way.

CONDITION 1.10. Let {U(n):n € Z} C £(B) be a sequence of operators such that

1/n

limsup||Um)||"™ <1,  limsup||[Um)||"™ < 1. (1.57)
n——oo n—oo

Define

Q(z):= > Um)z". (1.58)
nez
The operator-valued function Q is defined by Condition 1.10 in some neighbour-
hood of the circle S.

THEOREM 1.11. The following statements are equivalent:
(i) the equation

> Uk)x(n+k)=Ax(n)+y(n), nez (1.59)
kez

has a unique bounded solution {x(n)} for every bounded sequence {y (n)};
(ii) for every z € S, the operator

A-Q(2) (1.60)
has a continuous inverse.

PROOF. The argument used to establish Theorem 1.8 can be adapted to get this
result. O
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1.5. Equation with periodic coefficients. Let p € N and {A(n) :n € Z} c £(B) be
a sequence of bounded operators such that

An+p)=Amn), nel (1.61)
Now, we first consider the equation
x(n+l)=An)x(n)+yn), neli, (1.62)

where {y(n)} is abounded sequence in B. It is a simple situation in which the previous
results can be applied. Put

D:=A(p-1)A(p-2)---A(1)A(0). (1.63)

THEOREM 1.12 (see [14]). The following statements are equivalent:
(i) equation (1.62) has a unique bounded solution {x(n)} for every bounded se-
quence {y(n)};
(ii) for spectrum o (D), we have

oD)nS=0. (1.64)

PROOF. (i) implies (ii). Let {x(n)} be a unique solution of (1.62) for a bounded
sequence {y(n)}. Iterating (1.62), we find that

x((n+1)p) =Dx(np)+z(n), (1.65)
where
p-2
zn):= > A(p-1)---AG+Dymp+j)+ynp+p-1). (1.66)
j=0

The following statements hold:
(1) sequence {z(n)} is bounded,;
(2) for every bounded sequence {z(n)} there exists a bounded sequence {y(n)}
such that equality (1.66) holds;
(3) the uniqueness of the solution (1.62) is equivalent to that of solution of (1.65).
Therefore, if (1.62) has a unique bounded solution {x(n)} for every bounded se-
quence {y(n)}, then the equation

un+1)=Dun)+zn), ne”z (1.67)

has a unique bounded solution {u(n)} for every bounded sequence {z(n)}. By use of
Theorem 1.3, we have (1.64).

(ii) implies (i). Given a bounded sequence {y(n)}, we define the bounded sequence
{z(n)} by (1.66). For sequence {z(n)}, by Theorem 1.3, equation (1.67) has a unique



74 A. YA. DOROGOVTSEV

bounded solution {u(n)}. Sequence {x(n)}, defined by
x(np):=un);
x(np+1):=A0)u(n)+ynp);
x(np+k):=Ak—-1)---A0)u(n)
k-2

+> Ak=1)---AG+Dymp+j)+y(mp+k-1), 2<k<p-1,nez,
j=0

(1.68)
is bounded. This sequence {x(n)} is a solution of (1.62) since
A(np)x(np) = A(0)x(np)
=x(np+1)—-ynp);
Anp+1)x(np+1) =A(l)x(np+1)
1.
=x(np+2)-ynp+1); (1.69)
Amp+k)x(np+k) =Ak)x(np +k)
=xnp+k+1)-ynp+k), 1<k=<p-1.
The uniqueness is immediate. a

REMARK 1.13. Condition (1.64) is equivalent, for every k € {1,2,...,p — 1}, to the
following equality:

o(Ak—1)---A0)A(p—-1)A(p-2)---A(k)) NS = D. (1.70)
This follows from the relation
0(AC)\ {0} =0 (CA)\ {0} (1.71)

which holds for every {A,C} C £(B). Indeed, if z + 0 and operator AC — zI has an
inverse E, then operator z~' (CEA —1I) is inverse to CA —zI.

Let a function w satisfy Condition 1.6 and {ay : k € Z} be its Laurent series coeffi-
cients. We now consider the equation

> arx(n+k) =Am)x(n)+yn), nez (1.72)
kez
for a bounded sequence {y(n)} in B. Equation (1.72) can be rewritten as an equa-
tion from Theorem 1.12 by the following way. Let B¥ be a Banach space of column-
vectors 1 with coordinates u(1),u(2),...,u(p) from B and with norm

ll7i]l := max [|u(k)]||. (1.73)
1<k<p

Denote by
X(n):= (x(np),x(np+1),...x(np+p-1)),
, (1.74)

y(n):=(ynp),ynp+1),...,y(np+p-1))
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where “” means the transition to column-vector. Let
A0) © C) €]
] A1) ] s (C]
Al| ® @ A2 .- o)
0 ) ® - Ap-1)
(1.75)
Iajp lajp lajpiz -+ lajpipa
Iajp- Iajp lajps1 -+ Idjpip-2
UG :=| Iap-2 1 Iajp o dagpip-3
lajp-pr1 lajp-p+2 Idjp-pss - Lajp

for j € Z. Then {A,U(j)} C L(BP). It is a direct matter to verify that the problem of
existence of a bounded solution for (1.72) in B is equivalent to the problem of existence
of a bounded solution for the equation

DUGX(n+j)=AX(n)+y(n), nez (1.76)
Jjez

in B”.

LEMMA 1.14. If Condition 1.6 for function w holds, then

limsup||U(m)||”™ <1,  limsup||[Um)||"" <1. 1.77)
n——oo n—oo
PROOF. This result can be established by direct calculation. ]
Put
®j(z):=1> anp.jz", 0<j<p-1. (1.78)

nez

LEMMA 1.15. Given z of some neighbourhood of S, the following equalities hold

Py (z) @ (2) ®r(z) - Ppq(2)
zd, 1(z) Po(2) ¢1(z) -0 Dp2(2)
Q(Z) _ Z U(?’L)Z" _ Z‘:I)pfz (Z) zCDpfl(z) ‘1)()(2) e ¢p73(2) . (1.79)
nez - . . . .
zdy(2) zdy(z)  zd3(z) - DPo(2)
PROOF. This is immediate. |

LEMMA 1.16. Equation (1.72) has a unique bounded solution for every bounded se-
quence {y(n)} if and only if the operator

A-Q(z) (1.80)

has a continuous inverse for every z € S.



76 A. YA. DOROGOVTSEV

PROOF. This is a direct consequence of Theorem 1.12 and Lemmas 1.14 and 1.15.
O

Lemma 1.16 is not the final result for (1.72), since the analysis of spectrum of op-
erator A —Q(z) is not simple even for particular cases.

EXERCISE. Characterize the bounded operators A, C such that the equation
x(n+1)=(A+Csinn)x(n)+yn), ne’z (1.81)

has a unique bounded solution {x(n) : n € Z} for every bounded sequence {y(n) :
nelzl.

1.6. Nonlinear equation. We now consider an example of nonlinear difference equa-
tion which satisfied the Lipschitz condition nonlinearity. This equation is connected
with (1.27).

THEOREM 1.17. Let A be a closed linear operator with dense domain D(A) in B
and a function w satisfying Condition 1.6 with Laurent series coefficients {ay}. Let the
sequence {c(n)} € Al corresponds to the operator A and the function w in Theorem 1.8.
If f : B — B such that

If(w) - f)|| <Llu-vl, {u,v}cB (1.82)
with L > 0, and
Lmax( > lem], > ||Ac(n)||) <1, oA)nw(S) =07, (1.83)
nez nez
then the equation
> arx(n+k) =Ax(n) +f(x(n))+y(n), nez (1.84)

kez
has a unique bounded solution for every bounded sequence {y(n)}.

PROOF. Let {y(n)} be abounded sequence in B. Consider the following successive
approximations:

xom)=0, nez, (1.85)
and for m >0

> arxXmar (M +k) = Axpmar () + f (xm(n)) +¥(n), nez (1.86)
kez

By Theorem 1.8, for every m > 0, (1.86) has a unique bounded solution {x,,(n)} C
D(A) and

Xmi1(n) = > ck—=n)(f(xm (k) +¥(n)), nez, m=0. (1.87)
kez
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By induction, it is easy to see that, for m > 1,
[Xms1 (1) =xm (W] < Lan [[xm = Xm-1]l < (Lar) ™ ([|FO) ||+ 1]1=),

where

ar:= Y [le®)]l.

kez

Therefore, for every n € Z, there is an element x(n) € B such that
xm(n) —x(n), n— o
in norm topology. By the closedness of A, we have

Axmii(n) = > Ac(k—n)(f(xm(k) +(k)), nezZ, m=1.
kez

This implies the following:
lAX 1 (1) = Axm ()] < (La2) ™ (IIF O]+ I¥lle), m=1
for every n € 7 and

az2:= > |[Ac(k)]l.

kez

Hence, for every n € Z, there is an element u(n) € B such that
Axpm(n) —u(n), m — oo,
Then the closedness of A implies that

VneZ:x(n)eD(A), Ax(n)=u(n).

77

(1.88)

(1.89)

(1.90)

(1.91)

(1.92)

(1.93)

(1.94)

(1.95)

It is clear that the sequence {x(n)} is bounded. We can apply (1.87) and (1.91) for

m — oo to obtain

x(n) = clk=n)(f(x(k) +¥(k), nez;
kez

Ax(n) = > Ac(k-n)(f(x(k))+y(k)), nez
kez

By (1.44), we have (1.86).

1.7. Nonlinear operator equation

DEFINITION 1.18. A sequence Y :={Y(n):n € Z} C £(B) is bounded if

1Y |l :=sup||Y (n)|] < +oo.
nez

(1.96)

(1.97)
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Let A be a densely defined operator in B with domain D(A). In this section, we
consider one example of the essentially nonlinear difference equation

AX(nN)=Xn)(X(n+1)-X(n-1))+Y(n), nez (1.98)
for an operator sequence {X(n)} and the given bounded sequence of operators {Y (n)}.

DEFINITION 1.19. A sequence X:={X(n)} of operators is called a solution of (1.98),
if
(i) forallmez X(n):B—-D(A), AX(n) € £(B);
(ii) equation (1.98) holds.

THEOREM 1.20 (see [19]). Let A be a densely defined operator in B with domain
D(A). If there is an operator W € £(B) such that
(i) W:B—-D(A), AW =1 on B;
(ii) for a sequence Y, we have the inequality

SIWIIY |l < 1. (1.99)
Then (1.98) has a bounded solution.

PROOF. LetY be abounded sequence which satisfies (1.99). We consider a sequence
{Xm :m = 0}, for n € Z, given by
Xo(n) :=WY(n),
m-1 (1.100)
X (n)i= 3 WXppo1 (0) (Xg(n+1) = Xp(n-1)), m=1.
k=0
It can be easily checked that

m—1
Xmllo < 20W 1 3 I Xm-k-1llo Xkl m=1;
k=0 (1.101)

1 Xollo < IWI- 1Y [l
By induction and by the following identity for n > 1

n

. 11
2. C;Ln—kacgkik_i_l = ECQ‘&LD, (1.102)
k=0

(see, e.g., [37, Chapter 3, Problems, 11.(a)]) we have

ol = L c2miwiEm Ly, m = o. (1103)
For n > 2, the number
—cyl, (1.104)

is called the nth Catalan number. Then, by (1.99) and (1.103), the series

X(n):=> Xm(n) (1.105)
k=0
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converges in the operator norm for every n € Z, since

2m
C;VTLVL:\/W' m — oo. (1.106)

By definition, for every m >0, n €7, N > 1, and z € B,

N

Xm(m)z€D(A), > Xm(n)z€D(A),
o (1.107)
N N m-
A( > Xm(n)z) =Y(n)z+ > z X o1 (M) (Xe(n+1) =X (n—1))z.
m=0 m=1 k=0
Relation (1.103) implies also the convergence of the series
© m—1
Y(n)z+ Y ( > Xm-k-1(n) (Xp(n+ l)Xk(nl)))z (1.108)
k=0
in norm B, n € Z. Thus by the closedness of A, for every n € Z,
X(n)ze D(A),
0 m—1 (1.109)
AX(n)=Y(n)z+ > ( > X1 () (X (n+ 1)—Xk(n—1)))z.
m=1 \ k=0
Hence
AX(n)=Xn)(X(n+1)-X(n-1))+Y(n), nel. (1.110)
O

REMARKS. (3) The proof of Theorem 1.20 contains the successive approximations
for the solution of (1.98).
4)If |Y |l > O, then the sequence {X(n) = ©:n € Z} is not a solution of (1.98).

