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We consider the m-phase Whitham’s averaging method and propose the procedure of
“averaging” nonlocal Hamiltonian structures. The procedure is based on the existence of a
sufficient number of local-commuting integrals of the system and gives the Poisson bracket
of Ferapontov type for Whitham'’s system. The method can be considered as the general-
ization of the Dubrovin-Novikov procedure for the local field-theoretical brackets.
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1. Introduction. We consider the averaging of the nonlocal Hamiltonian structures
in Whitham’s averaging method. As it is well known, Whitham’s method permits to
obtain the equations on the “slow” modulated parameters of the exact periodic or
quasi-periodic solutions of systems of partial differential equations and it was pointed
out by Whitham [32] that these equations inherit the local Lagrangian structure if the
initial system has it. The Lagrangian formalism for Whitham’s system is given in this
approach by “averaging” the local Lagrangian function for the initial system on the
corresponding space of (quasi)-periodic solutions. Some basic questions concerning
Whitham’s method can be found in [4, 5, 6, 7, 17, 19, 20, 32].

Dubrovin and Novikov also investigated the question of the conservation of local
field-theoretical Hamiltonian structures in Whitham’s method and suggested the pro-
cedure of “averaging” of local field-theoretical Poisson bracket to obtain the Poisson
bracket of Hydrodynamic type for Whitham’s system (see [5, 6, 7, 28]).

The Jacobi identity for the averaged bracket and the invariance of the Dubrovin-
Novikov procedure of averaging was proved by the author in [23] (see also [21]) using
the Dirac restriction procedure of the initial bracket on the subspace of quasi-periodic
“m-phase” solutions of the initial system. The connection between the procedure of
Dubrovin and Novikov, and the procedure of averaging of the Lagrangian function
in the case when the initial local Hamiltonian structure just follows from the local
Lagrangian one, can be found in [25].

Some extension of the averaging “local” Hamiltonian structures for the case of dis-
crete systems is also presented in [22].

In the present work, we deal with the Poisson brackets having the nonlocal part of
the form

(@), @'} = D B (@, @x,...) 8% (x —3)
k=0
(1.1)

+ > erShy (@, ®x,.. ) V(X =) Shy (@, ®y,...),
k=0
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where ex = +1, v(x—y) = —v(y —x), 0xv(x —¥) = 6(x — ), and both sums contain
the finite number of terms depending on the finite number of derivatives of @ with
respect to x.

We point out here that the brackets (1.1) can be found in the so-called “integrable”
systems (see [8, 24, 30]).

The most general form of the nonlocal Hamiltonian operators (1.1) containing only
6 (X-Y) and 6(X —Y) in the local part and the quasi-linear fluxes S(ik)j(U)U§ of
“hydrodynamic” type in the nonlocal one, was suggested by Ferapontov in [9] as the
generalization of the bracket introduced in [26]. We discuss here the possibility of
“averaging” the brackets (1.1) in Whitham’s method to obtain the bracket of such
“Hydrodynamic type” for Whitham's system.

As was shown by Ferapontov, the Hamiltonian operators of this type reveal a beauti-
ful differential-geometrical structure following from the Jacobi identity of the bracket
(see [9, 10, 11, 16]). In particular, they can be obtained as the Dirac restriction of
local differential-geometrical Poisson brackets on the space with flat normal connec-
tion [11].

The first example of the nonlocal bracket (of Mokhov-Ferapontov type, see [26])
for Whitham’s system, for NS equation in the one-phase case, was constructed by
Pavlov in [29] from a nice differential-geometrical consideration. After that there was
a question about the possibility of constructing the nonlocal Hamiltonian structures
for Whitham’s system from the structures (1.1) for the initial one. As was mentioned
above, the Hamiltonian operators (1.1) exist for many “integrable” systems like KdV
and in [16] (see also [2]) there was a discussion of the possibility of averaging the
nonlocal operators for KdV equation using the local bi-Hamiltonian structure and the
recursion operator for the two averaged local Poisson brackets. The corresponding
calculations for the m-phase periodic solutions of KdV were made by Alekseev in [1].

Here we propose the general construction for the averaging of operators (1.1) in
Whitham’s method which is the generalization of the Dubrovin-Novikov procedure
for the case of the presence of nonlocal terms in the bracket. Our procedure does not
require the local bi-Hamiltonian structure and can be used in the general situation. As
in the procedure of Dubrovin and Novikov, we require here the existence of sufficient
number of local-commuting integrals generating the local flows according to (1.1). We
also impose the conditions of “regularity” of the full family of m-phase solutions as
in the local case (see [23]).

2. Some general properties of nonlocal brackets. Consider the nonlocal 1-dimen-
sional Hamiltonian structure of the type

@), @' ()} = D B (@, @x,... )60 (x — »)
k=0

+ ZS(ik)(qo,cpx,...)v(x—y)T(J}()(cp,cpy,...), 1<i, j<mn,
k=0

where we have the finite number of terms in both sums depending on the finite number
of derivatives of @ with respect to x.
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We call the local translation invariant Hamiltonian function, the functional of the
form

Hlp]l = J@H(cp,cpx,...)dx. (2.2)
Here v(x — ) is the skew-symmetric function such that
Dyv(x—-y)=6(x-y), (2.3)

and 6% (x —y) is the kth derivative of the delta-function with respect to x.

We assume that the bracket (2.1) is written in the “irreducible” form, that is, the
number of terms in the second sum is the minimal possible, and the sets $, and T,
are both linearly independent. From the skew-symmetry of the bracket (2.1), it follows
that the sets of §,, and T/}, coincide and it can be easily seen that the bracket (2.1)
can be represented in the “canonical” form (1.1).

Indeed since the sets {§(ik)} and {T,f } coincide, we have the one finite-dimensional
linear space generated by fluxes (vector fields)

cpik =St (@, @x,...), (2.4)

and the symmetric (view the skew-symmetry of the bracket and the function v(x —y))
finite-dimensional constant 2-form which describes their couplings in the nonlocal
part of (2.1). So, we can write it in the Caqonical form according to its signature after
some linear transformation of the flows S with constant coefficients.

We should also define in every case the functional space where we consider the
action of the Hamiltonian operator (1.1) and this can depend on the concrete situa-
tion. The most natural thing is to consider the functional space @ (x) and the algebra
of functionals I[@] such that their variational derivatives multiplied by the flows
S (@, Px,...) give us the rapidly decreasing functions as |x| — c. Here we use the
functionals of the type

[ 2 oreoa,oax, (2.5)
p=1

where g, (x) are arbitrary smooth functions with compact supports. To get all the
properties of the bracket (1.1) and for the other functionals used in the considerations,
we assume that they have the form compatible with the bracket (1.1) in the sense
discussed above.

We construct the procedure which gives us the brackets of Ferapontov type [9, 10,
11, 16]

{UY(X),UF(Y)} = g"H(U)§ (X -Y) +bY* (U)URS (X -Y)

2.
+ > St (NURVX=Y)Sh s (UL, 1<v, 1,A,6 <N 2.6)

k=0
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from the initial bracket (1.1) of the general form after the averaging on the appropriate
family of exact m-phase solutions.

So for the Poisson brackets (1.1), we consider Whitham’s method for the local fluxes
generated by Hamiltonian functions (2.2) (if they exist), that is,

@l =Q (P, Px,...). (2.7)
Now we formulate some general theorems about the nonlocal part of the bracket
(1.1).

THEOREM 2.1. For any nonlocal Hamiltonian operator written in the “canonical”
form (1.1),
(1) the flows

@' =Sk (@, x,.-.) (2.8)
commute with each other;
(2) any of the flows (2.8) conserves the Hamiltonian structure (2.1).

PROOF. Consider the functional (2.5) for some g, (x) with the compact supports
and consider the Hamiltonian flow £ (x) generated by (2.5) according to (1.1), that is,

. y dak
gi(x) = kZ BkJ(qa,cpx,...)Wq,(x)
>0

ZekS (@, @x,.-.) (2.9)
k>0

X [J;S(jk)(Q9a(Pz,...)QJ(Z)dz—J:S{k)(cp,(pz,...)qj(z)dz],

where e = +1 (there is a summation over the repeated indices).
For the Hamiltonian flow &!(x), we should have

[Lef1Y (x,7) =0, (2.10)

where J is the Hamiltonian operator (1.1) and g is the Lie-derivative given by the
expression

(61" (x,) = [ € (z)(s(ps(z)w(x,y)dz
JJS (z, y) E‘(x)dz (2.11)
jJ”(x 22 giydz.
@Ps(z)
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Consider the relation (2.10) for x and y larger than any z from the support of g, (z).
Then we have

(L1 e, ) = > BY (@, @x,...) 8K (x —y)
k=0

+> ekS'(ik)((p,qox,...)v(x—y)S{k)(cp,cpy,...)
k=0

+ > erShy (@, ®xye. ) V(X =) Sy (@, ®y,...)
k=0

5Si’ (@!@X!"')
1Dk BSJ , (k") )
kgb( ) d k( k ((P Pys-- )k%()ek 5(}75(:)/)

1 00
X[EJ, 55«’>(99’<Pw,---)qp(w>dw]

i dk 5S(jk’)((p!(py"")
_ is “ ad RS S0 & 430
kgoBk ((p,(pxw.)dxk (kgoek o< (x)