1.8. Stability of solutions under perturbation of operator coefficients
THEOREM 1.21 (see [11, 12]). Let the operators
{A;Ap(m),nez,m=1}c £(B) (1.111)

satisfy the following conditions:
(i) oc(A)NS =;
(i) O :=sup{llAm(n)—Al|lnez} -0, m— .
Let {y(n)} be a bounded sequence in B.
Then the equation

x(n+l)=Ax(n)+yn), neli, (1.112)
and, for every m greater than some m, € N, the equation
Xmn+1)=A,(n)x,(n)+yn), nez (1.113)
have bounded solutions {x(n)} and {x,,(n)}, respectively, and

l|x = xm|lo — 0, m — . (1.114)
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PROOF. Equation (1.112) has a unique bounded solution by Theorem 1.3. Let m €
N such that L,, < 1 for m > my, see the proof of Theorem 1.3. To prove the existence
of the solution of (1.113) for m > mg, we construct by Theorem 1.3 the following
successive approximations:

x0(m):=0, nez

- - . (1.115)
X m+1)=Ax) )+ (Ann) —A)xi(n)+yn), nez, j=0.
It is easy to verify that
A < LSO, j=1, (1.116)
where A{n = Hxi}fl - x{,lllm, j = 1. Therefore, for every n € Z, there is an element
Xm(n) € B such that in B-norm,
Xin (M) — Xm(n), j—00;  |[xm][e < +oo. (1.117)

Taking the limit in j in both sides of equality (1.115), we conclude that x,, is a solution
of (1.113). By (1.112) and (1.113), it follows that

[1¢ = Xl < LEm]|2emll,
LS, (1.118)

00y > 1.
i IVl m= _

[1x = xml[ =
THEOREM 1.22 (see [12]). Let operators from £(B)
An), An,(n), nezZ m=1, (1.119)

satisfy the following conditions for fixed p € N:
(i) forallneZ, Ain+p) =Amn);
(i) o(A(p-1)A(p-2)---A(1)A(0))NS = Q;
(iii) sup(|[Am(n)—AM)|| | nez) -0, m — .
Let {y(n)} be a p-periodic sequence in B. Then the equation

xn+l)=An)xn)+ymn), nez (1.120)
and, for every m greater than some mg € N, the equation
Xmn+1)=A,(n)xy,y(n)+yn), nez (1.121)

have a unique p-periodic solution {x(n)} and a unique bounded solution {x,,(n)},
respectively; and

llx =Xm|lo — 0, m— oo. (1.122)

PROOF. By Theorem 1.12, the proof is analogous to that of Theorem 1.21 and is
omitted. Some other results about stability of bounded solutions can be found in [10].
O
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1.9. Boundary value problem for difference equation. We return to (1.5) and con-
sider the following boundary value problem. Let the integer numbers {n;,n.} C 7,
1, < ny be given. The boundary value problem to (1.5) is the following. Let a,, a, and
{y(ny),y(ny+1),...,y(n2—1)} be arbitrary elements from B. It is possible to find
elements {x(n;),x(n;+1),...,x(nyp)} C B such that

x(n+l)=Axn)+yn), ni<n<ny-1;
(1.123)

x(ny) = ay, x(ny) = as.
However, it is easy to see that this problem does not have a solution in general. We
consider the correct boundary value problem to (1.5) with an operator A satisfying
condition (1.6). Let B_ = P_B, B, = P, B, both B_ and B, are invariant under A.

THEOREM 1.23. Let A be an operator satisfying condition (1.6). For arbitrary a, €
B_,a>€B;,and {y(mny),y(n;+1),...,y(n.—1)} C B, the following problem:

x(n+l)=Ax(n)+yn), ni<n<n,—1;

1.124
P_x(ny) =ay, P.x(n2) = ay ( )

has a unique solution {x(n,),x(n;+1),...,x(n2)}.

PROOF. Ignoring a trivial case, we suppose that o~ + @ and o, + J.Let A_:= AP_,
A, :=AP,,and x_:=P_x, x, :=P,x for x € B.If {x(ny),x(n;+1),...,x(ny)} is a
solution of (1.124) in B, then {x_(n1),x_(ny; +1),...,x_(n2)} is a solution of the
problem

x-n+1)=A_x_-(n)+y-(n), ni<n<n,—1;

(1.125)
x_(n1) = ay,
inB_;and {x.(ny),x:(n1+1),...,x.(ny)} is a solution of the problem
xi(n+l)=Ax,(n)+y,(n), ni<n<n;—1;
(1.126)
xi(n2) = ao,
in B.. Rewrite (1.126) as
x,(n) =A'x,(m+1)-ATly.(n), ny<ns<n,-1;
(1.127)

x4 (n2) = as.

Problem (1.125) is an initial-value problem and problem (1.127) is a reverse initial-
value problem. It is trivial that

n-ny—-1 )
x-m= > Aly m-j-1D+A""a;, n>ny,

= (1.128)
e =— > Aly,n-j-1), n<ny.

Jj=n-nz

It is easy to see that {x(n) :=x_(n)+x,(n),n, <ny} is aunique solution to (1.124).
O
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Write x (n;n,nz,a1,az) := x(n) for a solution of problem (1.124) with n, <n < n,.

THEOREM 1.24. Let A be an operator satisfying condition (1.6) and let {y(n)} be a
bounded sequence in B. For anyn € Z and ¢ > 0,

lim sup [|x (n;n1,n2,a1,a2) —z(n)|| =0, (1.129)
np—-o,np—+o |layll<cllazll<c

where z is a unique bounded solution to (1.5).

PrROOF. This follows from the proofs of Theorems 1.3 and 1.23. a

2. Periodic random sequences in Banach spaces. Strictly periodic in distribution
random sequences, second-order periodic random sequences and their connection
between themselves and with stationary sequences are the topics of this section. We
discuss the basic properties of the periodic in distribution random sequences in a
Banach space. The second-order periodic and weakly second-order periodic processes
in a Hilbert space are treated. The results of Sections 1 and 2 are the basis to study
the stochastic difference equations with periodic disturbances or periodic structure.
The definition of the second-order periodic C-valued process has been introduced by
Gladyshev [18], where spectral properties of second-order periodic process have also
been considered. For Hilbert-valued process, it is natural to consider two definitions
for the second-order periodicity which are identical in finite-dimensional space. For
more details see [9]. Periodicity often arises in economic and geophysical time series,
see the article by Troutman [40], where sufficient conditions for existence of the real
periodic solution to difference equations are given. In Jiri [24, 25], the methods for
the statistical analysis of the periodic autoregressive processes in finite-dimensional
space are given. Periodic in distribution and the second-order periodic random pro-
cesses have been considered by Morozan [33]. The statistical problems including the
estimation of correlation function for the second-order periodic processes have been
investigated by Pagano [36]. Almost periodic in distribution processes with discrete
time have also been considered [21, 33]. Some methods of analysis of stationary ran-
dom sequences in a Banach space can be found in [3, 31, 34].

2.1. Periodic in distribution random sequences. Let (B,| - ||) be a complex sepa-
rable Banach space with the zero element 0 and let B* be its dual space. Let B(B) be
the Borel o-algebra on B. We refer to [27] for the basic B-valued random variables or
random elements theory. All random elements which arise in the next sections are con-
sidered on a complete probability space (Q2,%,P). Further, all equalities, inequalities,
and so on, with the random elements or random variables mean those almost surely.

DEFINITION 2.1. The mapping
xX:ZxQ — B (2.1)

is called a B-valued random process with discrete time or random sequence in B if, for
each n € 7, the mapping

x(n):=xmn,-):Q—~B (2.2)
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is a B-valued random element. For each w € Q, the sequence {x(n,w) : n € 7} is
called trajectory of the random process:

{x(n):n ez} or {x(n,w):nez}. (2.3)
Let
Bl:={{un):ne€z}|YynezZ:un) cB} (2.4)
be the set of all sequences with elements from B; and, for each j € Z, let

mi({u(n) :n e z}) :=u(j). (2.5)

The o-algebra in the space BZ is defined as
RBL .= (ru(UTrjl(%(B))). (2.6)

jez

For every random process {x(n) : n € Z} there is a correspondent probability mea-
sure iy on BZ, which is defined by the equality

Ux(A) :=Plw | {x(n,w):necz} cA], AcR. (2.7)

By the well-known Kolmogorov theorem, see, for instance, [17], the measure p, is
uniquely restored by collection of the finite-dimensional distributions

{ul :I C 7, I is finite set}, (2.8)
where for every given I, the measure p’ is a unique extension on
-1
aa(ulnj (%(B))), (2.9)
je

of the function

u;(]‘[AJ) ::P{ﬂ{w Ix(j,w)eAj}}, AjeB(B), jel (2.10)
jel jeI
Define, for every j € Z, the map 0(j) : BZ — BZ as

0(j)({x(n):nez}):={xn+j) :nez}. (2.11)

The map 6(j) is one-to-one and the maps 0(j) and 0(j) ! are measurable. For a
random process {x(n):n € 7}, let
Ho(j)x (2.12)

be the measure which corresponds to the process

0(){x(n):mez}:={x(n+j):nerz}. (2.13)
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We have
Hogx = Hx0(j) " (2.14)

Let a number p € N be fixed.

DEFINITION 2.2. A B-valued random process {x(n) : n € Z} is called periodic of
the period p in distribution or p-periodic in distribution, if, for every

neNnN, {ml,mz,...,mn}cz, {Al,Az,...,An}C%(B), (2.15)
the function
n
ZBnHP[ﬂ{wlx(mj+n,w)eAj}} (2.16)
j=1

is periodic on Z of period p.

REMARKS. (1) A periodic of period p = 1 in distribution random processes is sta-
tionary.

(2) A stationary random process is periodic of period p in distribution for every
p eN.

DEFINITION 2.3. The B-valued random processes
{xjm):nez}, 1<j=m, (2.17)

are called periodically with period p connected or periodically connected, if the B™-
valued random process

{(x1(n),x2(n),...,xm(n)) :m €7} (2.18)
is periodic of period p in distribution.

We refer to [9, Chapter 2] for basic properties of periodic in distribution processes
and list only several that we need later.

LEMMA 2.4. A process {x(n):n € 7} is periodic in distribution of period p if and
only if

UxO(p) ' = py. (2.19)

PROOF. By the Kolmogorov theorem, it is sufficient to prove equality (2.19) only for
finite-dimensional distributions (2.8); and, therefore, by uniqueness of an extension
of a measure, it suffices to prove (2.19) for functions (2.10). See Definition 2.2. |

LEMMA 2.5. A B-valued process {x(n) : n € 7} is periodic of period p in distribution
if and only if the B? -valued process

{X(n):= (x(np),x(np+1),....x(np+p-1)) :n ez} (2.20)
is stationary.

PROOF. We first show that if {x(n) : n € Z} is p-periodic in distribution, then
process (2.20) is stationary. Let

neN, {my,...my}cz, A,..., Ay, (2.21)
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where
AJ‘ = AJ‘()X e XAj(p_l), Ajk eRB(B), 1< J <n, 0= k< p— 1 (2.22)

is given. By uniqueness of an extension of measure from semi-algebra to the o-algebra
generated by semi-algebra, (see, e.g., [22] and Definition 2.2) we have

P[ﬁ{w|)€(mj+l)eAj}:|:P ﬁh {ow | x( mJ+1)p+k)eAJk}]
Jj=1 Lj=1k=0

=P ﬂ ﬂ w | x(m;p+k) eAJk}} (2.23)

[ n

=P m {UJ I)E(mj) EAJ‘}:|.
Lj=1

Now, assume that (2.20) is stationary. Given any

neN, {my,...mn}CZ, {A,...,An} CB(B), (2.24)

put m; = (pj+1)p +kj, where {p1,...,pn} CZand 0 <kj <p-1,1 < j < n. For the
sets

Coem | 12K (2.25)
B, l+ kj;

wherel1<j<n,0<l<p-1,and
CJ‘ZZ CjoX---XCj(p_l), OSan, (2.26)

from Definition 2.2 for (2.20), we have

{r]wlxwu+m€Aﬁ}=P(WMHXHW+UP+&)€&ﬁ

j=1

-p ﬁ{wwmﬁl)eq}]

L Jj=1

_ (2.27)
=P ﬂ{ww(vi)eq}}

=1
=P ﬂ w | x(m;) eAJ}} .

THEOREM 2.6. Let {x(n):n € Z} be a p-periodic in distribution random process in
B, By a complex separable Banach space, and m € N. Suppose that a map

g:IxB™ — B, (2.28)
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satisfies the conditions
VnezZ VXxeB":gn+p,X)=gn,x); gn,-)eC(B" By).
Then, for every ny,...,ny, fromZ, the By -valued random process
{gn,x(m+n1),x(n+nz),...,.x(n+ny)) :n ez}

is p-periodic in distribution.

PROOF. Let
keN, {ti,....tx} cZ, {Ai,...,Ax} CB(By)
be given. We have, clearly,
Ci={XeB™|g(tj+p,X)cA;} ={xeB"|g(t;,X) €Aj}, 1=<j<k.
Define for j, 1 < j <k,
X(tj) = (x(tj+n),x(tj+n2),...,x(t; +nm)).
To prove the theorem, we use Definition 2.2 to show that

k k
P|:ﬂ {a)l)?(tj+p) ECJ'}j| =P|:ﬂ {(1) |f(tj) ECJ'}:|.

j=1 j=1

By periodicity of the process {x(n):n € 7}, equality (2.34) holds for the sets
Ci=Cjix---XCjm, Cii€RBB),1<j<k, 1<l<m.

Therefore, (2.34) holds by the uniqueness of extension of measure.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

a

COROLLARY 2.7. Let {x(n):n € Z} be a p-periodic in distribution random process

in B.
(i) The process

{llx(n)||:n ez}

is p-periodic in distribution in R.
(ii) For any g € B*, the process

{{g,x(n)) :nez}

is p-periodic in distribution in C.
(iii) If a function a : 7 — B is p-periodic, then the process

{fa(n)+x(n):n ez}

is p-periodic in distribution in B.

(2.36)

(2.37)

(2.38)
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(iv) If a function A:7 — $(B,B,) is p-periodic, then the process
{Am)x(n) :nez} (2.39)

is p-periodic in distribution in B;.
(v) Iftheprocesses{xj(n):n € Z}, j = 1,2 are periodically connected with period p,
then the process

{x1(n)+x2(n):n ez} (2.40)
is p-periodic in distribution in B.

THEOREM 2.8. Let m € N and let {x(n) :n € Z} be p-periodic in distribution in B.
Suppose that F € C(B™,C) and numbers {n,,...,ny} C Z such that

E|F(x(n1),....,x(Mm)) | < +oo. (2.41)
Then
Vj€Z:EF(x(n1+jp),...,x(Mm+jp)) =EF(x(ny),...,x(nw)). (2.42)

PROOF. We establish the result for j = 1. For {ni,...,ny} CZ, m € N, let u(ny,...,
N, +) be the distribution on % (B™) of the random element (x(n1),...,Xx(14)). Note
that

m
UMy, M A X - - X Ayy) = P{ ﬂ {w:x(ng) e Ak}], (2.43)
k=1
for every measurable parallelepiped:
AX Ay X+ XA, [A1,...,An} CB(B). (2.44)
Then, according to Definition 2.2, we have
UM, M AL X X Ag) = UM+ P, N + P AL X - X Ayy). (2.45)

Therefore, the measures p(ni,...,nqy;-) and yu(n; +p,...,ny + p) coincide, since the
o-algebra B(B™) is generated by measurable parallelepipeds. Then

EF(x(ny),...,x(ny)) = BmF(ul,...,um)du(nl,...,nm; )
= F(uy,...,um)du(ny+p,...,Ny +p;-) (2.46)
BmMm
=EF(x(n1+p),....,x(Nm+p)). O

COROLLARY 2.9. Let {x(n):n € Z} be p-periodic in distribution in B and
E||x(k)||* < +00, 1<k<p, (2.47)

where o« > 0.
Then the function

Z>n— E|lx(n)||* (2.48)

is p-periodic on Z.
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THEOREM 2.10. The following assertions are equivalent:
(i) a process {x(n):n € Z} is p-periodic in distribution in B;
(ii) for allm € N, for all {n,,...,nyu} CZ, for all F € C(B™), supgm |F| < +00, the
function

Z>n—EF(x(n1+n),....x(ny +n)) (2.49)

is p-periodic.

PROOF. (i) implies (ii). This follows directly from Theorem 2.8.

(ii) implies (i). It is enough to show that the measures yu(ni,...,ny;-) and pu(n, +
p,...,Nym + p) are equal for every m € N and {n,...,n,,} C Z. Therefore, we may
equivalently prove the equality of the corresponding characteristic functions, see [2].
However, by Theorem 2.8, it follows that for every g € (B™)*,

fi(ny,...,nm)(g) :=Eexp (iRe (g, (x(n1),...,x (nm))))
=exp (iRe (g, (x(M1 +P),...,x(nm +p)))) (2.50)
= (N +p,... nm+p)(g). O

COROLLARY 2.11. A random process {x(n):n € Z} in B is p-periodic in distribution,
if and only if the functions

VR

Z3n— Ecos( Re(gj,x(n; +n))),

Jj=1

(2.51)
m
ZanHEsin(ZRe (gj,x(nj+n)>)
j=1
are p-periodic on Z for every
meN, {ny,...nu}cz, {gi,...,gm} CB*. (2.52)

THEOREM 2.12. Let {x(n):n € Z} be a p-periodic in distribution process in B and
let a function f : BZ — By be BZ—B(B,) be measurable.
Then the process

{fUxn+k):keZ}):nez} (2.53)

is p-periodic in distribution in B;.

PROOF. Given
meN, {nl,...,nm}cl, {Al,...,Am}C%(Bl), (2.54)
define

Cri=f 1Ay, Cre®B? 1<k<m. (2.55)
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It is obvious that

!

s

{w | fIx(n+j):jez}) eAk}]

Il
[u

s

=P {wl{x(nk+j):j€Z}€Ck}}

=
Il
—_

=P ﬁ{wl@ (ng) {x () : JEZ}ECk}:|

- (2.56)
=P| N {wl{x():jez}e 9(—nk)Ck}]
| k=1
=P {w|{x(j):jez}e()0(-m) Ck}]
L k=1
= ux(ﬂ 0(—nk)Ck).
k=1
By Lemma 2.4, we have
ux<ﬂ9(—nk)Ck) =ux<ﬂ9(—nk—v)Ck): (2.57)
k=1 k=1
and, it follows from (2.56), that
P{ﬂ {w | f({x(m+j):jez}) eAk}]
k=t - (2.58)
=P[ﬂ{w|f({x<nk+p+j>:je2}>eAk}]. .
k=1

EXAMPLE 2.13. Let {x(n):n € Z} be a p-periodic in distribution process such that

El|x(k)|| <+, 1<k<p. (2.59)
Assume that
{A(k):k ez} c $(B), Z [|A(K)|| < +oc0. (2.60)
kez

Then, for every n € Z, the series

y(n):=> A(k)x(n-k) (2.61)
kez

converges almost surely in B-norm and {y(n) : n € Z} is p-periodic in distribution.

THEOREM 2.14. Let{x;(n):n eZ},t € N, be a sequence of p-periodic in distribution
processes and let {x(n) :n € Z} be a process such that, for everyn € Z,

Ve>0:P[||xi(n) —x(n)||=¢€] — 0, t— . (2.62)
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Then {x(n) :n € Z} is p-periodic in distribution in B.

PROOF. Let
He (M, s -), (..., m;+) (2.63)
be the distributions of the random elements
(xt(n1),...,xt (M), (x(n1),...,x(nm)), (2.64)
respectively, for m € N, {ni,...,n,,} C Z. Then
(N, ..o, -) — p(ny,...,Ny;+), t— (2.65)
in distribution. Hence, for every

FeC(B™,C), supl|F|< +w, (2.66)
Bm

we have
EF (x((n1),...,xt(nm)) — EF(x(n1),..., x(nw)), t— oo. (2.67)
By (2.67) and by Theorem 2.8,
EF(x(n1+p),....x(Mm+p)) =EF(x(n1),...,x(Mm)). (2.68)

Therefore, by Theorem 2.10 {x(n) : n € Z} is p-periodic in distribution. O

EXAMPLE 2.15. Let {x(n):n € Z} be a p-periodic in distribution process in B such
that

El|x(k)|| < +o0, 1<k<p. (2.69)

Let {& : k € Z} be a stationary process in C such that E|&y| < +oo. If the processes
{x(n)} and {&;} are independent, then the processes

. < En—k
y(m '_kgw 1+ (n—k)?

Sk
1+k2

x(k), z(n):=>

kez

x(n—-k); nez, (2.70)

are p-periodic in distribution.

2.2. Second-order periodic random process in Hilbert spaces. In this section, we
develop the concept of a second-order periodic random process and give some of
its basic properties. Let (Q,%,P) be a complete probability space, and let (H,(-,-))
be a complex separable Hilbert space with inner product (-,-) and corresponding
norm | - ||.

Let x (k) and x(n) be H-valued random variables such that

Ellx(k)||* < +00,  E|lx(n)|]* < +oo. (2.71)
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Then the Bochner integrals
Ex (k) = JHx(k)dP, Ex(n) = JHx(n)dP (2.72)
are well defined. Define
r(k,n):=E(x(k) —Ex(k),x(n)—Ex(n)). (2.73)

The function

bin(u,v) :=E((x(k) —Ex(k),u)(x(n) —Ex(n),v)), {u,v}cH (2.74)

is a continuous bilinear mapping. By the Riesz theorem, there is a unique linear bound-
ed operator Sk, such that

bin(u,v) = (u,Sxnv), {u,v}cCH. (2.75)

The operator Sy, is called joint covariance of x (k) and x (n). It is known (see, e.g.,
[28, 39]) that
W) Sg, = Suk
(ii) the operator Sy 5 is selfadjoint nonnegative and nuclear;
(iii) the following relations hold:

S = El[x(n) ~Ex(m)|’,  tr(S5,Skn)’* < +o0,

2 (2.76)
| (w,Sknv) | < (Skrt, u) (Snnv,v);  {u,v} CH;
(iv) for every orthonormal basis {e;: j = 1}, the equality
r(k,n) = > (ej,Skne;) (2.77)
j=1

holds.
DEFINITION 2.16. Let {x(n):n € Z} be an H-valued random process such that
Vn e Z:E|x(n)|) < +w. (2.78)

The process {x(n):n € 7} is called weakly second-order (WSO) p-periodic, if
(i) forallme 7, Ex(n+p) = Ex(n);
(ii) for all {k,n} cZ,v(k+p,n+p)=r(k,n).

A WSO 1-periodic process is called WSO stationary.

LEMMA 2.17. If {x(n):n € Z} is WSO p-periodic in H, then the H? -valued process
X(n):=(x(np),x(mp+1),..., x(np+p-1)), nez (2.79)

is WSO stationary.
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PROOF. lLet {x(n):n € Z} be a WSO p-periodic process in H. It can be easily
checked that EX(n) = EX(0), n € Z and

p-1
E(X¥(n) —EX(n),x(m) -EX(m)) = > r(np+j,mp+j)
770 (2.80)
p-1
= > r(m-mp+j,j). .
j=0

REMARK 2.18. If p > 2 then the converse to Lemma 2.17 is not true. Indeed, let
H = R? and {&, : n € Z} be a sequence of independent identically distributed real
random variables with EEy = 0, EES = 1. Define

xX(n):=(x(2n),x(2n+1)), nez, (2.81)
where
x(2n):=&,;; x@2n+1):=§&,, nez\{l,2}, x(3):= &, x(5):=&. (2.82)

Then the process {X(n) :n € Z} is WSO stationary since ExX(n) = (0,0) for all n € 7,
and

E(xX(n),Xx(m)) =Ex((2n)x(2m)) +E(x(2n+1)x(2m+1))

=26(n-m), {n,m}cZz. (2.83)
However, the process {x(n):n € Z} is not WSO 2-periodic since
E(x(0)x(1)) =1, Ex(4)x(5) =0. (2.84)
DEFINITION 2.19. Let {x(n):n € Z} be a random process in H such that
Ellx(n)||* < +00, nez (2.85)

The process {x(n):n € 7} is called second-order (SO) p-periodic if
(i) forallme 7, Ex(n+p) = Ex(n);
(ii) for all {k,n} C Z, Sk+pn+p = Sk,n-

An SO 1-periodic process is second-order stationary.

REMARKS. (1) By (2.77), it follows that SO p-periodic process is WSO p-periodic.
(2) By Theorem 2.8, it follows that a p-periodic process x such that E||x (k) ||? < +co,
1 <k <p,is SO p-periodic.

LEMMA 2.20. Let {x(n):n € Z} be a process in H such that
VneZ:E|lx(n)| < +o. (2.86)
The process {x(n):n € Z} is SO p-periodic if and only if the H? -valued process
xX(n):=(x(np),x(np+1),...,.x(np+p-1)), nez (2.87)

is SO stationary.
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PROOF. We first assume that {x(n) :n € Z} is SO p-periodic. Then from condition
(i) of Definition 2.19, we have ExX(n) = EX(0), n € Z. Let S}L,m be the joint covariance
of elements X(n) and X (m). It can be easily checked that

-§n,m = (Snpﬁj,mpﬂ)?‘;:lo; {n,m} cz. (2.88)

By condition (ii) of Definition 2.19, it follows that function S~n,m is a function of n —
m only.
Now assume that {xX(n):n € Z} is SO stationary in H?. Then the equality

EX(n+1) =ExX(n), nez (2.89)

implies (i) from Definition 2.19. Since S~n,m is a function only of n—m, for Sup+jmp+i,
we have

(U, Snp+jmp+1v) =E((x(mp + j),u) (x (mp +1),v)) = (1,Sn-m,0V), (2.90)
where 1i = (uéj,k)’,zg and U = (vél,k)ﬁzg. O
THEOREM 2.21. An H-valued process {x(n) : n € Z} satisfying
E[lx(n)|]° <+, nez, (2.91)
is SO p-periodic, if and only if the C?-valued process
{((x(n),u),(x(n),v)):nez} (2.92)

is SO p-periodic for every {u,v} C H.