X [% ﬁo S&q(cp,(pw,---)qp(w)dw]

szzeks(k) @, @z,..)V(Z - y)S(k)(q) Py,.e)
k=0

i 1(®
ngoek 5@5(2) (S(k’)((p,mx,---) [5 Jﬁwa}(q(m,mw,.--)qp(w)de

sz Z ekS(k) @, Px,...) V(X — Z)S(k)((p Pz,...)
k=0

1 00
X zek’ (S(k)(Q’ Py, [gj 55(')(<P,<Pw,--.)qp(w)dw]),
k=0 -

(2.12)

where B ((p QPx,...) and S’(ik)(cp,mx,...) are the derivatives of these functions with
respect to the flow

X 1r*®
Q= ZekSém(m,cpx,--.)[gJ Sﬁd(cv,cpw,--.)qp(w)dw]. (2.13)
k=0 -

Here we used that x,y > suppq, in the expression (2.9) for £ (x) and &/(y), and
also omitted the variational derivatives, with respect to @°(x) and @*(y), of the non-
local expressions containing the convolutions with g, (w).
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So, we have

= S B (@, @xr ) 0F (x =)+ D xSl (@, @y )V (X =) STy (@, 0, .)
k=0 k=0

+ D &Sty (@, @x,. ) V(X =) S (@, @y,

k=0

5SE, ((p,(px,...)>
_ K 99k
k>§0( 1) 3 k(B (cp,cpy,...)kéoek 505 ()

X [% Iio S&’)((P,Q?w,---)qla(w)dw]

; dk 65{]{’)(@1@3/!"')
_ is “©w kDAYt
I;)Bk (CP,CPx,---)dxk (kgoek S@s (x)

X [% Ji Sﬁ(,)((p,ww,...)q,,(w)dw]

Idzzeks(k) @, Pz,...)V (Z—y)ka)(W,CPy,---)
k=0

6S! .
xZe (k)(P(Px

1 (% op
=0 oPs(z) [2 st(k')((P,pr,---)qp(w)dw]

sz D eShy (@, @x,.. ) v(x—2)S (@, @2,...)
k=0

55(1« P, Py, 1(® op
ngoe W[ELx,5<k'>(<P:<Pwy---)qp(w)dw]

sz z ekS(k) P, Pz, )V(X J’)S<k)(q9 Py, )
k=0

N |
xkéoekS(kr)((p,q)x,---)z 50°2) St (@, @us-)ap (w)dw

szzeks(k> P, Pxy--) V(X =) S (@, @z, )
k=0

. 1 5 [e9)
xkgoek'S(Jk’)(Q?.(Py,...)E [rpf(z) LwSﬁd)(qo,(pw,...)qp(w)dw]

=S e} f Sho (@ P )ty (W)w |- [£717 (x,)
k=0

+ > ekekrka,)(cp,cpx,...)S{k)((p,cpy,...)
kk'=0
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<5 | (St0@@a) 505 | |8k (@unedapw)dw |
_S(Skr)(@,qﬂz,...)%[J:Sf;()((p,@w,...)qp(w)dedZ,

(2.14)

where [£;J19(x,7) are the Lie derivatives of j with respect to the flows (2.8) @i =
St (@, @x,...).

As it can be easily seen, the last term in (2.14) is the only one containing the func-
tions not equal to zero when x = 7y, which are not skew-symmetric as x — y (the
other nonlocal terms contain the function v(x — y)). So from (2.14), we have that it
should be identically zero for any g, (w) with the support satisfying the conditions
described above (x,y > suppq,(w)). Using the standard expression for the varia-
tional derivative and the integration by parts, we obtain that this term can be written
in the form

) , 1(®
> ekek’s(lk')(CP,<Px,---)5(Jk>(09,<Py,---)XEJ ap(2)[Sw),Sun 1’ (2)dz,  (2.15)
kk'=0 -
for any g, (z) (x,y > suppq,(z)) where [S«), Sk ] is the commutator of the flows
(2.8). So for the linearly independent set of S), we obtain

[Sk),Sw] =0. (2.16)

From (2.14) we also have for the linearly independent set of S(x) and different g, (w)
that

(%17 (x,7) = 0. (2.17)

So, Theorem 2.1 is proved. O

It is also obvious that the statements of the theorem are valid for all the brackets
(2.1) written in the “irreducible” form since all S(x) and T(x) in this case are just the
linear combinations of the flows S ).

REMARK 2.2. We point here that the first statement of the theorem for the diagonal-
izible nonlocal brackets (2.6) of Ferapontov type was proved previously by Ferapontov
in [9] using the differential-geometrical considerations. In [9, 10, 11, 16] also the full
classification of the brackets (2.6), from the differential geometrical point of view, can
be found.

It is easy to see that the local functional of type (2.2)

I=J97>((p,<px,...)dx (2.18)

generates the local flow in the Hamiltonian structure (2.1) if and only if the derivative
of its density ? (@, @, ...), with respect to any of the flows (2.8), is the total derivative
with respect to x, that is, there exist Q) (@, ®x,...) such that

@Tk((P,(Px,---) Eaxgl(k)((p:(px:---) (2.19)
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or, as was pointed by Ferapontov [9], this means that the integral I is the conservation
law for any of the systems (2.8).

From Theorem 2.1 we have now that the flows (2.8) commute with all the local
Hamiltonian fluxes generated by the local functionals (2.2) since they conserve both
the Hamiltonian structure and the corresponding Hamiltonian functions.

3. The Whitham method and the “regularity” conditions. We come to Whitham’s
averaging procedure (see [4, 5, 6, 7, 20, 32]). Recall that in the m-phase Whitham’s
method for the systems (2.7), we make a rescaling transformation X = ex, T = €t to
obtain the system

Pl = QU (p,epx, 2 Pxx,...), (3.1)

and then try to find the functions

S(X,T) = (SY(X,T),...,S™(X,T)), (3.2)

and 27r-periodic with respect to each % (0 = (01,...,0™)) functions
P1(0,X,T,€) = > €@, (0,X,T), (3.3)
k=0
such that the functions

S(X,T)

P0,X,T,e) = > ey, <9+ X, T) (3.4)
k=0

satisfy system (3.1) at any 6 in any order of €.

It follows that <I>(i0) (0,X,T) at any X and T gives the exact m-phase solution of (2.7)
depending on some parameters U = (U!,...,UV) and initial phases 0y = (9(1),...,96“)
and, besides that

S¥ = w*(U(X,T)), S¥=k*(UX,T)), (3.5)

where w*(U) and k*(U) are, respectively, the frequencies and the wave numbers of
the corresponding m-phase solution of (2.7).
The conditions of the compatibility of system (3.1) in the first order of € together
with
T = WX (3.6)

give us Whitham’s system of equations on the parameters U(X,T),
Uy = VY (U)Ug, (3.7)

which is the quasi-linear system of hydrodynamic type.

The first procedure of averaging the local field-theoretical Poisson brackets was
proposed in [5, 6, 7] by Dubrovin and Novikov. This procedure permits to obtain the
local Poisson brackets of hydrodynamic type

{UV(X),UX(Y)} = g"* ()& (X-Y) +by* (DULS(X-Y), (3.8)
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for Whitham’s system (3.7) from the local Hamiltonian structure

{@1x), @' (1)} = > B (@, @x,..) 8 (x — ), (3.9)
k=0

for the initial system (2.7).
The method of Dubrovin and Novikov is based on the presence of N (equal to the
number of parameters U” of the family of m-phase solutions of (2.7)) local integrals

IV:J@V((p,(pX,...)dx, (3.10)
commuting with the Hamiltonian function (2.2) and with each other
(I",H} =0, {I",J%} =0, (3.11)

and can be written in the following form.
We calculate the pairwise Poisson brackets of the densities "V in the form

{2V (x), 2" )} = > A (@, @x,... )60 (x - y), (3.12)
k=0
where
Agu(qg!(pX!"')EaXQvu((p!(pX!"') (313)

according to (3.11). Then the Dubrovin-Novikov bracket on the space of functions
U(X) can be written in the form

o(Q")

(UY(X),UH(Y)} = (A" (U)§' (X —Y) + STy

UyS(X-Y), (3.14)

where (-) means the averaging on the family of m-phase solutions of (2.7) given by
the formula, strictly speaking, this formula is valid for the generic set of the wave
numbers k%, but we should use, in any case, the second part of it for the averaged
quantities to obtain the right procedure (here k% are continuous parameters on the
family of the m-phase solutions),

1 c
(F) = }Lm.ozﬁclf(m,qox,.--)dx
(3.15)

1 21 2t
= - & Kyuun m
- e L @ kU)o, )d™ O,

and we choose the parameters U” such that they coincide with the values of IV on the
corresponding solutions

UY = (P (x)). (3.16)

The Jacobi identity for the averaged bracket (3.14) in the general case was proved
in [23] (for the systems having also local Lagrangian formalism, there was a proof
in [25]).
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Note also that we get here the Poisson bracket only if we average the initial Hamil-
tonian structure on the full family of m-phase solutions (see [23, 28]). More precise
requirements will be formulated when describing the averaging procedure in the non-
local case.