PRrROOF. First, suppose that {x(n):n € Z} is SO p-periodic. It is obvious that
E((x(n+p),u),(x(n+p),v)) =E((x(n),u),(x(n),v)), nec. (2.93)

It can be verified that the joint covariance of vectors

((x(k),u), (x(k),v)),  ((x(n),u),(x(n),v)) (2.94)
is the matrix
(Tpa k)5 i, (2.95)
where
o1 = (W, Sknut), o102 = (U,SknV) =021, 022 = (V,Sknv);
(2.96)

Opgk+p,n+p)=0,,kmn), paq=12, {kn}cCZ
Now let process (2.92) be SO p-periodic. Then

VvnezZvVueH:E(x(n+p),u) =E(x(n),u), (2.97)
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so that
vnez VYueH: (Ex(n+p)-Ex(n),u)=0. (2.98)
Therefore,
VneZ:Ex(n+p) =Ex(n). (2.99)

Then, using equality

o12(k+p,n+p)=o12(kn), {u,v}cH, (2.100)

we see that
Sk+pn+p = Skn,  1k,n} CZ. (2.101)
[l

COROLLARY 2.22. Let {x(n):n €7} be SO p-periodic process in H and
meN, {Al,Az,...,Am} Cg(H), {’I’ll,’l’lz,...,’l’lm} cZ. (2.102)
Then the process in H
m
{y(n):z ZAJ-x(n+nj):nez} (2.103)
j=1
is SO p-periodic.

PROOF. It is simple. The joint covariance of the elements y (k) and y(n) is the
operator

m
D ApSkinpming Al (2.104)
p.a=1 O

THEOREM 2.23. Let {x;(n):n €7}, t > 1, be a sequence of H-valued SO p-periodic
processes and {x(n) :n € Z} be a process in H such that

VnezZ:E|x(n)—xm)||* —0, t— oo. (2.105)
Then the process {x(n) :n € Z} is SO p-periodic.
PROOF. Itis enough to prove that, for every n € 7,

Ex;(n) — Ex(n), t— oo,

E((x¢(k) —Ex;(k),u), (x:(n) —Ex;(n),v)) (2.106)
— E((x(k) —Ex(k),u)(x(n) —Ex(n),v)), t— oo; {u,v}cH.

From the Cauchy inequality, this follows in an obvious way. a

REMARK 2.24. About the harmonic analysis of WSO stationary and WSO periodic
processes in H, see [9, Chapter 2, Section 2.4]. The covariance of a Gaussian stationary
Markov process in H is also described in [9, Chapter 2, Section 2.7].
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3. Stationary and periodic solutions of difference equations. This section con-
tains the conditions for existence of stationary or periodic in distribution solutions to
the linear difference equations in the spectral terms. It is proved that these conditions
are stable under perturbations of input random process and under bounded pertur-
bation of operator coefficients. The equations with unbounded operator coefficient
and nonlinear equations are also considered.

3.1. Linear difference equations. A stochastic process with discrete time in a com-
plex separable Banach space B by definition is a collection of B-valued random ele-
ments {x(n):n € Z} defined on a complete probability space (Q,%,P).

Two processes {x(n):n € Z} and {y(n) : n € Z} are said to be stochastic equiva-
lent if

VnezZ:Plx(n)=ymn)]=1. (3.1)

Two processes which are stochastic equivalent are in fact almost surely equal. Further,
we shall consider equivalent processes as equal.

THEOREM 3.1 (see [7, 9]). Let A € £(B). The following statements are equivalent:
(i) the equation

x(n+l)=Ax(n)+y(n), neZz (3.2)

has a unique stationary solution {x(n) : n € Z} in B with E||x(0)| < 4+ for
every stationary process {y(n):n e Z} in B withE||y(0) || < +oo;
(i) o(A)NS =D.

PROOF. (i) implies (ii). Let z € B, z +# 0, and t € S be fixed. Let € be the random
variable with the uniform distribution over [0,277]. The process

{y(n):= —zet":n ez} (3.3)

is stationary in B. Let {x(n) : n € Z} be a unique solution for (3.2) corresponds to (3.3).
By Hahn-Banach theorem, there is an element f € B* such that (f,z) = 1. Then, by
(3.2),

t"e’ = (f,Ax(n) —x(n+1)), nez, (3.4)
therefore the B x C-valued process
{(x(n),e’t"):nez} (3.5)
is stationary. Hence the process
{x(mt e :nez} (3.6)
is also stationary, moreover,

E||x(n)t e || = E[|x(0)]|| < + 0. (3.7)
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Put
u=E(xmt e, nez (3.8)
Since, by (3.2),
xm+Dt e = Ax(m)t e -z, nez, (3.9)
we have
tu=Au-z. (3.10)

Therefore, for every z € B, (3.10) has the solution u € B. This solution is unique.
Indeed, if v € B, v # u is also a solution for (3.10), then the process

[x(n)+t"e(u-v):nez} (3.11)

is a stationary solution for (3.2) which is not equal to {x(n) : n € Z}.

Thus A —tI is a one-to-one mappingon Band t € (C\ o (A)).

(ii) implies (i). Let {y(n) : n € Z} be a stationary process such that E||y(0) || < +oo.
Then with notations from Section 1, we define the random element

0 ) -1 .
x(n):=> (AP_) y(n-1-j)— > (APy)y(n—1-j). (3.12)
j=0

j=oo

The series for x(n) converges almost surely in B-norm since by (ii),

-1

S AP+ S [[(AP.)]| < +oo. (3.13)
i=0 :

J=—®

By Theorem 2.12, the process {x(n) : n € Z} is stationary and E||x(0)|| < +oco. It can
be easily checked, by boundedness of A, that this process satisfies (3.2).

To prove uniqueness, we consider two stationary solutions {x(n) : n € Z} and
{u(n) : n € 7} of (3.2) such that E||x(0)|| < +o, E|lu(n)|| < +c. Then, for every
n € Z, we have

E||P_(x(n)—um))|| < H(AP-)’”sggEllP- (x (k) —u (k)|
< [[P_[[E([|x (0)[| + [[w(0) [ [[(AP-) ™[I, (3.14)
E||P, (x(n) —um))|| < [[P.[JE(|x (0)]| + [ (0) ) [ (AP.) ™|

for every m > 1. Therefore, for every n € Z, x(n) = u(n) almost surely. a

REMARKS. (1) Theorem3.1isnotadirect consequence of the deterministic Theorem
1.3 and the moment condition of Theorem 3.1 is essential.

2)If o(A)n{z||z| <1} # @ and 0(A)n{z | |z| > 1} + &, then the stationary
solution of (3.2) is not stable for n — +o or for n — —c. About the concepts of the
stochastic stability see [17, 38].
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(3)If 0(A) Cc {z| |z| < 1} then the stationary solution of (3.2) is stable in the mean
for n — +oco.

(4)If {y(n):n € 7} is a sequence of independent identically distributed B-valued
random elements and %,, is the o-algebra generated by y(k), k < n for n € Z, then the
stationary solution of (3.2), in remark (3), is anticipative with respect to {%,,n € 7}
and, in remark (2), is nonanticipative with respect to {%,,,n € Z}.

THEOREM 3.2. Let A € £(B). The following statements are equivalent:
(i) equation (3.2) has a unique p-periodic solution {x(n) :n € Z} such that

E|[x(k)|| <+, 1<k<p, (3.15)
for every p-periodic process {y(n) :n € Z}, such that
E|ly (k)| <+, 1<k=<p; (3.16)
() oc(A)NS=0a.

PROOF. The proof is analogous to that of Theorem 3.1 and is omitted. a

REMARK 3.3. (5) The deterministic Theorem 1.5 for (3.2) is proved by weakly con-
dition then condition (ii) of Theorem 3.2.

Let the operators A(n) € £(B), n € Z, be such that
VnezZ:A(n+p)=A(n). (3.17)

Define

By:=A(p—-1)A(p-2)---A(1)A(0),
By :=A(0)A(p-1)---A(2)A(1),

(3.18)
By 1:=A(p-2)A(p-3)---A(0)A(p—-1).
THEOREM 3.4. The following statements are equivalent:
(i) the equation
x(n+l)=An)xn)+yn), nez (3.19)
has a unique p-periodic solution {x(n) :n € Z}, such that

Ellx(k)|| <+, 1<k<p, (3.20)

for every p-periodic random process {y(n) :n € Z} in B, such that
El|ly(k)|| <+, 1<k<p; (3.21)

(ii) thereisk € {0,1,...,p—1}:0Bx)NS =3;
(iii) forallk € {0,1,...,p—1}:0(Bx)NS = .
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PROOF. (i) implies (iii). Let {z (k) : k € Z} be a B-valued stationary process such that
El|z(0)|| < +o. Fix j € {1,2,...,p} and define

ykp+j-1):=z(k-1),

_ ) (3.22)
y(kp+s):=0, s€{0,1,...,p—1}\{j—1}
for k € Z. By Lemma 2.5, {y(n) : n € 7} is p-periodic in B. It is evident that
E||y(k)|| <+, 1<k<p. (3.23)

Let {x(n) : n € Z} be a unique p-periodic solution for (3.19) with the above con-
structed process {y (k) : k € Z}. By Lemma 2.5, the process {x(kp + j) : k € Z} is
stationary; and it can be easily checked that this process satisfies the equation

x((k+1)p+j)=Bjx(kp+j)+z(k), keZ B,=By. (3.24)

By Theorem 3.1, 0(B;) NS = @.

(ii) is equivalent to (iii). See Remark 1.13.

(ii) implies (i). Let 0(Bp) NS = @ and {y(n) : n € Z} be a p-periodic process in B
such that

E||y(k)|| <+, 1=<k=<p. (3.25)
Define
p-1
zo(k):= > A(p-DA(p-2)---Ap-t)y((k+)p—-t-1)+y((k+1)p-1), keZ
t=1
(3.26)

By Lemmma 2.5, the process {zo (k) : k € Z} is stationary, moreover, E||zy(0)|| < +o. By
Theorem 3.1, there is a unique stationary B-valued process {xo(k) : k € Z} satisfies
the equation

xo(k+1) =Boxo(k)+zo9(k), keZ E||x0(0)]| < +oo. (3.27)
Now, we consider the process {x(n): n € Z} defined by
x(kp) = xo(k),
x(kp+1):=A0)xo(k)+y(kp),
x(kp+2):=A(l)x(kp+1)+y(kp+1)
=A(1)AO)xo (k) +A(D)y(kp)+y(kp+1),

x(kp+p—-1)i=A(p-2)x(kp+p-2)+y(kp+p—2) (3.28)
=A(p-2)A(p—-3)---A(0)xo(k)
+A(p-2)A(p-3)---A()y(kp)
+A(p-2)---AQR)y(kp+1)
+A(p-2)---AQB)y(kp+2)
+---+y(kp+p-2), kel
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It can be easily verified that the B¥-valued process
{(x(kp),x(kp+1),....,x(kp+p-1)):nez} (3.29)

is stationary and therefore, by Lemma 2.5, the process {x(n) : n € Z} is p-periodic
in B. The equality

x(n+l)=An)x(n)+y(n), (3.30)

holds for the value n = kp + j, k € Z, 0 < j < p — 2, by the definition of process
{x(n):n e 7Z}. To prove (3.30) for values n = kp +p —1, k € Z, we have

A(p-1)x(kp+p—-1) =Boxo(k) +A(p—-1)---A(1)y(kp)

+A(p-1)---AQR)y(kp+1)
+A(p-1)---AQB)y(kp +2)

3.31
+-+A(p-Dykp+p-2) 331
= Boxo(k) +20(k) =y ((k+1)p-1)
=xo(k+1)-y((k+1)p-1). O
We consider the equation
Ax(n)=x(n+1)-2x(n)+x(n—-1)+y(n), neli, (3.32)

which can be found in various applications, see [26, 32, 35]. The following existence
stationary solution theorem is based on some modification of the method used in
Section 1.

Let A be a closed linear operator with dense domain D(A) in B. It is known that
D(A) € B(B) see [29, Chapter 3, Section IV]. Let {y(n) :n € Z} be a random process.

DEFINITION 3.5. A random process {x(n) :n € Z} is called a solution of (3.32) if,
for every n € 7,
(i) P[x(n) e D(A)] =1,
(ii) equality (3.32) holds with the probability one.

THEOREM 3.6 (see [8, 20]). The following statements are equivalent:
(i) there is a sequence of operators {c(k) : k € Z} € M, and (3.32) has a unique
stationary solution {x (n) : n € Z} such that

x(n)=> cm-k)yk), nez; E|x(0)]| <+, (3.33)
kez

for every stationary process in B{y (n) :n € Z} withE||y(0)|| < +oo;
(i) o(A)Nn[-4,0] = @.

PROOF. (i) implies (ii). By definition of the family .I(, the series

decm-kyk), D Ac(n-k)y(k) (3.34)
kez kez
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converges almost surely in B-norm for every n € Z. By the closedness of operator A,
we have

Ax(n)= > Ac(n-k)y(k), nelz (3.35)
kez

Hence, (3.32) implies that

> Uk)y(k) =0, (3.36)

kez

where
U(k):=Ac(n—k)—c(n+1-k)+2c(n—-k)—c(n—1-k)—dnxI, keZ. (3.37)

We observe that U(k) € ¥£(B), k € Z. Now let {y(n) : n € Z} be a sequence of indepen-
dent identically distributed random elements such that Ey (0) = 0. Fixing n € Z and
taking the conditional expectation of (3.36) gives the o-algebra generated by y (k),
k + n, we have

Un)y(n) =0. (3.38)

Hence, it follows that U(n) = ©. Indeed, let {u(j):j > 1} be a countable dense set in
B. The random element y(n), by definition, is such that

Ply(n) =u(i)] = A+|lud)", j=1;

PLy(m = 0] =1- 3. (27 (1+ [u) ) o
j=1
Then U(n)u(j) =0, j = 1. Therefore, U(n) = 6.
Thus we have
Ac(n—-k)=cn+1-k)-2c(n—k)+c(n—1-k)+6nxl. (3.40)
Let
d_(z):= >y ck)zt, zeK:i={zeClty=<lzl<t1}; ®_(2) € L(B), (3.41)

kez

where ty, t; are the numbers corresponding to the sequence {c(k) : k € Z} in the
definition of Jl, see Section 1. By the definition of ., the series

> Ack)z¥, zeK (3.42)
kez

also converges in the operator norm; and by the closedness of A, it follows that

d_(z)x €D(A), AP_(z)= > Ac(k)zF, (3.43)
kez

for all x € B. Now, by (3.40), we obtain

(A—(%—2+Z>I)d>_(z):l, z€eK. (3.44)
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Therefore, for every v € B, z € K, the equation
1
(A—(Z—2+z>l>x=y (3.45)
has the solution x :=®_(z)y € D(A), moreover,

Ixll < > [let||- |y (). (3.46)
kez

For z € K, fixed (3.45) has a unique solution x for every y € B. Indeed, if a solution
of (3.45) is not unique, then there is u € D(A), u # 0, such that

(A*(é*Z‘FZ)I)u:O. (3.47)
Now put v = u in (3.45). Then we find
u= (A— (% —2+z>1)q>,(z)u = <I>,(z)<A— (é —2+z>1>u =0, (3.48)

a contradiction. Thus 1/z—2 + z lies in the resolvent set of operator A. It can be easily
checked that

[—4,0]c{%—2+z:zeK}. (3.49)

We note that function ®_ is uniquely defined by (3.45) and the sequence {c(k) : k € Z}
is uniquely defined by the Laurent series of ®_.

(ii) implies (i). Let 0 (A) n[—4,0] = &. Since the set p(A) := C\ 0 (A) is an open set,
there are numbers ty and t; suchthat0 <ty <1<ty, (1/z—2+2z) € p(A), z<€ K. For
z € K, put

b _(z2):= (A—(%—2+z)1>71. (3.50)

The operator-valued function ®_ is analytic in K; and for every x € B, the relation
®_(z)x € D(A) is true. Hence, the following expansion in Laurent series

d_(z)= > ck)zX, zeKk, (3.51)
kez
is valid, where
c(k) = L, d_(s)s*ds, c(k)e%(B), kel (3.52)
2101 Jys1=1

This series absolutely converges in K in operator norm. By definition of ®_,
1
(A—(E—2+z>1><1>,(z)=l, zeK (3.53)
and therefore (3.40) is true. Moreover,

AdP_(z) = (%—2+z>¢_(z)+l, z€eK. (3.54)
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Hence, the function A®_ also is analytic in K; and by the closedness of A, we have for
every k € 7,

Ac(k) = ijﬁ Ad_(s)s*1ds. (3.55)
2771 Jis|=1
Thus, {c(k):k € Z} € M and
Ad_(z) = > Ac(k)z¥, zeKk. (3.56)
kez

By the relation {c(k) : k € Z} € M, the series
dDem-k)yk), > Ac(n-k)y(k) (3.57)
kez kez
converge almost surely in B-norm. Since operator A is closed, it follows that
x(n) € D(A), Ax(n)= > Ac(n-k)y(k) (3.58)
kez
for every n € Z. By Theorem 2.12, process {x(n) :n € Z} is stationary. It can be easily
verified that relations (3.40) imply (3.32). Uniqueness is obvious. |

We now take up an important extension of Theorem 3.1. Suppose that w is a func-
tion which satisfies Condition 1.6 from Section 1 and let {ay : k € Z} be the Laurent
series coefficients for w.

THEOREM 3.7 (see [20]). Let A be a closed operator. The following statements are
equivalent:
(i) there is a sequence of operators {c(k) : k € Z} € JM; and the equation

> arx(n+k)=Ax(n)+y(n), nez (3.59)
kez
has a unique stationary solution {x(n) :n € Z} such that
x(n)=> cm-k)yk), nez  E|x(0)| <+o, (3.60)
kez
for every stationary process in B{y (n) :n € Z} withE||y(0)|| < +oo;
(i) c(A)Nw(S)=03.

PROOF. The proof is analogous to that of Theorem 3.6 and is omitted. See also the
deterministic Theorem 1.8 for comparison. a

Just in the same way, we also get the following result.

THEOREM 3.8 (see [9]). Let A be a closed operator. The following statements are
equivalent:
(i) there is a sequence of operators {c(k) : k € Z} € M; and (3.59) has a unique
p-periodic solution {x(n):n € Z} such that

x(n)=> cm-k)yk), nez; E|x(k)|<+w, 1=<k=<p, (3.61)
kez

for every p-periodic process in B{y(n):n ez} withE|y(k)|| < +o,1 <k <p;
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(i) o(A)Nnw(S) =d.
THEOREM 3.9 (see [9]). Let
p e (Nu{0}), {AgA1,...,Ap} CZL(B). (3.62)

The following statements are equivalent:
(i) the equation

Apx(n)+Aix(n—-1)+---+Ap,(n-p)=yn), nez (3.63)

has a unique stationary solution {x(n) : n € Z} such that E||x(0)|| < +o for
every stationary process {y(n) :n € Z} withE|y(0)|| < 4+oo;
(ii) for every A € S, the operator

AgA? + AjAP 4 1 A, (3.64)
has a bounded inverse.

PROOF. (i) implies (ii). It can be established by the use of an argument similar to
that of the first part of Theorem 3.1.

(ii) implies (i). Suppose that, for every A € S, operator (3.64) has an inverse defined
on B. Then, for every A € S, there is v (A) > 0 such that the operator

AOZP+AIZP71+' . '+Ap (3.65)

has a bounded inverse for all z with |z —A| <7 (A). Since S is compact in C, there is
an annulus

K={zeClty<lzl<ti}, O<top<l<it; <2, (3.66)

such that, for every z € K, operator (3.65) has bounded inverse R(z). Now we prove
that the function R is analytic in K. Let zy € K be a fixed point. By definition of R, it
follows that

R(z) =R(z)(Apzl +A 28 '+ -+ A,)R(20)

(
=R(z)(AozP +A1zP 1+ + Ay — Ag(2P - 2F)

—A; (prl_zpfl)_. . .—Ap,l(Z_ZO))R(ZO) (3.67)
p-1 )
=R(z0) —R(z) >, Aj(zP 7 = z8 )R (z0).
Jj=0
Therefore,
p-1 ‘
Riz) (” 2. AjR(20) (2" —ZS’J)) = R(20). (3.68)
j=0

By equality (3.68), we obtain

R(2) = R(20) i (pZ AJR(ZO)(Zgj_Zp_j)) : (3.69)
J

n=0 \ j=0
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for every value z, such that

p-1
|z—zo| > ||AjR(20)][22P~) < 1. (3.70)
j=0

Hence

© p-1 p-j , "
R(z) =R(zo) >. (— > AjR(z0) > c;;_jzgjk(z—zo)k) ,
j=0 k
p-j

"o - 3.71
o /po1 - n (3.71)
s (z RGOS c';_jzvfwz—zw) .
n=0 \ j=0 k=1
if, in addition, |z —zg| < 1. Let
R(z)= > c(k)z*, zeK (3.72)
kez
be the Laurent series for R. Note that
c(k):= LEF R(z)z7%'dz, c(k)e%(B), keZ, (3.73)
21i Js
S e k)] < +oo. (3.74)

kez

Suppose that {y(n) :n € Z} is a stationary process with E[|y(0)] < +c0 and put

x(n):=> clk-n-p)yk), keZ. (3.75)
kez

By (3.74), the series for x (n) converges almost surely in the B-norm. By Theorem 2.12,
the process {x(n) :n € Z} is stationary. The process {x(n) : n € Z} satisfies (3.63).
To establish this, note that for every n € Z, we have

Apx(m)+Aix(n—-1)+---+A,x(n—-p)

= S (Agc(k-n—-p)+Ac(k—n-p+1)+---+Apck—n))yk). 376
kez

By (3.72) and the identity
(AgzP +A1zP 1+ +Ap)R(2) =1, zE€K, (3.77)

we have

> (Aoc(k)ZK P+ Ajc(k)ZK P+ -+ Ape(k)ZX)
kez (3.78)
= > (Aock—p)+Aic(k—p+1) +---+Apc(k))zk = I.
kez
By uniqueness expansion in a Laurent series, it follows that
Aoc(=p)+Aic(-=p+1)+---+A,c(0) =1,

7
Aoc(k—p)+Aic(k—p+1)+---+Apc(k) =0, k=0. (3.79)

From this and (3.76), (3.63) follows.
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Now we prove uniqueness. Let {u(n) : n € Z} be a stationary solution of (3.63) with
E|lu(0)]] < +oc0 and

w(n):=xn)-un), necz. (3.80)
Then
Aown)+Aiwn-1)+---+A,wn-p)=0, nez (3.81)
By (3.79) for the process
v(n)i=> c(k-n-p)w(k), nez, (3.82)
kez
we have
Agv(n)+ A v(n-1)+---+A4,v(n-p)=w(n), ner (3.83)

In addition, by identity
(AgzP +A1zP 1+ -+ Ap)R(2) =R(2)(AgzP +A12P 1+ +A,), z€K, (3.84)

it follows that

Aoc(k—p)+Aic(k—p+1)+---+Apc(k)

=c(k-p)Ag+ck—p+1)A+---+c(k)Ap, keZ. (3.85)

Therefore,

Agv(n)+Aivin—-1)+---+A,v(n-p)
=> (Aoc(k—-n-p)+Ajc(k—-n-p+1)+---+Apc(k—n))w(n)

ez
:kz (ctk—=n-p)Ag+ck—-n—-p+1A;+---+c(k—-n)Ap)w(n) (3.86)

kez
:glc(k—n—n)(Aow(n)+A1w(n—1)+---+pr(n—p)):(), nez. -

Stationary solutions of a two-dimensional stochastic difference equation in a Banach
space have been developed in [19].

3.2. Perturbed equation. In many problems of applications, a given system is sub-
ject to deterministic and random influences that must be taken into account in the
appropriate mathematical models. Usually, mathematical models are only approxima-
tion to real behavior of systems. Therefore, mathematical models must be stable under
perturbation of its parameters. From the viewpoint of applications, stability is just as
important as existence. We give such results in this section. From the mathematical
viewpoint, many of such results are the theorems about the continuous dependence
of solution in given norm from equation coefficients.
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THEOREM 3.10 (see [11, 12]). Let the operators
Ae¥B), {Ann),nez,m=1}c%(B) (3.87)

satisfy the following conditions:
(i) o(A)NS =O;
(i) Om:=sup{llAm(n)-Al|lnez} -0, m— .
Then for each stationary B-valued process {y(n) :n € Z} with E||y(0)] < +o0, we
have the equation

x(n+l)=Ax(n)+yn), neZ (3.88)
and for every m greater than some mg € N, the equation
Xmn+1)=A,(n)xy,y(n)+yn), nez (3.89)

has a unique stationary solution {x(n) :n € Z} and a unique solution {x,,(n) :n € 7},
respectively, for which

E[|x(0)]| < +00;  supE||xm(n)|| <+, nez, (3.90)
nez
SupE||x;,(n) —x(n)|| — 0, m — . (3.91)
nez

PROOF. By Theorem 3.1, it follows that condition (i) is equivalent to the existence
of a unique stationary solution {x(n) : n € Z} with E|[x(0)|| < + o0 of (3.88) for every
stationary process {y(n):n € Z} with E[|y(0)|| < +c0. Moreover, as in Theorem 3.1,
let

o (A):=0(A)n{zeCl|z| <1}, . (A):=0(A)\o_(A), (3.92)

and let P_ and P, be the spectral projectors corresponding to the spectral sets o_(A)
and o, (A), respectively. Then, for every n € Z, we have

x(n) = zG(j)y(n*jfl), (3.93)
jez
where, for j € 7,
AP_) =0,
G(j):= ( ) i (3.94)
_(AP+) y J= -1
The series for x(n) converges almost surely in B-norm and E|/x (0)|| < +0co, moreover,
L:= > |G|l < +oo. (3.95)
Jjez

Let my € Z be such that L6,, < 1 for m > my. Now let m > mg. We prove the
existence of solution for (3.89) by showing that the sequence {xj, | j > 1}, defined by

x0(m):=0, nez,
" (3.96)
m

Xt m+1) = Ax (n)+(Am(n)—A)x¥n(n)+y(n), nez, j=0,
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converges as j — o to a solution of (3.89). First, we have

A < LSOy, j=1 (3.97)
for
Al = SUpE||xin ' () — xh ()] (3.98)
nez

Then by [27], for every n € Z, there is a random element x,, (n) such that
Xin (M) — Xm(n), j— oo (3.99)
almost surely in B-norm. In addition,

sup supE||xm, (n)|| < +oo, (3.100)
m=1nez
and taking the limit in j in both sides of the equality (3.96), we obtain that the process
{xm(n) :n € 7} satisfies (3.89). From (3.88) and (3.89), it follows that

sugEHx(n) —Xm (M)|| < LEnE||xm (n)]],

(3.101)

LS
supE||x(n) —xm(n)|| =< —5—E[[¥(0)]|. O
nez 1-Lom

REMARK 3.11. Theorem 3.10 may be generalized to the more general case of per-
turbations. Let

{AV,(n) Inmez,v=0m=1}cC%(B),

, e (3.102)
8 i=sup||A% (n) — Al|+ > sup||A}y, (n)|| — 0, m — co.
nez y=1N€EZ

Then, the statement of Theorem 3.10 holds for the solutions of the following equa-
tions:

Xm(n+1) = > A (Mxm(n-v)+y(n), nez; m=1. (3.103)

v=0

We now return to the linear stochastic equation (3.19). Let {A(n) :n € Z} C £(B);
and, for a fixed p € N, let

An+p)=Amn), nel. (3.104)

Put By:=A(p—-1)A(p—-2)---A(1)A(0).