Brackets (3.8) can be described from the differential-geometrical point of view.
Namely, for the nondegenerated tensor g*#, we have that it should be a flat con-
travariant metric and the values

I}, = —gub)’, (3.17)

should be the Levi-Civita connection for the metric g, (with lower indices). The brack-
ets (3.8) with the degenerated tensor are more complicated but also have a nice geo-
metrical structure (see [18]).

The nonlocal Poisson brackets (2.6) are the generalization of local Poisson brackets
of Dubrovin and Novikov and are closely connected with the integrability of systems of
hydrodynamic type reducible to the diagonal form [31]. Namely, the system reducible
to the diagonal form and Hamiltonian, with respect to the bracket (2.6), satisfies (see
[9, 10, 11, 16]) the so-called “semi-Hamiltonian” property introduced by Tsarév [31]
and can be integrated by Tsarév’s “generalized hodograph method.” In [3], the inves-
tigation of the equivalence of “semi-Hamiltonian” properties, introduced by Tsarév,
and the Hamiltonian properties with respect to the bracket (2.6) can also be found.

We also point here that the questions of integrability of Hamiltonian with respect
to (2.6) systems, which cannot be written in the diagonal form, were studied in [12,
13, 14, 15].

The procedure of averaging of the nonlocal Poisson brackets in Whitham’s method
and the proof of the Jacobi identity for the averaged nonlocal bracket resemble those
for the local brackets. However, the difference in formulas of averaging and in the
proof contain very many essential things and also many considerations valuable for
the local case that cannot be used in the nonlocal one. So, we should make here the
consideration for the nonlocal case.

The m-phase solutions of (2.7)

@lx,t) = o (wt+kx+0p), (3.18)
where
w=(w!,...,0™), k=(k',...,k™), (3.19)
are the 27r-periodic solutions of the system
W ®hy — QU (P, k Do, k*kPDyagp,...) =0, «=1,...,m, (3.20)
depending on the parameters w and k. So we assume that we have, from (3.20) for the

generic w and k, the finite-dimensional subspace .l x (in the space of 27r-periodic
with respect to each 0% functions) parameterized by the initial phase shifts 0§ and
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may be also by some additional parameters ¥!,...,7". For the multiphase case (m = 2),
it is essential that the closure of any orbit generated by the vectors (cwq,...,wWy)
and (kq,...,k;) in the O-space is the full m-dimensional torus T™. For the case of
“rationally-dependent” ws,...,wy, and ki,...,k, and m > 3, we have that the oper-
ators (3.20) are independent of each of such closed submanifolds in T which can
have dimensionality less than m. The functions from .l x can be found in this case
from the additional requirement that they are the m-phase solutions for (2.8) (with
some Q}, (w,k,r)) and the systems generated by the functionals I" (see (3.22) later)
with some w®” (w, k,7). All these requirements uniquely define the finite-dimensional
spaces .l x which continuously depend on the parameters w and k.

Combining all such ., x at different w and k, we obtain that the m-phase solutions
of the system (2.7) can be parameterized by N = 2m + h parameters (U!,...,UN)-
invariant with respect to the initial shifts of 0% and the initial phase shifts ¢ after
the choice of some “initial” functions ®{;, (6,U) corresponding to the zero initial
phases. The joint of the submanifolds Jl x at all w and k gives us the submanifold
A in the space of 27r-periodic with respect to each 0% functions which corresponds
to the full family of m-phase solutions of (2.7).

For Whitham’s procedure, we should now require some “regularity” properties of
the system of constraints (3.20) these properties are the following.

(I) We require that the linearized system (3.20) at any “point” of .l x has exactly
h+m = N —m solutions (“right eigenvectors”) &4)w,x(6,7) for the generic w and k
given by the vectors tangential to Jl,, x which are the derivatives ®g« (60,7, w,k) and
®,4(0,7,w,k) (at the fixed values of w and k).

(I) We also require that the number of the linearly independent “left eigenvectors”
K(g)w,k (0,7) orthogonal to the image of the introduced linear operator is exactly the
same (N —m) as the number of the “right eigenvectors” &)wk(0,7) for the generic
w and k. In addition, we assume that k4w, (6,7) also depend continuously on the
parameters UY on Jl.

The requirements (I) and (IT) are closely connected with Whitham’s procedure and
the asymptotic solutions (3.4). Indeed, it is not very difficult to see that every kth
term in the expansion (3.4) is determined by the above defined linear system with the
nontrivial right-hand part depending on the previous terms of (3.4). We suppose that
this system is resolvable on the space of 21-periodic with respect to each 0 functions
if the right-hand part is orthogonal to all the “right eigenvectors” k(4)w,x(6,7) for the
corresponding (w = St, k = Sy, 7). If so, the solution of this system can be found
modulo the “left eigenvectors” §g)w,x (6,7) with the same w, k, and v defined by the
zero term of (3.4). So we can find in the generic situation the unique &, (0,X,T) for
k = 1 from the N — m compatibility conditions of the same system in the order k + 1
when the compatibility conditions in the first order of ¢, together with

kr = wy, (3.21)
give us Whitham’s system of (3.7). We assume that &, (0,X,T) depend continuously

on X and T and so, are also well defined for the nongeneric ki,...,ky, and wi,..., Wy,
in the multiphase Whitham’s method.
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We now discuss the requirements (I) and (II) from the Hamiltonian point of view.

First of all for the procedure of averaging of the bracket (1.1), we need the set of
the integrals IV, v = 1,...,N, like in the procedure of Dubrovin and Novikov, that is,
satisfying the following requirements.

(A) Every IV is the local functional IV = [®Y (@, @x,...)dx, which generates the local
flow

(p’f“’ :Q’(’.v)((picpﬁﬁ"')! (322)

with respect to the bracket (1.1).

As was pointed above, we should have for this that the local flows (2.8) defined
from the bracket (1.1) in the “canonical” (or “irreducible”) form conserve all the IV,
that is, the time derivatives of the corresponding ?¥ (@, @x,...) with respect to each
of the flows (2.8) are the total derivatives with respect to x

d
W?)"’((p,(px,...) = 0xF ) (@, Px,...) (3.23)

for some functions Fj, (@, @x,...).

(B) All IV commute with each other and with the Hamiltonian function (2.2), that is,
{IV,i*»} =0, {IV,H} = 0.

(C) The averaged densities (PV)

VN _ i 1 JC v
(P )_}%—ZC _CQP (P, Px,...)dx
(3.24)

1 21 27
:(ZW)WJO . @V(q)’klx(bea’_“)dme

can be regarded as the independent coordinates (U?,...,U"N) on the family of m-phase
solutions of (2.7). Here again we should use everywhere the second part of formula
(3.24) for the averaged values on .t for the right procedure as will be shown later.

From the requirements above, we immediately obtain that the flows (3.22) commute
with our initial system (2.7) and with each other.

From Theorem 2.1, we obtain also that the commutative flows (2.8) defined by the
Poisson bracket also commute with (2.7) and (3.22) since they conserve the corre-
sponding Hamiltonian functions and the Hamiltonian structure (2.1).

We can consider the functionals

- 1 ¢

VT v

I —21930 5 J_CQP (,Px,...)dx, (3.25)
_ i 1 ¢

H:g%ZJ_C@H((p,q)X,...)dx, (3.26)

on the space of the quasiperiodic functions (with m quasiperiods).
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It is easy to see now that the local fluxes (2.7), (2.8), and (3.22) being considered
on the space of the quasiperiodic functions also conserve the values of IV and H and
commute with each other since these properties can be expressed just as the local
relations containing @, @y, ... and the time derivatives of the densities ? (@, @x,...),
Py(@,Py,...) at the same point x.

Now we can conclude that all the fluxes (2.8) and (3.22) leave the family of m-phase
solutions given by (3.20) invariant and can generate on it only the linear shifts of the
initial phases 6§ which follow from the commutativity of the flows

(p-l;-k(e) = S(ik)((Pakafpeaykakﬁ(PeaeB,---).

) ) (3.27)
(p;" (0) = Qév) ((p! ka(pga ’ kakﬁ@e«eﬁ, e )’
with the flows @l« = @i« and
@i = QN @, k*Poc, k*kEPgugs,...), (3.28)

on the space of 2m-periodic with respect to each 0% functions and the conservation
of the functionals I (i.e., UY on Jt) by the flows (3.27). (Here k* are m quasiperiods of
the function @ (x).) So we obtain that our family of m-phase solutions of (2.7) is also
the family of m-phase solutions for (2.8) and (3.22) and we assume also the existence
of the solutions (3.4) for these systems based on the family ..

We can also conclude that in our situation the variational derivatives of the func-
tionals (3.25) and (3.26), with respect to @ (0) at the points of the submanifold ., are
the linear combinations of the corresponding “right eigenvectors” k4 (6 + 0o,U) (see
[4, 6, 7] and the references therein). Indeed from the conservation of the functionals
(3.25) and (3.26) by the flows @l« = @i and

@l =QH(p,k*po,...), (3.29)

we can conclude that the convolution of their derivatives with respect to @(0) with
the system of constraints (3.20) is identically zero for all the periodic functions with
respect to all 0% and for any (k!,...,k™) and (w!,...,w™). So we can take the vari-
ational derivative of the corresponding expression with respect to @/(0’) and then
omit the second variational derivative of IV and H according to the conditions (3.20).
After that we obtain that the variational derivatives of Y and H are also orthogonal
to the image of the linearized operator (3.20) at the points of Jl and so are the linear
combinations of k) (6 + 6p,U) on JL.