CONDITION 3.12. The operators {A(n),A,,(n),m = 1;n € Z} C £(B) satisfy the
following conditions:
(i) o(Bp)NS =0;
(ii) sup,ezllAm(m) —AMm)|| - 0, m — .

THEOREM 3.13. Let Condition 3.12 hold and let {y(n) : n € Z} be a p-periodic in
distribution process with E||y (k)|| < 4o, k =1,2,...,p.
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Then, the equation
x(n+l)=An)xn)+yn), neZ’ (3.105)
and, for every m greater than some m, € N, the equation
Xmn+1)=A,(n)xy,(n)+yn), nez (3.106)

have a unique p-periodic in distribution solution {x(n) : n € Z}, and a unique solution
{xm(n) :n € Z}, respectively, for which

E[lx(k)|| <+o0, k=1,2,...,p;  SupEl|[x;(n)]| < +oo;
nez
3.107
SupE||x;,(n) —x(n)|| — 0, m — . ( )
nez
PROOF. The proof of Theorem 3.13 is similar to that of Theorem 3.10 and we give

only new features. First notice that, for each process {y(n): n € 7} with

supE||y(n)|] < +eo, (3.108)
nez

equation (3.88), under condition (i) of Theorem 3.10, has a unique solution {x(n) :
n e Z} with
supE||x(n)|| < +co. (3.109)
nez

The proof of this statement follows along the lines of the proof of Theorem 3.10.
It is easily seen that the solution {x(n):n € Z} for (3.105) satisfies the equation

x((v+1)p) =Box(vp)+z(v), veTZ (3.110)
with
p-1
z(v):=ZA(p—l)A(p—Z)---A(p—t)y((v+1)p—t—1)+y((v+1)p—1), v el
t=1
(3.111)

Then, using the above statement, we define {x(vp) :v € Z} as the solution for (3.110)
and put
x(vp+1):= A0)x(vp) +y(vp),

x(vp+2)=Al)x(vp+1)+y(vp+1),
(3.112)

x(vp+p-1)=Alp-2)x(vp+p-2)+y(vp+p-2),

we have the solution {x(n):n € Z} for (3.105).
Now, using the approximating method of Theorem 3.10, it is easy to prove the
existence of a solution for (3.106) for every m greater than some m, € N. a

The study of a random perturbation is complicated and more interesting. In the
sequel, we investigate this question. The following result will be useful in applications.
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THEOREM 3.14 (see [5, Chapter 10, Section 1], [9]). Let{A,C} C £(B) and let {(e(n),
y(n)):neZ} be astationary metrically transitive random process in CxB. Suppose that
(i) EIn" |y (0)[| < +oo;
(i) u:=EIn[|[A+e(0)C|| < +oo.
Then the equation

xn+l)=A+em)C)x(n)+yn), nez (3.113)
has a unique stationary solution {x(n) :n € Z}.

PROOF. Let n € Z be fixed. We show that the series

x(n)=yn-1)+ Z (A+emn-1DC)(A+em—-2)C) -+ (A+e(n—j)C)y(n—j—1)
7 (3.114)

converges almost surely in B-norm. It is obvious that

([(A+en-1)C)(A+e(n—2)C) -+ (A+e(n—j))Cym—j-1)|)"

n-1 (3.115)
< exp (1. S If[A+e(0)C] + L ||y(n—j—1)||).
t=n—j-1 J

Since ¢ is metrically transitive, we have, by the ergodic theorem, (see [5, Chapter X,
Section 2])

n-1

> In||A+e®)C|| —p, j— o (3.116)
t=n—j-1

.|

almost surely. For any a > 1, it follows from (i) that

iP[ln+\|y(n—j—1)||>jlna]<+oo. (3.117)
j=1

Therefore,

P[limsup(ln+||y(njl)|| >jlna)} =0, (3.118)
o

and hence
limsup||(A+£(n-1)C) -+ (A+(n—j)C)y(n—j-1)||'" <e <1. (3.119)

oo

Thus, the sequence of the partial sums of series for x(n) is the Cauchy sequence
almost surely in B-norm. Hence, (see [27]) there is a random element x(n) which is
the limit of these sums.

By the boundedness of the operators A and C, we find

[

(A+e(m)C)x(n) = > (A+e(m)C)(A+em—-1)C) -+ (A+e(n—j)C)y(n—j-1)
=0
=xn+1)-ymn), nelr.
(3.120)
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By Theorem 2.12, {x(n) : n € Z} is stationary. In the same manner we get the
uniqueness. O

Analogous to Theorem 3.14, this result can be proved for p-periodic processes.
Instead, we give the following theorem with the moment conditions.

THEOREM 3.15 (see [9]). Let operators {A,C} C £(B). Suppose that {e(n) :n 7} is

a sequence of independent identically distributed random variables inC, {y(n) :n € 7}
is a p-periodic in distribution random process in B which is independent from {e(n) :
nez}. Let

@) Elly k)l <+oo, 1 <k <p;

(ii) E[|[A+&(0)CJ < 1.
Then there is a unique p -periodic in distribution process {x (n) : m € Z} in B that satisfies
(3.113) such that

Ellx(k)|| <+, 1<k<p. (3.121)
PROOF. Since, for everyn ez, j>1,
E[[(A+en-1)C)--- (A+e(n—j)C)y(n—j-1)||

S(EHA+E(O)CH)]ITI?E;EHJ’(’()H, (3.122)

the series

x(n)i=ym-1+> (A+em-1)C) -+ (A+e(n—jC)y(n—j-1) (3.123)
j=1

converges almost surely in B-norm and
El|lx(k)|| <+, 1<k<p. (3.124)

By Theorem 2.12, the process {x(n):n € Z} is p-periodic in distribution. O

3.3. Nonlinear equation. In this section, we consider some nonlinear equations,
which are disturbed by stochastic processes, and give conditions for existence sta-
tionary or periodic in distribution solutions to these equations.

3.3.1. A nonlinearity satisfying Lipschitz condition. Let p € N be given.

THEOREM 3.16 (see [15]). Let G:Z x B — B be a function such that

(i) Gn+p,x)=G(n,x),xeB,neN;

(ii) thereisA €[0,1):[|G(n,x)-G(n,y)|l <Allx—-yl, {x,y} CB;
(iii) thereisu e [0,1):||Gn,x)|| <u(1+|xl) forallmeZ, {x,y} CB.
Let {y(n):n € Z} be a p-periodic in distribution process in B such that

E||y(k)|| <+, 1<k<p. (3.125)
Then the equation

x(n+1)=G(n,x(n)) +yn), nez (3.126)
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has a unique p-periodic in distribution solution {x(n) : n € Z} satisfying
E|[x(k)|| < +c0, 1<k<p. (3.127)
PROOF. Given ng € Z and x( € B, define the sequence {x(n;ng,xo) :n = ng} by
x(no;n0,X0) :=x0; x(M+1;n0,%0) := G(n,x(N;M,%0)) +v(n), m=ngp. (3.128)

Now let n € Z and x be fixed. To prove that the sequence {x(n;n¢,x¢) : ng < n}is the
Cauchy sequence almost surely in B-norm, we obtain for n; < n, < n the following
inequality:
[|2¢ (511, x0) = x (n5m2,%0) || = [|x (312, % (n2511,X0) ) — x (M3 112, X0) ||
< Allx(n-1;n2,x(n2;m1,%0)) —x (n—1;m2,%0) ||

< - < AMT|x (N2, x0) — Xol|

(3.129)
almost surely. In addition,
[|x (n2;11,x0) —x0|| = [|G(n2 —1,x(n2 — 1;11,%0) ) + ¥ (N2 — 1) — x0|
<|Ixoll + |l (n2 = 1) ||+ u+ pl|x (n2 = 1,11, x0) |
< ||xoll + [y (n2 = )[| + 1+ pl|y (n2 - 2)
[xoll + ] I I I (3.130)
+ %+ p?|x (n2 - 231y, x0) |
<ol |+ 3% w0l (2 = DI+ 5+ x|

Jj=1

almost surely. The series in (3.130) converges almost surely by periodicity of the pro-
cess {y(n):n € Z} and the moment condition. By (3.130), it follows that

n
> A"’”ZE( sup ||x(n2;n1,xo)—xo||>
2

ny<n

n2=—% (3.131)
2 u 1
< Xo||+ + max E||y (k)
1—2\“ ol (1= (1=A) (A=) (1—-A) 1<k=p [l (ol
and therefore, the series
n
> A" sup ||x(n2;n1,%0) — Xol| (3.132)
Np=—o0 nip<np
converges almost surely. Hence, for n; < np,
A2 ||x (n;ma,X0) —Xo|| — 0, My — —o0 (3.133)

almost surely. By (3.129), the sequence {x(n;ng,xo) : o < n} is the Cauchy sequence.
Thus there is (see [27]) a random element x(n;x() such that

x(1;x0) :n(}{n}mx(n;no,xo) (3.134)

in the B-norm almost surely.
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Now we prove that for every n € Z, the element x(n;x¢) is independent from x
with probability one. Let zy € B. Then

|| (1310, x0) — x (n;10,20) |
= |G(n-1,x(n-1;n0,x0)) —G(n—1,x(n—1;n0,20))|| (3.135)

<Aljx(n—1;n0,x0) —x(Mn—1;n0,20)|| < -+ - < A" |x0 — 20|
and therefore,
P[x(n;x0) = x(n;20)] = 1. (3.136)

We, further, write x (n) instead of x (1;x). Using (3.130) for n, = n, n; = ng, (3.134)
and Fatou’s lemma, we obtain

E||x(1)]| < +oo. (3.137)

It follows from (3.128) and (3.134) that the process {x(n): n € Z} satisfies (3.126).
To prove that the process {x(n) : n € Z} is periodic in distribution, we consider the
following Borel set in BZ

G = {{uk kezb:vnel: Y i unj|| < +oo;
J=1 (3.138)
exists in B-norm the limit v,, := nlim vn(no,('))},
0——0
where, for every k € Z, the element vy (n9,0) is defined for ng < k by
Ung (10,0) 1= 0;  Vis1(n0,0) := G(k, vk (10,0)) +uk, k= no. (3.139)

By definition of % for the sequence {uy : k € Z} and corresponding to it the sequence
{vk 1k € 7}, it follows that

Vis1 = G(k,vr) +ug, kez. (3.140)
Let T :9% — BZ be the mapping defined by
T({uk:kez}):={vv:kez}, {ur:kez}ead. (3.141)
The mapping T is measurable and for mapping 0(p), we have
TO(p) = 0(p)T. (3.142)
Indeed, let for {uy:k 7} €9
{wy:kez}:=TO(p){ur:k €7}, {wy:kez}:=0p)T{ur:kez}. (3.143)

Then

Wiy = G(k,wi) +Upip;
- - (3.144)
Wk+p+1 = G(k+p:wk+p) +Uk+p
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for all k € Z. According to (ii), we have
[[wis1 = Wksp ] < AlJwe = Wkapl] < -+ - < M| wie 1 — Wiap—js ] (3.145)
for j > 1. Hence by inequality, that is analogous to (3.130), it follows that
Wil = Wisapr1, kEZ (3.146)
By the previous argument, we have
P[{y(n):nez}edp|=1. (3.147)

Let py and p, be the measures on %(B%) generating by the processes {x(n) :n € Z}
and {y(n):n € 7}, respectively. By Lemma 2.4,

px =y T =, 0(p) T =p, THO(p) ! = ux0(p) 1. (3.148)

By Lemma 2.4, the process {x(n) :n € Z} is p-periodic in distribution.
To prove the uniqueness, we consider a p-periodic in distribution process {z(n) :
n € Z} which is the solution of (3.126), such that E||z(k)|| < +o, 1 <k < p. Then

E|llx(n)-zn)|| < AE||lx(n-1)—zn-1)|| < --- < NE|[[x(n—j) —z(n—-j)||

<A max (Ellx ()| +ElzG0 ), =1 (3:149)
Thus
P[x(n)=z(n),nez]=1. (3.150)
O
REMARK 3.17. Given x( € B, the sequence {z(n):n = 0} is defined by
z(0) := xo; zin+1)=G(n,z(n)) +yn), n=0. (3.151)

By the conditions of Theorem 3.16, the sequence {z(n) : n > 0} is asymptotically
p-periodic, that is,

lzin)—x(n)|| —0, n— o (3.152)
almost surely, where {x(n) :n € Z} is p-periodic in distribution solution of (3.126).

EXAMPLE 3.18. Let B = H = L»([0,1]) and K : [0,1]° xR — R be a measurable

function satisfying the conditions:

IA€[0,1): |K(s,t;x)—K(s, ;)| <Alx -,
(3.153)
Juel0,1): |K(s,t;x) | <u(1+]x])

forall {s,t} c[0,1]%, {x,v} C R.Let {y(n) : n € Z} be stationary sequence in L ([0,1])
such that

Ey(n,t)=0, tel[0,1];ne”. (3.154)
Forevery f € L,([0,1]), there is a stationary L, ([0,1])-valued sequence {x(n) :n € Z}

satisfying the equation

1
x(n+1,t) = Jo K(t,s;x(n,s))ds+ f(t)+y(n,t), te[0,1], ne€Z. (3.155)
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This result is important for applications. By a fixed point theorem, the sequence,
defined by

1
zo € L([0,1]); znﬂ(t)=JOK(t,5;zn(s))ds+f(t), te[0,1], n=0, (3.156)

converges in L, ([0,1]) to a unique solution of the integral equation

1
z(t):J0 K(t,s;z(s))ds+ f(t) te[0,1]. (3.157)

If each function z, ;1 from (3.156) is defined with the random error y (n) as in (3.155),
and errors {y(n)} forms a stationary process, then the sequence {x(n)} also is sta-
tionary process and consequently does not converge to solution of (3.157). However,
there exist methods for estimation of solution for (3.157) in this situation, see [4, 13].

3.3.2. Equations near to linear. We apply the techniques described above to study
the existence stationary and periodic in distribution solution of nonlinear stochastic
difference equations, which are near to linear equations. Of course, these conditions
are only sufficient.

If A € £(B) is an operator such that 0 (A) NS = &, let P_ and P, be the spectral
projectors corresponding to the spectral sets that lie inside and outside of S, respec-
tively.

THEOREM 3.19 (see [15]). Let G:Z x B — B be a function such that
(i) forallnez, forallx € B,G(n+p,x) =G(n,x);
(ii) there are an operator A € £(B) and a number L > 0 such that

og(A)NnS = O,
Vke{l,2,...,p}, Vix,y} CB:||G(k,x) -G(k,y) -Ax-y)|| <LlIx -y
o 1 (3.158)
L :=L(Z||(AP-)J||+ > ||<AP+)J||> <L
J=0 J=—o0
Let {y(n):n € Z} be a p-periodic in distribution process in B, such that
E|ly (k)| <o, 1<k=<p. (3.159)
Then the equation
x(n+1)=G(n,x(n))+yn), nez (3.160)

has a unique p-periodic in distribution solution {x(n) : n € Z} with E||x (k)| < +oo,
1<k<p.

PROOF. Let x(o € B. By Theorem 3.2, there is a unique p-periodic in distribution
random process {x;(n):n € Z} in B, such that

x1(n+1) =Ax1(n)+G(n,xo) —Axo+yv(n), nceiz
(3.161)
El|x1(k)|| < +00, 1<k<p.
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Given for j = 1 the p-periodic in distribution process {x;(n): n € Z}, by Theorem 3.2
there is a unique p-periodic in distribution solution {x;.,(n):n € Z} of

Xjr1(n+1) =Axj () +G(n,xj(n)) —Ax;j(n)+y(n), neli, (3.162)

in addition, E|[xj.1 (k)| < 40, 1 <k < p. We also have

00

Xme1(n) = z (AP_)j(G(n—1—j,xm(n—1—j)) —Axy(n—-1-j)+ymn-1-j))
Jj=0

- > (AP (Gn-j-1L,xm(n-1-))) —Axm(n—-1-j) +y(n—-1-j))

j=—oc0
(3.163)
for any n € Z and m > 1. By (ii) of Theorem 3.19, we obtain
Ellxms1m+1)—xm(n+1)|| <L, 1121?;;E||xm(k) —xm-1(k)|], m=1. (3.164)
Therefore,
lrgg’EmeH(k) —xm (k)| < L™ E&EH’“(M -xo||, m=1. (3.165)

From (3.164) and (3.165), we have that for every n € Z, the sequence of the random
elements {x;,,(n): m = 1} converges in the first-order mean [27] to a random element
x(n) with E||x(n)|| < +0c0. According to Theorem 2.14, {x(n): n € Z} is p-periodic in
distribution in B. In addition, from (3.162), we have (3.160).

To prove the uniqueness, we suppose that {z(n) : n € Z} is a p-periodic in the
distribution solution of (3.160). By Theorem 3.2, we have

x(n) = (AP) (G(n-1-j,x(n-1-j))—Ax(n—-1-j) +y(n-1-j)
j=0

~ > (AP (G(n-1-j,x(n—1-J)) ~Ax(n—1—-j) +y(n—1-j))

j=-o
(3.166)
for any n € Z and for the analogous representation of z(n). Then
Ellx(n+1)-z(n+1)|| <Ly 1I£I?s)§aE||X(k) —z(K)||. (3.167)
Since
El|x(k)—z(k)|| < 12112; (El|lx(R) || +E||z(K)]), (3.168)
we obtain
Ellx(n)-z(n)||=0, nez (3.169D)

Theorems like Theorem 3.19 may be proved for other difference equations. An anal-
ogous proof leads to the following results.
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THEOREM 3.20. Let A be a closed linear operator with domain D (A) such that
o(A)n[-4,0] = @. (3.170)

Suppose that a function f : 7 x B3 — B satisfies the following conditions:
W fn+p,u,v,w) = f(n,u,v,w);
(ii) the following inequality holds:

1f (n,ur,v1,w1) = f (n,u2,v2,w2) || < L(JJuy =z +[|vr — vl |+ ||wr —w2|]) (3.171)
foralln € Z, {u,v,w,u;,v;,wj,j=1,2} C B with a number L such that

Ly:=3L > [[c(k)] <1, (3.172)
kez

where {c(k)} are the Laurent series coefficients of the function

(A—(%—Z-i—z)])_l. (3.173)
Let {y(n):n € Z} be a p-periodic in distribution process such that
E|ly(k)|| < +0, 1<k<p. (3.174)
Then the equation

Ax(n)=x(n+1)-2x(n)+x(n-1)+f(n,x(n+1),x(n),x(n-1))+yn), nez
(3.175)
has a unique p-periodic in distribution solution {x(n) :n € Z} and

P[x(n)eD(A), ne€Z| =1, E|xk)||<+w, 1<k<p. (3.176)

THEOREM 3.21. Let Ao, A1,...,Ap be an operator from £(B) such that, for every
z € S, the operator

A()Zp +Alzp’1+...+Ap (3177)

has the bounded inverse R(z). Suppose that b : B2 — B is a function which satisfies the
conditions:

(i) thereisLy > 0:|lb(u,v)|| < Li(1+lull+1lvi);

(i) thereisL, > 0:||b(u1,v) —b(uy,v)|| < L2|luy —uz|| for all {u,v,u,u} and

L, > ek <1, (3.178)

kez

where {c(k)} are the Laurent series coefficients of R.
Let {y(n) :n € Z} be a stationary process such that

E[[y(0)]] < +oo. (3.179)
Then the equation
Apx(n) +Aix(n—=1)+---+Apx(n—-p) =b(x(n),y(n)), nez (3.180)

has a unique stationary solution {x(n):n € Z} such that E||x(0)|| < +oo.
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3.4. Second-order stationary and periodic solutions. Let B = H be a Hilbert space
over R. The existence problems of SO stationary and SO periodic in distribution so-
lutions for difference equations are more complicated than those from previous sec-
tions. Finite-dimensional stochastic equations with constant coefficients are studied
in detail, see Arato6 [1]. The aim of this section is to prove criteria for the existence of
SO stationary and SO periodic solutions for linear stochastic difference equations in
a Hilbert space [6].

3.4.1. Second-order stationary solutions. Let x and y be the H-valued random
elements with E||x||? < +oo, E||y[|? < +co. If

Vi{u,v} c H:E[(x,u)(y,v)] =0, (3.181)

then x and y are said to be orthogonal to each other. We note that mutual correla-
tion operator of orthogonal elements is the zero operator, and that orthogonality of
mutually Gaussian elements implies their independence.

Given sequence {y(n) : n € Z} of random elements such that E||y(n)||2 < +oo,
nezZand m €7, let L, be mean-square closure of linear combination

Ay (m) +Azy (n2) +- - -+ Ay (ni), (3.182)

where k > 1, {A1,Az,..., Ak} CL(H), nj<m,1<j<k.
THEOREM 3.22. Let A € $(H). The equation

x(n+l)=Ax(n)+yn), neZz (3.183)

has a unique SO stationary solution {x(n) € Li,l :n € Z} for every SO stationary
sequence {y(n) : n € 7} of pairwise orthogonal H-valued random elements, if and
only if, for every orthonormal basis {e; : j = 1} in H, the inequality

sup > [|Akej||* < +oo0 (3.184)
J=1 k=0

is valid.

PROOF

NECESSITY. Let {x(n) € L) _;:n € Z} be an SO stationary solution of (3.183) cor-
responding to an SO stationary process {y(n) : n € Z} with a correlation operator S,
of y(0). From (3.183), we have

Ex(0) = AEx(0) +Ey (0). (3.185)

This equation has a unique solution Ex(0) for every Ey(0). Hence 1 € (C\ o (A)). It
can be supposed that Ey(0) = Ex(0) = 0. Taking into account (3.183), we have

E[(x(n+1),u)(x(n+1),v)]
=E[(Ax(n),u) (Ax (n),v)] +E[(y(n),u) (v (n),v)] (3.186)
+E[(Ax(n),u) (¥ (n),v) | +E[ (¥ (n),u) (Ax(n),v)].
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Since x(n) € LZ_I, we obtain that the correlation operator S, of the element x(0)
satisfies the equality

Sy =ASKA* +S,, (3.187)

where A* is the adjoint operator of A. From (3.187), for every n € N, we have
n
Sy = AT AR L N ARG Ak, (3.188)
k=0
Hence, taking into account the properties of the correlation operators, the conver-
gence of the following series is obtained

> (AkS,A*kz,z), zeH. (3.189)
k=0

By the condition of theorem, series (3.189) is convergent for an arbitrary correlation
operator S,. Thus,

VzeH:(A"IS A M Dz 2) — 0, n— oo (3.190)

and from (3.188), the following equality is obtained

)

(Sxz,z) = Z (A*S,A**z,z), zeH. (3.191)

Now let {e;: j = 1} be an arbitrary orthonormal basis in H. For every sequence of
positive numbers such that

Z | < +oo, (3.192)

the operator
= > Aj(-,e))e; (3.193)
j=1

is a correlation operator. For the corresponding operator Sy, equality (3.191) is true,
which implies the following equality for the trace of operator Sy

trSy = > (Sxej,ej) = > > (AkS,A*Kej e;) = ZAj(Z ||A’<e,-|2). (3.194)
Jj=1 Jj=1k=0 j=1 k=0
From the convergence of the last series for every sequence of positive numbers {A; :

Jj = 1} satisfying (3.192), it follows that

sup Z ||Akej||* < +oo. (3.195)
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SUFFICIENCY. If 1 € (C\ 0 (A)), the expectation Ex(0) is a unique solution of
Ex(0) = AEx(0) +Ey(0), (3.196)

for every Ey(0). To prove that 1 ¢ o(A), we first note that by the condition of
Theorem 3.22,

VxeH: Y [|[Akx|]® < +oo. (3.197)
k=0
Therefore, on H is well-defined the linear operator s : H — 1, (H), where

dx = (x,Ax,A%x,...), x€H,

I(H):= {(un:nzo) lun €H, n=0; > |Jun||’ < +o0
n=0

} (3.198)

is a Hilbert space. The operator s is closed. Indeed, if x; — x in H and six; — u =
(up :m=0) in [ (H), then for every n > 0, we obtain

Alxj— A"x, A"Xj— Up, J— oo, (3.199)

Hence u, = A"x, n > 0 and u = dx. By the closed graph theorem, the operator # is
bounded and

VxeH: > [|A"x|)* < Istl2lx11%; (3.200)
n=0
it follows that
ST jAm R < lstli2]| AR x]?, k= 0. (3.201)
Therefore,
> > [lAamkx| Z (n+ D|A"]* < llst]*]1x 12, (3.202)
k=0n=0 n=0