LEMMA 3.1. Suppose the properties (A), (B), (C) and (I), (I) are satisfied for our family
of m-phase solutions of (2.7). We put

UY=(»V)y=1" (3.30)

on the space M, and then define the functions k* = k*(U) on the submanifold /.

Then the functionals K¢ = k*(I[@]) on the space of 2Tt -periodic with respect to each
0% functions (and also at the space of quasiperiodic functions @ (x) with m quasiperi-
ods) have the zero variational derivatives on the submanifold Jl.
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PROOF. As we have from (II), the maximal number of the linearly independent vari-
ational derivatives of IV on Jt is h +m = N —m. So we have m linearly independent
relations

N

S AX(D)

v=1

SIY
op(0)

=0, x=1,....m (3.31)
(where @ (0) = (@1(0),...,9™(0))) being considered at the given k!,..., k™ at any
point of J, (or in other words

oI
=0,
op(x)

N
> AL(U) a=1,...m (3.32)
v=1
when considered in the space of functions with m quasiperiods). We have here the
standard expression for the variational derivative and the formula (3.24) for 1.
Since we can obtain the change of these linear combinations of the functionals IV on
J only due to the variations of k in (3.24) but not of @(0) (or in other words only if
we have the nonbounded variations of @(x) after the variations of the quasiperiods)
we have on it
N m
SANUYAUY = Y g (U)dkP(U) (3.33)
B=1

v=1

for some functions u;;“) (U).
If UV are the coordinates on Jl then the matrix u;;‘) has the full rank and is re-
versible. So we obtain the differentials dk? as the linear combinations of differentials

>N A%(U)dUY corresponding to the functionals with zero derivatives on .l

N

m
dkP =S (u i S A @)au. (3.34)
x=1 v=1
So Lemma 3.1 now follows from (3.31). |

REMARK 3.2. As can be seen from the proof of Lemma 3.1, the variational deriva-
tives of IV on .t should span all the (N —m)-dimensional linear space generated by
all kg (0 + 60p,U) if we want to take (?") as the independent coordinates on Jt. It is
essential also that we consider the full family of m-phase solutions given by (3.20) at
different w and k, but not its “subspace,” and have m independent relations (3.33) on
N differentials dUY from m relations (3.31).

REMARK 3.3. We note that (3.32) was introduced at first by Novikov in [27] as the
definition of the m-phase solutions for the KdV equation.

We now prove a technical lemma which we will need later.

LEMMA 3.4. Introduce the additional densities

v 0PV (@, Px,--.)
[T (@ @xoen) = = (3.35)

for k = 0, where @}, = 0¥ /dx*pi(x).



THE AVERAGING OF NONLOCAL HAMILTONIAN ... 413

Then on the submanifold A the relation

21

& 0k 1 o 8 8 ;
P - 1 - -1
VZ::I ouY (2m)m .[o Jo gpk (ke (U)(b(inwﬁeﬁl---eﬁv*l 6,1

X H:(P) (‘b(in)(@,U),kyq)(mwy (Q,U),...)dm9 = 5?;(
(3.36)

holds at any U and 6,.

PROOF. According to Lemma 3.1 we should not take into account the variations
of the form of @) (0 + 0y, U) when we consider the change of the functionals k®(I)
on .. So the only source for the change of these functionals on .l is the dependence
on the wave numbers k in the expressions

_ 21

1 21
Iv = W JO = 0 @V(tb(in),kyfb(m)ey,kyk‘s(b(m)@yga,...)de. (337)
So we can write

k¢ ol []
v V) "5ks

N
Ak*(D)]w) = > g “dkﬁ, (3.38)
v=1

where the values of 01V [@]/0k? on Jt are given by the integral expressions from (3.36).
Since the values of the functionals k*(I) on .t coincide by the definition with the wave
numbers k% we obtain the relation (3.36). Lemma 3.4 is proved. |

For the evolution of the densities Y (@, @y,...) according to our system (2.7) we
can also write the relations

d
EQP"((p,qax,...) =0, Q" (@, Px,...), (3.39)

and Whitham’s system (3.7) can also be written in the following “conservative” form
orUY =ox(Q¥"), v=1,...,N, (3.40)

for the parameters U".

From the existence of the series (3.4) on the space of 27r-periodic with respect to
0 functions, it can be shown that this form gives us the system equivalent to (3.7) in
the generic situation, and all the other local conservation laws of the form (3.39) (if
they exist) give us the equation

or(P) = 0x(QM) (3.41)

compatible with (3.40) for the full set of parameters UV (see [4, 5, 6, 7, 20, 32]).

The conservative form (3.40) of Whitham’s system will be very convenient in our
considerations on the averaging of Hamiltonian structures.

Now we make some “regularity” requirements about the joint .t of the submanifolds
My at all w and k corresponding to the m-phase quasiperiodic solutions of the
system (2.7), that is,
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(IIT) we require that Jt is an (N + m)-dimensional submanifold in the space of the
2tr-periodic with respect to each 0% functions.

The property (II) means nothing but the fact that the shapes of the solutions of
(3.20) are all different at different w and k in the space of the 2mr-periodic vector-
functions of 0 so that w and k can be reconstructed from them. It is easy to see that
this requirement corresponds to the generic situation. We will use the property (III)
for our procedure of averaging of bracket (2.1).

We will work with the full family of 27r-periodic solutions of (3.20) the functions of
which will also depend on the “slow” variables X and T. To define this submanifold
in the space of functions @ (0,X,T) with the system of constraints like (3.20), we
should extend the coordinates UY as the functionals of @ (60) in the vicinity of our
submanifold (. This can be easily done (see [23]) by the following way.

Introduce N different functionals

21
AY = (2n)m J a’ (@, Poc, Pougs,---)d™0, (3.42)
such that their values A are functionally independent on the functions, from the
submanifold .il. Then we can express UY = U (A) in terms of AY on .l and after that
extend them as the functionals UY(A) on the space of 2mr-periodic with respect to
each 0% functions.

We also expand the coordinates 6§ (see [23]) in the vicinity of .l by introduction of,
say, functionals

21 21T
BY[q(0)] = J o] pon @ (0,UTRD ™, (3.43)

(2mT)m
which are zero if @ (0) = ®(;;)(0,U[@]). In the generic situation, we can locally ex-
press the values of 0§ on .t in terms of B* and after that put 0§ = 0§ (B[@]) in the
corresponding local coordinate maps in the vicinity of ..

We consider the system

P(0,X) @, (0+00[@],UL@]) =0, (3.44)

where 0§ [@] and UY[@] are the functionals in the vicinity of .t as the system of con-
straints which defines .l in the space of 27r-periodic with respect to each 0% functions.
We can see now that the linearized system (3.44)

21 21
(Zn)mJ J (L1000 (0,0') 507 (0") )d™ 0’ =0, (3.45)

where

. & 505 e]
Liiy.0,(0,0") =855(0-0") Z Fonyoa (04 0o[@ ]U[(p])xW

(3.46)
Uy [@]

- Z &l o (0+60[@],Ul@]) X Tt
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at any point (U, 0p) of .l has exactly N +m solutions E(p)[U,go] (0) corresponding to
the tangential to .t vectors ®(n)p« and ®impv, x=1,...,m, v =1,...,N.
Itis evident also that all the “left eigenvectors” K(y)(u,0,1(0) orthogonal to the image
of L are given by the variational derivatives & 08 [@l/S® () and SUY [@]1/5pi(0).
From the invariance of the submanifold .il with respect to the flows (2.8) and (3.22),
we can also write the relations

1 21 21 )
Li 0,0
(mm Jo 0 iv,001(0:0') (3.47)

XS(jk> (q)(in) (9' + 6o, U),k‘x(l)(m)gtx (9, + 0o, U),.. . )dmg' =0,

1 2m 2

L ’

2mm)m JO o L'1y.0,1(0,0")
xQ{v) (i) (0" +00,U),k*®(inyox (0" + 00,U),...)d"™0" =0,

(3.48)

for any i, k at any point (U, 0y) of .l where k®* = k*[®] can be considered now as the
values of the corresponding functionals on JL.

We introduce the space of functions @ (60,X,T) depending on “slow” parameters
X and T, and 27r-periodic with respect to each 0%. Systems (3.44) being considered
independently at different X, give us the system of constraints defining the subspace
M in the space of functions @ (6,X) corresponding to m-phase solutions of (2.7)
depending also on the parameters X and T.

After the introduction of the “modified” constraints (3.44)

. 1 2m o

1 — L !

Giv,001(0,X) = m)m .[o o Litw.01(0.6°) (3.49)
X(@7(0') = @], (0" + 0 [@L,UL@]))d™ 0,
we can take UY(X), 0§(X), and G{y, g,1(6,X) such that
1 21 21

- % 0+ 0p(X

2mm Jo Jo Ripw1 (0+00(X)) (3.50)

XGly g, (0:X)d™0=0, p=1,...,N+m,

as the coordinates are in the vicinity of .l’ instead of the (0, X) since we can find,
uniquely, @i(8,X) from

21 21
G o] L0 (0,00 (@1(0) <@ (67+00,U))d™0" = Gl g,,(0,%)
(3.51)
if we have conditions (3.50) and the values of UY(X) and 6§ (X). This system of con-
straints is different from the system introduced in [23].

REMARK 3.5. Certainly, we have some freedom in the choice of the constraints
Gi(0,X). For example, we can also take the expressions (3.44) as the system of con-
straints defining Jl’. We prefer to take the constraints in the form (3.49) just to fix the
uniform orthogonality conditions (3.50) in the vicinity of Jt’.
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We also need another coordinate system in the vicinity of /', which differs from
the described above, by the transformation depending on the small parameter ¢ and
singular at € — 0. Namely, we recall our integrals (3.10)

I":J@V((p,qax,...)dx, (3.52)

make a transformation X = e€x, and define the functionals

v B 1 21 21 v m
J (X)—WJO S (@(0,X),epx(0,X),...)d™0 (3.53)

on the space of 27r-periodic with respect to each 0% functions @ (9, X).
We also introduce the functionals

X
05 (X) = 05(X) - 05 (Xo) ~ = | K*(J(X'))ax’, (3.54)
Xo
for some fixed point X,. We have identically
05%(Xo) =0. (3.55)

As was shown in [23], we can also obtain the values of UY (X) and 6§ (X) from J¥ (X),
05%(X), and 6§ (Xp) on .’ as the formal series in powers of € and we have for these
series

UYX)[],051=T"(X)+ > e uly (J,Jx,05x,--.), (3.56)
k>1
1 X
08 (X)[J,0¢8] = 95‘“(X)+98‘(X0)+E . k*(J(X"))ax'. (3.57)
0

The form of the relation (3.56) will be important in our considerations, so we re-
produce here the calculations from [23].

We recall that the values JY(X), 65%(X), 6§(Xp), and U#(X) are connected on .’
by the relations (the definition of JV (X))

21 21
X0 = Grom jo ], P (@an (0+5(X,6),UX)),
Eaxq>(in)(9+S(X,€),U(X)),...)dm9
1 21 21 v

:WJO JO PY(P(in) (0 +5(X,€),U(X)), (3.58)

k*(J)30a®(in) (0 +5(X,€),U(X)),...)d"6
r 1 21 21 N m
+:§1€ (2n)mjo St Pl (Bin) (0+5(X,€),U(X)),...)d™0,
where

X
s(x,e>593<x>+90(x0)+1f K(J(X'))dX' (3.59)
€ Jx,
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and @}’k) (Pin) (0 + s(X,€),...)) are local densities depending upon ®iy) (0 + s(X,€),
U (X)) and their derivatives with respect to UY and 0% with the coefficients of types:
Ux (X),Uxx(X),..., k(J),0xk(J),0%k(J),..., and 05x (X),05xx (X),..., are given by col-
lecting together these terms, having the general multiplier €¥. The term corresponding
to the zero power of € is written separately.

After the integration with respect to 6, which removes the singular at € — 0 phase
shift 0y in the argument of ®;;;), we obtain on JM’

J'X) =TV, U)+ > €Tl (U, Ux,...,Ukx, J, Jxs oo Jix, 08, Ogix) . (3.60)
k=1

The sum in (3.60) contains the finite number of terms. The functions C(Vk) and C”
are integrated with respect to 0 functions %, and ?", respectively.
So, since

1 21 21
cV(J,U) = 2mm Jo L PY (P (i) (0,U),k*(J)®(inyox(0,U),...)d"™0, (3.61)

we obtain that the system
JV(X) =" (J(X),U(X)) (3.62)

is satisfied by the solution JY(X) = UY(X) according to the definition of the parame-
ters UV. Since we suppose that the system (3.62) is of the generic form, we will assume
that (locally) this is the only solution and put JV(X) = UY(X) in the zero order of €.

After that we can resolve the system (3.60) by the iterations taking on the initial
step UY(X) = JY(X). The substitution of (3.56) into (3.60) under the condition of the
non-singularity of matrix |0 (J,U)/0U*|/ly~; sequentially define the functions u,.
So we obtain the relations (3.56) and (3.57).

We can take also the values of JV(X), 65%(X), 6§ (Xo), and Gf'U[q,]’QO[q,]](Q,X) with
the restrictions (3.55) and also

1
(2mm)m

21 21 ~ 1 X , ,
J J K(q)[U[(p](X)]<9+93(X)+90(X0)+E k(J(X ))dX)
0 0 Xo (3.63)

X GEU[WLQO[(P]] (0,X)d™0=0

as the coordinates in the vicinity of Jt'.
We define the Poisson bracket on the space of functions @ (60, X) by the formula

(@10,X),97(0,Y)} = > B (p,e@x,...) "M (X - ¥)5(0 - 0')
k=0

1 , . -
+ 26(9—9 ) > exShy (@, e@x,.. ) V(X =Y)S), (@,e@y,...),

k=0
(3.64)

which is just the rescaling of (1.1) multiplied by 6 (0 —0’). We normalize the §-function
6(0-0") by (21T)™.
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The pairwise Poisson brackets of the constraints GE’U’%] (0,X) on " can be written
in the form

{G1(0,X),G7(6',Y)} .

1 2m 2
= 12
T (2m)zm JO o Litux),00001(6,T)

<Ly .o,0(0'0) x (@ (1,X),@% (0, V) } Lwd"Td™ o
(3.65)

(we can omit the Poisson brackets of L}( and L{ on Jl" and also the brackets of the
functionals 6§[@] and UV[@] from ;) in (3.49) since they are multiplied by the
convolutions of the corresponding L-operators with the “right eigenvectors” ®;y)g«
and ®;)yv which are zero on .l').

Brackets (3.65) evidently satisfy the orthogonality conditions

1 21 21
2mm JO L K(q)l[U[JGO](X>](9+90(X)+90 Xo) + J k(J

) (3.66)
x{GH(6,X),G/(0",Y)} | wd™6 =0,

1 2m 21 ) o
WL L {G'(0,X),67(0",Y)} lw

' k(](Y’))dY’)d’"Q’:O

X K(g)j1U11,08 1( (9+90 (Y)+60(Xo)+— “
(3.67)

forq =1,...,N+min the coordinates J (X), 63 (X), and 0y (X,) on the submanifold .
We note that every derivative with respect to X or Y appears in the bracket (3.64)
with the multiplier € but being applied to the functions

X
k(J(X'))dX',U[J,GS‘](X)) (3.68)

Xo

@0,X) =, (9+9;§ (X)+00(Xo) + =

on Jl" contains the nonzero at € — 0 term k*(J)0/00%. We formulate the statement
about the structure of the bracket (3.64) on Jt’ in the coordinates J(X), 63 (X), and
0o (Xo).

LEMMA 3.6. The pairwise Poisson brackets of constraints GfU,oo] (0,X) have no sin-
gular terms at € — 0 and have no nonlocal terms in the zero order of € (€°) on M’
at any fixed coordinates J¥ (X), 05*(X), and 0§ (Xo) (such that U(X) = U[J, 05 1(X),
00(X) = 6oLJ, 05, 00(X0)1(X)).

PROOF. The first statement is evident for the local part of bracket (3.64) since any
differentiation with respect to X in it appears with the multiplier € and has the regular
formate — 0, k*(J(X))0/00%+ O (e) being applied to the functions of the form (3.68).
So we should check only the nonlocal part of (3.64) which contains the multiplier e~!
in it. But according to the relation (3.47) and also (3.56), we have that the terms arising
on both sides of v(X —Y) (the convolutions of . with Sk (P, k*Pp«,...)) are of order
of € on the A’ in the coordinates J¥ (X) and 05 *(X). So we obtain that all the nonlocal
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part of (3.65) is of order of € on /L at any fixed coordinates J¥ (X), 05 *(X), and 6 (Xo).
Lemma 3.6 is proved. a

We formulate the last “regularity” property of the submanifold Jl" with respect to
the Poisson structure (3.64).

We consider, in the coordinates J¥(X), 65%(X), and 6§ (X,) on ., the linear non-
homogeneous system on the functions

Sitneg (9 +05 (Y) +00(Xo) + J k(J(Y'))ay',y e) (3.69)

having the form

21 .
, ; ,
Gom JO L {Glvtanooren (0:X), Glyrprapion (0 1) ] w

xfj(9’+90(y)+90 Xo) + j k(J(Y'))dY’ Ye)dedY

~ {Glutronien (0:X), Fl@l©)}

a’

(3.70)

where F[@](¢€) is the functional defined in the vicinity of .t'.

After all differentiations, with respect to X, we can omit the term 6 (X) + 0y (Xo) +
(1/€) f;fo k*(J(X"))dX" which occurs in all functions depending on 0 and X in (3.70),
and then consider the system (3.70) at the zero order of €.