In the same way, it follows that
> (n+ 1) (n+2)||A"x]||* < 2145 x12. (3.203)
n=0

By Cauchy’s inequality, we obtain

3

Z A" x]| = Z L (njlanx])) < (Z ,% Z 2|\A"x||2) <+, (3.204)

Thus, the operator
T+A+A> +- 4 A 4. (3.205)

is bounded inverse to I — A. There is no loss of generality in assuming that Ey (0) =
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Fix arbitrary n € Z. Consider the following sequence of random elements in H:
m .
Em):=> Alymn-1-j)ely_;, m=1. (3.206)
j=0
The element E(n) has the correlation operator

m
T(m)=> AIS A%, m=1 (3.207)
j=0

and for 1 < m < k, the following equality
k . .
E[[E(k) - Em)|* = tr ( > AJSyA*J) (3.208)
j=m+1

holds. For the orthonormal basis {e;: j = 1} in H consisting of the eigenvectors of the
operator S,, we obtain, from representation (3.208),
2 < £ Y
E[[Ek)-Em)||" =X A > [|Alef]], (3.209)

t=1  j=m+1

where {A;:j = 1} are the eigenvalues of operator S, corresponding to the eigenvectors
{ej:j = 1}. By the conditions of Theorem 3.22, for every t = 1,

[

> [[Ade]” —0, m— oo (3.210)
j=m+1
Furthermore, for m > 1,
S ||Aler* <sup S [[Ale]])” < +oo. (3.211)
j=m+1 t=1 j-o

Hence, the sequence {&(m) :m > 1} is a Cauchy sequence in the quadratic mean; and
there is a random element x (n) such that

Ellxm)|° <+, x(n)=>SAlym-j-1)el) |, (3.212)

M

0

J
see [27]. The last series is convergent in the quadratic mean, with the correlation
operator S, of the element x(0) being

Sy = > AIS,AY, (3.213)

Jj=0

the series in (3.213) converging in the trace norm. Also, for every n € 7, Ex(n) = 0,
the mutual correlation operator S, of the elements x (k) and x (1) has the following
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representation:
(Sknu,v) = > (AVKHS, A%, v),  {u,v} CH. (3.214)
j=0
Hence,
Sgn=A"KS, {kn}cz, k<n. (3.215)

Thus, the process {x(n) :n € Z} is SO stationary in H. Moreover, since A € £(H) with
probability one,

Ax(n)+y(n) = ZAJ'“y(n—j—l) +ymn)=xn+1), (3.216)
Jj=0

for every n € 7.

To complete the proof of sufficiency, we need only to show uniqueness. Let {z(n) :
n € Z} be an SO stationary solution of (3.183) satisfying the conditions of Theorem
3.22. Then for every n € Z, we have

x(n)-zn)=A""(x(m)-z(m)), m<n-1. (3.217)
It is easy to see that

El|x(n) —z(n)H2 < 2E||A"‘mx(m)||‘2 + 2E||A’““mz(m)||2

(3.218)
=21t (A"TMS, AR 4 2 g (AN AX )
where S, is the correlation operator of z(0). By (3.191) we have S, = S.. Combining
(3.188) and (3.191), we claim that

tr (A", AX (M) —tr( > JSyA*J)

=Nn-—

T (3.219)
=AY [[Ae’, m=n-1,
t=1 j=n-m

where A, t = 1 and e;, t = 1 are the eigenvalues and eigenvectors of operator S, such
that e;, t > 1 is orthonormal basis in H. By the conditions of Theorem 3.22, we infer
that

9]

Sa S |Ale]]f —0, m— o, (3.220)

t=1 j=n-m
and that x(n) = z(n) with probability one for each n € 7. O

COROLLARY 3.23. Let{y(n):m € Z} be a sequence of Gaussian independent identi-
cally distributed random elements in H with expectation 0 and correlation operator Sy.
Let the operator A € £ (H) satisfy the conditions of Theorem 3.22.
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Then there is a unique stationary Gaussian Markov process {x(n) € Li_l nm ez}
satisfying (3.183).

PROOF. Itis a direct consequence of the previous theorem and the known proper-
ties of the Gaussian random elements, see [38, 9] for the full proof. O

REMARKS. (1) We mention simple sufficient conditions ensuring the conditions of
Theorem 3.22. If the spectral radius of the operator A is

1/n

r(A):= lim [|An||" <1, (3.221)

then the conditions of Theorem 3.22 are satisfied. Indeed,

sup 3 ||Ake,|I” < 3 [1AY* (3.222)
Jz1 k=0 k=0
with the series in the right converging by the Cauchy’s theorem.

(2) If ||A|l < 1 then conditions of Theorem 3.22 are satisfied.

(3) If H is the finite-dimensional space then every stationary Gaussian Markov pro-
cess satisfies an equation such as (3.183), see [1, Chapter 2, Section 2.1] and [30].
For the infinite-dimensional space, this is not true, see [9, Chapter 2, Section 2.7] for
the details.

COROLLARY 3.24. Let the conditions of Theorem 3.22 be satisfied and Ey (0) = 0.
For zg e Lf’l, the sequence {z(n);n € 7} is defined by

zin+1):=Az(n)+yn), n=0;

3.223
z(0) := zg. ( )

Then
Ellz(n) —x(n)|]° — 0, n— o, (3.224)
where {x(n) € Lﬁ{,l :n € 7} is a unique SO stationary solution to (3.183).

PROOF. The proof follows the lines of the proof of Theorem 3.22 and is omitted.

O
COROLLARY 3.25. Let A € $(H) be such that
sup > [|Akej||” < +oo0 (3.225)
J=1 k=0
for every orthonormal basis {e;: j =1} in H.
Then the equation
Sx = ASyA* +S, (3.226)

has, in the class of all correlation operators, a unique solution S, for every correlation
operator S,.



PERIODICITY IN DISTRIBUTION. I. DISCRETE SYSTEMS 123

PROOF. See the proof of Theorem 3.22. a

3.4.2. Second-order periodic solutions. Let p € N be a natural number and let
{A(n) : n € 7} be the bounded linear operators such that

VneZ:A(n+p) =A(n). (3.227)
Set
By:=A(p-1A(p-2)---A(1)A(0). (3.228)
THEOREM 3.26 (see [6]). The equation
x(n+l)=An)xn)+yn), nez (3.229)

has a unique SO p-periodic solution {x(n) € L,yl_1 :n € Z} for every SO p-periodic
process {7y (n) :n € Z} with orthogonal values and withEy (n) = 0, n € Z, if and only
if, for every orthonormal basis {e; : j = 1} in H, the following inequality holds

sup > [|Be;||* < +oo. (3.230)
J=1 k=g
PROOF
SUFFICIENCY. Let p > 1. Suppose that condition (3.230) holds. Let {y(n) : n € Z},
Ey(n) =0, n € Z, be an SO p-periodic process with orthogonal values. Now define

p-1

kK):=> Cy(k+1)p-1-t), kez
£(k) go v ((k+1)p ), ke (3.231)

Co:=1, Ci:=A(p-1)---A(p—-t), 1<t=<p-1.

The elements {E(k) : k € Z} are pairwise orthogonal. They have expectation 0 and the
same correlation operator
p-1
> CiSy,-t-1CF, (3.232)
=0
where Sy _x:=Syk, 0<k <p-1,and S,,,5y,1,...,5y,p-1 are the correlation oper-
ators of the elements y(0),y(1),...,¥(p — 1), respectively. For every SO p-periodic
sequence {u(k): k € Z}, Eu(k) = 0, k € Z, of pairwise orthogonal H-valued random
elements, an SO p-periodic process {y(n) : n € Z} with orthogonal values and with
Ey(n) =0, n € Z, can be chosen in such a way that £(k) = u(k), k € Z.
By Theorem 3.22, there is a unique SO stationary solution {xq (k) € LE_I ckeZ}of
the following equation:

Xo(k+1) =Boxo(k)+&(k), keZ, (3.233)

and this solution has the following representation:

xo(k) = > BlE(k—-j-1), kel (3.234)
j=0
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The series for x (k) converges in the quadratic mean. Now define the process {x(n) :
n € 7} in H in the following way:
x(kp) :=xo(k),
x(kp+1):=A(kp)x(kp) +y(kp) = A(0)xo (k) +y (kp),
x(kp+2):=Akp+1)x(kp+1)+y(kp+1),
=A(DA0)xo(k) +A(D)y(kp) +y(kp +1),

x(kp+j)i=Akp+j-Dxkp+j-1)+y(kp+j-1)
=A([-1DAG-2)---A0)xo(k)
j-2
+> A(G-1)--Al+Dykp+D+y(kp+j-1), 2<j<p-1.
=0 (3.235)

Clearly, x (n) € Lj‘:_l. We now show that, for each 0 < j < p—1, the process {x(kp +j) :
k € 7} is SO stationary; and by Lemma 2.5 the process {x(n) : n € Z} is SO p-periodic.
This process satisfies (3.229). For the proof, it suffices to prove the equality

x(kp+p)=Akp+p-1)xkp+p-1)+ykp+p-1), ke (3.236)

For fixed k, we have

Alkp+p-1)x(kp+p-1)+y(kp+p-1)
=A(p-1DA(p-2)---A(0)xo(k)

p-3
+ > A(p-1)--- A+ 1)y (kp+j) (3.237)
Jj=0

+A(p-Dykp+p-2)+ykp+p-1)
= Boxo(k) +&(k) = xo(k+1) = x(kp +p).
The process {x(n) : n € Z} is a unique solution for (3.229). Indeed, let {z(n) €
L)_, :n € Z} be an SO p-periodic solution for (3.229). Then
x((k+1)p) = Bx(kp) + E(k),
z((k+1)p) =Bz(kp)+E&(k), kez,

3.238
x(kp)—z(kp) = B(x((k=1)p) —z((k—-1)kp)) ( )
=B*¥™(x(mp)-z(mp)), m=<k-1.
Thus
E||x (kp) — z(kp)||* < 2E||[B* ™ x (m)|* + 2E||B* ™ z(m)|*
(3.239)

=2tr (BX S, B kM) 4 2¢r (BRm s, B,

and as in the proof of Theorem 3.22, we have P[x (kp) = z(kp), k € Z] = 1. It follows
thatP[x(n) =z(n), ne 7] =1.
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NECESSITY. Let {x(n) € Lryl_l,: n € Z} be aunique SO p-periodic solution to (3.229)

for arbitrary but fixed SO p-periodic process {y(n) : n € Z} with orthogonal values
and with Ey (n) =0, n € Z.

It is easy to verify that, for an SO p-periodic process {x(n) : n € 7}, for every
7,0 <j<p-1, the process

{x(kp+j):kez} (3.240)
is SO stationary. Moreover, if the process {x(n) : n € Z} satisfies (3.229), then
x((k+1)p) =Box(kp) +&(k), keZ. (3.241)

Let xo(k) := E(x(kp)/E(j), j <k—-1), k € Z. Then xy(k) € LE_l, k € Z, and from
(3.241), we have

xo(k+1) =Boxo(k)+&(k), keZ. (3.242)

The process {xo(k) : k € Z} is a unique solution for (3.242). Indeed, if (3.242) had
two different solutions, then we can construct two different solutions to (3.229) by
repeating the arguments from the proof of sufficiency.

Now applying Theorem 3.22 to (3.242), we find that

sup > ||Be;||* < +oo (3.243)
J=1 k=0
for each orthonormal basis in H. |

COROLLARY 3.27. Let the operators {A(n)} satisfy the conditions of Theorem 3.26,
{y(n) :n € Z} be a Gaussian p-periodic process in H with independent values, and
Ey(n) =0, n € Z. Then there is a unique p-periodic Gaussian Markov process x(n) €
L) |, n €7, satisfying (3.229).

Theorem 3.26 admits the following generalization. Let p € NU {0} and let ? be the
class of all H-valued SO p-periodic processes {y(n):n € Z}, such that Ey(n) = 0,
n € Z; the random elements y (k) and y(n) are orthogonal if |k —n| > p.

THEOREM 3.28. Let {A(n)} be the operators from Theorem 3.26. Equation (3.229)
has a unique SO p-periodic solution {x(n) € Lz,l :n € 7} for every process {y(n) :
n € Z} € P if and only if, for every orthonormal basis {e; : j = 1} in H, inequality
(3.230) holds.

PROOF. The proof is similar to that of Theorem 3.26 and so is omitted. O
The following sufficient condition will be useful in the applications.
CONDITION 3.29. Let
An+p)=An), nei; By=A(p-1)---A(0). (3.244)
Suppose that the spectrum of operator By consists of two parts o— and o, such that

sup(|zl:z€e o) <1, inf(|z]:z€eoy) > 1. (3.245)
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THEOREM 3.30. By Condition 3.29, equation (3.229) has a unique SO p -periodic solu-
tion {x(n) :n € Z} for every SO p-periodic process {y(n) :n € Z} in H withEy (k) = 0,
l1<k<p.

PROOF. See the proof of Theorems 3.1, 3.26, and see [6] for more details. |
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