From Lemma 3.6, we have that at the zero order of €, the brackets {G!(9,X),
G/(6’,Y)} on .’ do not contain the nonlocal terms depending on v(X —Y). For the
derivatives, with respect to X, which arise with the multiplier € from the local terms
of {@k(1,X),p*(0,Y)} |, we should take in the zero order of € only the main part
k*(J)0/00%. So in the zero order of €, we obtain from (3.70) just the linear systems of
the integral-differential equations with respect to 6 and 0’ on the functions f;(0’,X)
independent at different X. We have also that the right-hand side of (3.70) satisfies at
any X and € the compatibility conditions (3.66) (recall that U[J, 0] are the asymp-
totic series at € — 0).

(IV) So we require that the system (3.70) is resolvable on " for any F[@](€) in
the class of 2mr-periodic with respect to all 0% functions, and its solutions can be
represented in the form of regular at € — 0 asymptotic series

fitre51(0,Y,€) = Z f;fj)@*](@,Y) (3.71)

for regular at € — O right-hand sides of (3.70).

Condition (IV) is responsible for the Dirac restriction of the bracket (3.64) on the
submanifold Jt'.

We prove the statement which is very important for our averaging procedure.
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LEMMA 3.7. The Poisson brackets of the functionals 6§ (X) with J¥(Y) are of order
of € ate — 0 on the M’ at any fixed coordinates J¥ (X) 6;5%(X) and 0§ (Xo)

[03%(X), ] (")} | = Oe), €—0. (3.72)

PROOF. First, we note that the Poisson brackets of @(8,X), with the functionals
JV(Y), can be written in the form

{®'(0,X),]"(Y)}
=> CM(@(0,X),epx(0,X),...)ek6 W (X -Y)

k=0
+ 2 €Sty (@ (0,X),€9x(0,X),..)v(X = Y) (Fly (@(0,),e@y (0,Y),...))
k=0
(3.73)

for some C,i"((p,ecpx,...) and F(‘;() (p,eQy,...) (we have integrated with respect to 0').
So the flow generated by the functional [q(Y)JY(Y)dY (where q(Y) has a compact
support) can be written as

Pi=> C¥(p,epx,...)ekaux (X)

k=0
; a
+ Z ekS}k)(m,ewx,...)Jv(X—Y)q(Y)d—YF(‘j()((p,E(py,...)dY
k=0
= z Cliv((pye(PX,---)EkaX(X) (3.74)
k=0

+ > erShy (@, e@x,.. ) Fiy (®,e@y,...)a(X)
k>0

- > Sk (@,epx,...) JV(X— Y)F (@, €@y,...)qy (Y)dY.
k=0

As can be easily seen, the local terms of (3.74) have the form

a(Xx) [Cév((p,ecpx,...) +> ekS(ik)(cp,e(pX,...)F(‘;()((p,ecpx,...)} +0(e), (3.75)
k=0

where the term in the brackets is just the flow generated by the functional

1 21 21
o HO S PV (@, epy,...)dM0dX. (3.76)

In the nonlocal part of (3.74) (the last expression) we have the convolution of the
“slow” functions gy (Y) with the rapidly oscillating F,(@,e@y,...) where Pio,Y)
has the form (3.68). So in the leading order of €, we can neglect the dependence on 6
of the last integral of (3.74) and take the averaged, with respect to 6 values, (F};,) on
M instead of the exact F(‘;<) (@, €eQy,...) in the integral expression in (3.74).
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After that we obtain that the nonlocal term of (3.74) gives us in the zero order of €,
the linear combination of the flows S (@, e@yx,...), considered on the functions

X
k(J(X'))dX’,J(X)) (3.77)

Xo

Pi(0,X) = !, (0 105 (X) +00(Xo) +

at any fixed point X.

From the invariance of the submanifold .t with respect to the flows (3.27), we can
conclude that the flow (3.74) being considered at the points of " with fixed coordi-
nates J(X), 05 (X), 09(Xp) in the zero order of ¢, leaves .’ invariant and generates
on it the linear evolution of the initial phases

X
0% (X) = eg“(xneg(xo)% K (X)dxX’, (3.78)
0

with some frequencies Q1 (X). We use the formula (3.56) for U[J,0;] and we can
claim that the Poisson brackets of the functionals 0§ (X) with [g(Y)JY(Y)dY at the
points of M’ with fixed coordinates J¥(X), 6§*(X), and 6,(Xo) have the form

{GS(X),Jq(Y)J"(Y)dY} = Q) [J,051(X)+0(e). (3.79)

We prove the relation

d
{k“(J(X)),JOI(Y)JV(Y)dY} = ean‘q‘j[ F1(X) +0(e?) (3.80)
at the points of Il with the fixed values of JV(X), 65%(X), and 0§ (Xo).

Using again the relation (3.56), we can write for (3.74) at the points of .’

Of} (X0, 0 (0+ 05 () + 00 (X0) + J KU (X')dX',U[1,0510%)
(3.81)
ten (0+60(X)+90 (Xo) + J k(J ',[1,9;;]),
where [J,05] means the regular at € — 0 dependence on J, Jx, 0y, ...
We are interested in the evolution of the functionals
21 21
u . H m
JH(X) = ) mJ PH (@, epy,...)d™0. (3.82)
We have
d 1 2m 9K PH oPH .
—— u X - - S L ) l - = L - m
G0 = [ (aqjl(Pt+ Sl Pin g Pt )d 0

1 21 21 u ; u ; u :
T mm Jo h 'Jo (ni(m(pf iy @b+ [ iy €@l +-- '>dm9’
(3.83)

where the densities [}, were introduced in (3.35).
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It is easy to see that (3.81) does not change J#(X) at the zero order of € and we can
also state that the terms of order of € in (3.81) (i.e., en’(@ + - - - , X)) are unessential
for the evolution of k(J(X)) on Jl" at the order of €. Indeed, their contribution to the
evolution of J¥#(X) in the order of € is

T T ent s T e ame 3.84
(21'r)m <ﬂi(0)n +Hi(1>enx+ni(z>€ r’XX+"'> ’ (3.84)

where we should take only the main term k¥ (J(X))0/00Y for the derivatives €0/0X
in the formula (3.84). After the integration by parts, we have for this contribution

2m In 0 u ; m
(me J (ﬂi(o)—kywni(lﬁ---)n(9+---,X)d 0. (3.85)

But after the substitution of the main part of @(0,X)

X

. (9 103 (X) +00(Xo) + k(J(X'))dX’,J(X)) (3.86)

Xo

(according to (3.56)) into the densities ]_[f(k) (p,e@x,...), we obtain in the leading or-
der of € the convolution of n(8,X) with the variational derivative of the functional I*
introduced in (3.25) with respect to @ (6,X). Our statement follows from Lemma 3.1
which claims that the variational derivatives of the functionals k*(I[@]) are identi-
cally zero on the space of m-phase solutions of (2.7).

Consider the first term of (3.81). We have that the evolution of J#(X) which is
responsible for the evolution of k(J) is given by the expression

d v
S0 =0 ()

1 oPH
X T Jo ...JO (aqﬂ m)eﬂ(9+s(X €),U[J,051(X))

a@ a i * m
ool S Plimo (0+s(X,e),U[],90](X))+...>d 0

Bv 1 JZ"___JZ" oPH _OPH 0, 0P 3%
+e(Q[q](X))X(21T)m . . a<p§(+28q9§(x 3X+38q9§(XX axe T

Xl (0+8(X,€),U]J,05](X)d™0+0(€?),

(3.87)
where (X, €) = 05 (X) +00(Xo) + (1/€) [x, k(J(X")dX'.
The first term here after the substitution of exact @' in the form
P'(0,X) =, 5 (0+s(X,6),ULJ,05](X)), (3.88)
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on the Jl" as can be easily seen is just

Bv 1 2Tr”. 21 h) o
Q[q](X)(ZW)mJQ JO 595@ (q)(m)( D, @anx(...),. ..)dm0=0 (3.89)

while the second term on .il" in the leading order of € is equal to
e(0f )y " 2. H
B (X) [ J p ( (i (0+8(X,€), T (X)),
1 X (2m)m Jo ol

K (J(X)) 550 aey

®in) (9+s<x,e),1<x>),...)
Xk (J(X)) - k1 (J(X)) (m)(aﬁele 0% -1

x (0+s(X,¢€),J(X),...)d"0,
(3.90)

which coincides with the integral expression from (3.36) in Lemma 3.4. So from
Lemma 3.4 we have that the summation of (3.90) with 0k%/0J* is equal to E(Q’[qu] (X)) x
63 and we obtain that

—k‘*(J) a QEX,;](XHo(eZ), (3.91)

that is, the relation (3.80).
Now using (3.79) and (3.80), we can write that

{96‘“(X>,Jq<Y>JV(Y)dy}

1 (X (3.92)
~{oroo-esxo)- 1 [ keunax, [ampravf-oce),
0
for any q(Y) in our coordinates on (.
So we have
{65%(X),JY(Y)}uw = O(e) (3.93)
at any fixed coordinates J¥ (X), 6% (X), and 6§ (Xo). Lemma 3.7 is proved. |

4. Averaging procedure. We formulate the averaging procedure of the Poisson
bracket (1.1) on the family of m-phase solutions of (2.7) under the conditions of “reg-
ularity” formulated above.

THEOREM 4.1. Consider the Poisson brackets (1.1) and the local system (2.7) gener-
ated by the local Hamiltonian function

H=J9’H(¢,mx,...)dx, 4.1)

which has N (= 2m)-parametric full family of m-phase solutions modulo m initial phase
shifts Of'.
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Assume that there exist N commutative local translation invariant integrals
- J@’V(qo,qox,...)dx, (1Y H} =0, {I", 1"} =0, 4.2)

which generate local flows according to the Poisson bracket (1.1) and the averaged
densities of which can be taken as parameters UY on the space of m-phase solutions of
(2.7) (the conditions (A), (B), and (C)).

Then under the “regularity” conditions (I), (I), (III), and (IV) for the space of m-phase
solutions of (2.7), we can construct a Poisson bracket of Ferapontov type (2.6) for the
“slow” parameters UY (X) which coincide with the averaged densities (%) (X) by the
following procedure: we calculate the pairwise Poisson brackets of P¥ (@, ®x,...) in the
form

2" (@, @x,... ), P (@, Py,..) )

= Av“((pa(pXP")é(k)(X_y)
k%o ‘ (4.3)

+l§0ek( @ @x,-e)) VO =) (Fly (@,95,.2))
(there are finite numbers of terms in both sums). (The total derivatives of the functions
F, and F(‘;O with respect to x and 'y arise as a corollary of the fact that both IV and I*
generate the local flows (3.22).) From the commutativity of the set {I'}, it follows also
that

Agu((pl(le'-')
v H — VU (4'4)
+ Z ek<F(k)(CD,(Px,---))XF(k)((P,Cpx,---) =0:xQ ((P,Q?x,---)
k=0

for some functions Q¥ (@, Px,...).
Then for the “slow” coordinates U (X) = (PV)(X), we can define the Poisson bracket
by the formula

U x),u* ()} = [<A¥“>(X)+ > ek(<F(Vk>F(“k)> - <F&>><F&>>)<X>}6’<X—Y>

k=0
vH) (X)
[<Q - e > <F{;<>>(X>]6(XY> (4.5)
k>0
to) (X) a<F{’k>>(Y)
+k§0 ax V(X—Y)T,

where the averaged values are the functions of U(X) and U(Y) at the corresponding
Xandy.

Bracket (4.5) satisfies the Jacobi identity, and is invariant with respect to the choice
of the set {I,...,IN} satisfying (A), (B), and (C) if it is possible to choose such integrals in
different ways, that is, if U¥ = (#V), UY = () and {UY(X),U*(Y)}, {UV(X),0+(Y)}'
are the brackets (4.5) constructed with the sets {I"} and {IV}, respectively, then

{0v(x), 0+ (V)} = (X){UMX) U“<Y>}—<Y> (4.6)

U oue
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PROOF. The most difficult part is to prove the Jacobi identity for the bracket (4.5).
For this we use the Dirac restriction of the Poisson bracket (3.64) on the submanifold
M with the coordinates JY(X), 65%(X), and 6§ (Xo) on it. According to the Dirac

restriction procedure we should find for JV(X), 65%(X), and 0§ (Xy) the additions of
type

1 21 21 )
v — 7 J ’ m o’
VY (X) G JO J J [J,05%,60(X0)](X,0,2)G(0',2)d™6'dz,

1 21 21 )
x(X) = . « o0 ' i’ mg’ .
W) = o | e | w0500 (x0) ] (%0, 2)67 (0, 2)dm0'dz, (@)

21 )
- ): JO Jo;.xu,ega,eo(xo)](e',z)cJ(9',z)dm9'dz

such that the fluxes generated view (3.64) by the “functionals” JY(X) + VV(X),
OF*(X) +W*(X), and 0§ (Xo) + O% leave M’ invariant, that is,

1 21 21 ) . , ,
n)mJo L {G'(0,Y),G7 (0", Z) Hlw xv}(X,0,Z2)d"m0'dZ

(4.8)
=—{G"(0,Y), ]V (X))},
21 21 ) )
@mm JO L {G(0,Y),G7 (0", 2) Ha xwi(X,0,2)d™0'dZ
—{G'(0,Y),08*(X) .,
(4.9)

1 an i Jj ’ o( 7 mp’
mm Jo "'L {G'(0,Y),G67(0",Z) }l.w x 0} (0',2)d™0'dZ
=-{G'(0,Y),08(Xo0)} .,
and put after that for the Dirac restriction on .’

VX, "M}y
= {JVX) +VV(X),J*(Y) +VH(Y) Ha
1 21 21
={JV(X),J“(Y)}|M—WL jo VYX,0,2)x" (Y, 0, 7))

x{G1(0,2),G1 (0", Z)} | wad™od™me'dzdz’,
(4.10)

and by the same way

{77(X), 05Nty = {JV(X),05* (V) L

21 21T
(ZW)ZmJ J v/ (X,0,Z)xwi(Y,0,Z")

x{G"(0,2),G7(0",Z" )}l wd™0d™0'dZz dZ'
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(05%(X),058 ()} p = {05%(X), 00 (V) } .

1
(277)2m

2m 2m
J ol wrx,0,2)xwh(v,0,2))
0 0

x{G1(6,2),G7(0',Z" )} | ywd™0dme'dZd 7,
(4.11)

and so on.

After the calculation of the brackets in (4.8) and (4.9) and the substitution of ¢ (6, X)
in the form (3.68) we obtain the regular at € — 0 systems for the functions 17}’ (X,0,Z,¢),
wj‘(X,Q,Z,e), and 63’.‘(9,2,6) such that

VA
VY (X,0,Z,€) = DY (X,9+93‘(Z) 00 (Xo) +% X k(](Z’))dZ’,e),
0

VA
Wi (X,0,7,6) =0 (X,0405(2)+00(Xo)+ ¢ [ k(U(Z))dZe),  (@12)
€ Jx,

VA
0%(0,2,€) = o;.*(9+9;;(2) 00 (Xo) +% k(](z'))dz',e),

Xo
which coincide with the system (3.70).

From the arguments analogous to those used in Lemma 3.6 and the fact that the
flows generated by the functionals J¥(X) leave invariant the submanifold ./’ at the
zero order of € in the coordinates J(X), 6 (X), and 6y(Xp) we have also that the
right-hand sides of these systems are regular at € — 0 in these coordinates.

So according to (IV) we can find the functions v}, w, and 6} in the form of regular
at € — 0 asymptotic series. (The functions vj‘-’(X, 0,7,¢), wJ‘-"(X, 0,7,¢), and o?‘(Q,Z,e)
are not uniquely defined but it can be shown that it does not influence on the Dirac
restriction of the bracket (3.64) on .il" according to the formulas (4.10) and (4.11).)

Besides that, as was mentioned above, the flows (3.74) generated by the functionals
[q(X)J*(X)dX on the functions of the form (3.68) leave invariant the submanifold
A" at the zero order of € and generate the linear evolution of the initial phases. So
we can conclude that the right-hand side of the linear system (4.8) contains no zero
powers of € and we should start the expansion for v} (X, 0, Z,€) from the first power.

Now we have

07 [J,05,00(X0)](X,0,Z,€) = > 0¥, [J,05,00(X0)](X,0,2),
k=1

wi[J,05,00(X0)](X,0,Z,€) = kzoekwj“(k) [J,608,00(X0)](X,0,2), “.13)

0%[J,05,600(X0)1(60,Z,€) = > €654, [J,05,00(X0)1(6,2).
k=0

According to the relations above and Lemma 3.6, we can see that the corrections to
the values {JV(X),JH¥(Y)} | and {65%(X),J*(Y)}|u, due to the Dirac restriction on
M, are of order of O(e?) and O (¢€), respectively.

According to the relation (3.56), we can also substitute the values JY(X) instead
of UV[J,0;1(X) in the leading order of € as the arguments of the averaged functions
on Jt'.
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We calculate the values {JY (X),J*(Y)}| . Let the Poisson brackets
| [avooreoax, [aaraarie, (4.14)

for the arbitrary smooth g (X) and g*(Y) with compact supports. For the Poisson
brackets of the densities ?V (@, €e@y,...), according to (3.64), we have the expression

{2Y(0,X),2(0',Y)}

=N A (p,epyx,...)eks® (X -Y)5(0-0
ké) K ( Xyeer) ( ) @15)

+€6(0-0") Z ek<F(Vk)(cp,ecpx,...))Xv(X—Y)(F(’}()(cp,ecpy,...))y,
k=0

such that

{7V (X),JH(Y)}

21 21
= ek J | A (@(0,X),epx(0,X),...)dm 050 (X -Y
= (27T)m 0 0 k ((p( ) (pX( ) ) ( )

+ekZ ekﬁjjn . Jozn (Fly (@(0,),e@x(0,X),...))
=0

x V(X =Y)x (i (@(0,),epy (0,Y),...)) .

(4.16)

We should substitute the functions @i(0,X), (0,Y) on A’ in the form
0,y (0405 () + 00 (X0) + . k(](x'))dx',U[J,eg]m), 4.17)
m)<0+90 (Y) + 00 (Xo) + J k(J(Y'))dY',U[J, 00](Y)> (4.18)

respectively.
It is easy to see that the local part of (4.16) gives us the expression

1 21 21
J dmexAv”<<I>‘
0

o (im) (0+5(X),U[],05 (X)),

d
€55 Plim (0+5(X),U[J,001(X)), ) (4.19)

XS(X-Y)+e{A"Y(J(X))S' (X-Y)+0(e?),

in the coordinates J(X), 03 (X), and 6¢(Xo) on M’ where s(X) = 63 (X) + 6p(Xo) +
(1/€) [z, k(J(X))dX'.



428 ANDREI YA. MALTSEV

Here we used only the main part of (4.17) CIinn) (0 +s(X),J(X)) in the second term
of (4.19) and replaced UY(X) by JY(X) according to (3.56) in the arguments of the
averaged functions modulo the higher orders of €.

In the nonlocal part of (4.16) we have for (4.14) the following equalities:

2m 2m Yo @(in) (0+5(X),U(X)),...)
J dXdY(meJ j kgoekeq (X) ax xv(X-Y)
H .
Xeqy(y)aF(k)(‘I)(m)(9+5(Y),U(Y)),...)dmg
Y
_ 2n 2" X)v(X-Y)g" (V)]
*J AXAY Gy ), J ,;0 oXoY

X Ejy (®(in) (0 +5(X),U(X)),...)
X Fliy (B(iny (0 +5(Y),U(Y)),...)d™0

- dedyﬁjjn Jzngoeke axX)v(X-Y)gh(Y)

+(a" (X)af (V) —ax (X)q"(Y))s(X-Y)
-q"(X)g" ()8 (X-Y)]

X Fli (@(in) (0 +5(X),U(X)),...)

X Fliy (®(in) (0 +5(Y),U(Y)),...)d™0

21 21
. v — H
J axdy —— (21T)m J JO goekeqx(x)v(X Y)ay(Y)

X Fliy (®(im) (0 +5(X),U(X)),...)
X i (®(in) (0 +5(Y),U(Y)),...)d™0

tey ekj @ (X)al (X) - a% (X)aH (X)) (Fly Fliy ) (J (X)) dX
k=0

—e S e [ C0aE XY F) (700)dx

k=0

21 21
,ejq (X)a"(X) mj j > ekFly (®(in) (0 +5(X),U(X)),...)
k=0

0
* X

xd™0dX +0(€%),

F(k)( (im (0+5(X),U(X)),...)

(4.20)

where we used the integration by parts for the generalized functions.
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We can see now that in the first term of the expression above in both regions X > Y
and X < Y we have the convolution with respect to X and Y, of the “slow” functions
a%(X)g¥ (Y) with the rapidly oscillating expression

<F(k)(¢(ln (0+s(X,€),J(X)),...)F k)((I’(m (0+s(Y,€),J(Y)),.. )> (4.21)

in the main order of €. Here (- --) means the averaging with respect to phases 0¢.
So as the small AX and AY lead in the main order of €, to the changes of phase
difference equal to (1/€)k*(J(X))AX + O ((AX)?) and (1/€)k*(J(Y))AY + O((AY)?)
itis not very difficult to see that in the sense of “generalized” limit (i.e., in the sense of
the convolutions with the “slow” functions of X and Y) we can replace this oscillating
expression just by its mean value

S er (Fly ) (J(X)) (F4 ) (J(Y)), (4.22)

k=0

where (- - -) means the averaging on the space of m-phase solutions.
As for the last term of (4.20), we recall that its sum with the expression arising from
the first term of the local part in (4.19)

21 21
v u ... mol AV (.
Jqu (X)q"(X) G JO . d Q[AO (®(in) (0+5(X),U(X)),...)
= > erFly (®(in) (0+5(X),U(X)),...)
k=0
0
X € Fly @i (0+500,U(X),...) |
(4.23)
is equal, according to (4.4), to
o(Q") (J(X)) A(FlyFl) T (X)) |
€J( % k% X Q" (X)a"(X)dX,  (4.24)
in the leading order of €.
So we can write
{[arcorcoax, [amnmomar e
”q (X)ak O(AT) (J(X)) —aX (X)a* (X) 3 ew(Fi Fiyy ) (J (X))
k=0
£a" 0@ (02 (@M T 00) - 3 ek<F(vk)F('k)>(J(x>))]dx
k=0
+€ﬂ > exaX (X) (Fli) (J(X))V(X =Y)(Fl,) (J(Y))ak (Y)dX dY +O(e?).

k=0
(4.25)
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After the integration by parts (in the sense of generalized functions) we can write
this expression in the following “canonical” form:

H[arcoreoax, [a* o aar e

e[ (1A 00)+ 3 ex((FF) U00) = (E) 0N U00)

k=0
xq” (X)qk (X)dX
{Q"") (J(X)) O(Fi) (J(X)) , )
te|l|l =2y (Fi) JX)) |a"(X)q" (X)dX
f( X go 0X (k)
X o(FH Y
+eﬂzekq (X)w (X—Y)MQH(Y)dXdY+O(€Z),
= oY
(4.26)

which corresponds to the bracket
{7 (X), JH(Y)

= e<<AY“>(J<X>) + > ew((Fy Fliy) - <F5<>><F5<>>)(J<X>))6’ (X-Y)

k=0

e[ s, )G 00) @.27)

u
oX X <F<k)>(J(X)))5(X—Y)

k=0

a<F<k>>( J(X)) O(Fh)) (J(Y))

vX-Y) oY

+0(€?)

red e

k=0

for the functionals JV (X).
So according to Lemma 3.7 and the remarks above, we obtain for the Dirac restric-
tion on J’

{05 (X),J*(Y)}p = OC(e), (4.28)

and the relations (4.27) for the brackets {JV(X),J*(Y)}p in the coordinates J(X),
96k (X), and QQ(X()).

It is evident also that the Dirac brackets {JV(X),J#(Y)}p on .’ do not depend at
any order of €, on the common initial phase 68y (Xy) because of the invariance of J (X),
the bracket (3.64), and the submanifold " with respect to the common shifts of 9%.

The dependence of {J¥(X),J#(Y)}p on J(X),Jx(X), 6y (X),... is regular at € — 0
and as can be easily seen from (4.27), we have not any dependence of 9 in the first
order of €.

So it is easy to see now that the Jacobi identities for the bracket {---,---}p on
M’ with coordinates J(X), 63 (X), and 0y (X,) written for the fields JV(X), J#(Y), and
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JA(Z) at the order of €2 coincide with the corresponding Jacobi identities for the
bracket (4.5).

So we proved the Jacobi identity for the bracket (4.5).

The skew-symmetry of the bracket (4.5) is just the trivial corollary of the skew-
symmetry of (3.64).

We prove the invariance of the bracket (4.5) with respect to the choice of the in-
tegrals IV. The proof is just the same as in the local case and we just reproduce it
here.

Under the condition (IV) (which is the “generic” requirement) we have the unique re-
striction of the Poisson bracket (3.64) on .’ with the coordinates J(X), 6§ (X), 8 (Xo)
in the form of formal series at € — 0.

So the two restrictions of (3.64) obtained in the coordinates

(JY(X),05%(X),0%(Xo)),

- ~ (4.29)
(JV(X),05%(X),05(Xo)),
corresponding to the sets {I¥} and {IV} (satisfying (A), (B), and (C)), respectively,
should transform one into another after the corresponding transformation of coordi-
nates

TV(X) = jioy (JXD)) + > € [J,051(X),
k=1 (4.30)
05 (X) = 05%[J,08,€](X)

on ',
We note that the leading term of (4.27) coinciding with the bracket (4.5), transforms
according to the transformation

JV(X) = 1, (J(X)) (4.31)

which corresponds to the substitution UV (X) = UY(U(X)) on M’ view the relation
(3.56). So we obtain the second part of the theorem. Theorem 4.1 is proved. O

REMARK 4.2. From Theorem 4.1 it also follows, in particular, that the procedure
(4.5) is insensitive to the addition of the total derivatives with respect to x to the
densities ?Y (@, @x,...). This fact however can also be obtained from the elementary
consideration of the definition of bracket (4.5).

THEOREM 4.3. The Hamiltonian functions
HY = JU"(X)dX,

4.32)
A= [@n)weo)ax,

generate view (4.5) the local-commuting flows which give us the Whitham equations for
the systems (3.22) and (2.7), respectively.
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PROOF. It is easy to check by the direct substitution that any of H* generates the
“conservative” form

Ur =0x(Q")(U), (4.33)

of Whitham’s system for the corresponding flow (3.22). It is easy to see also that this
flow conserves any of HY so that any H” and H* commute view the bracket (4.5).
The same property for the Hamiltonian function H (and also for the integral of the
averaged density of any local integral I commuting with H and IV and generating the
local flow view (1.1)) can be obtained from the invariance of (4.5) with respect to the
set {IV} since we can use the Hamiltonian function H in the form of (2.2) as the one
of the integrals instead of any of IV. Theorem 4.3 is proved. O

We can also see that the functionals HY give us the conservation laws for our
Whitham system.
From Theorem 2.1, it follows also that the flows

UT = 0x (Fy) (U) (4.34)

commute with all the local flows generated by local functionals [ h(U)dX in the Hamil-
tonian structure (4.5) and it can also be seen that they give us Whitham’s equations
for the corresponding flows (2.8).

It can be easily seen also that the described procedure can be applied by the same
way to the brackets (2.1) written also in the “irreducible” form and not only in the
“canonical” one.
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