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A theorem of Arazy shows that every extreme point of the unit ball of trace-class operators
is strongly exposed. We give this result a simpler and direct proof here.
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The main purpose of this paper is to give a direct proof of an interesting special
case of a far-reaching theorem of Arazy [1, 2].

Arazy studied the extreme, exposed, and strongly exposed points in the unit balls
of symmetrically normed ideals (of operators) acting on a separable Hilbert space, and
he obtained very useful and complete results in [2] on the extremal structure of these
operator balls. Arazy’s study of symmetrically normed ideals is, on the one hand,
quite general. On the other hand, the ideal of trace-class operators is, for a variety of
reasons, perhaps the most interesting of the symmetrically normed ideals. Because of
the importance of the trace-class operators, and in the light of sustained interest in
exposed points amongst Banach space theorists, we thought it is worthwhile to find
a fairly direct proof of Arazy’s theorem in this particular case. Our proof, presented
herein, is straightforward in the sense that it relies essentially only on fundamental
properties of singular values, as explained in the monograph of Gohberg and Krein [3].

THEOREM 1 (Arazy). Let 5, denote the Banach space of the trace-class operators
acting on an infinite-dimensional separable complex Hilbert space, and assume that
x € Ball$,. The following statements are equivalent:

(@) x hasrank 1 and tr(x*x) =1;
(b) x is an extreme point of Ball$,;
(c) x is a strongly exposed point of Ball$;.

The equivalence of (a) and (b) seems to have first been determined by Holub in [5].
Before moving to the proof, the relevant definitions are reviewed below.
An element w in a convex set C in a complex Banach space X is an extreme point of
C if the equation w = tw; + (1 —t)w>, for t € (0,1) C R and w1,w> € C, is satisfied
only with w; = w> = w. A point w € C is strongly exposed if there is a continuous
linear function f : X — C such that
(i) Ref(y) <Ref(w), forall y € C\{w},
(i) Re f(yx) — Re f(w), for a sequence, {yx}x C C, only if y, — w.
If only (i) holds for w € C, then w is said to be an exposed point of C. Exposed points
of C (if they exist) are extreme points of C, but in general extreme points need not
be exposed.
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For any Banach space X, let

(1) BallX = {x € X:|[x] <1},

(2) extBallX = {x € Ball X : x is an extreme point of Ball X}.
It is an elementary consequence of the Cauchy-Schwarz inequality that the extreme
points of Ball H in any Hilbert space H (of any dimension) are strongly exposed. In con-
trast, if B(H) denotes the algebra of a bounded operator acting on a Hilbert space H,
then the extreme points of BallB(H) are exposed if and only if H is separable, and
they are strongly exposed if and only if H is finite dimensional. (These results were
proved by Grzaslewicz [4].) Arazy’s work provides a complete analysis of the situation
concerning strongly exposed points in the unit balls of symmetrically normed ideals.

Henceforth, H will denote a separable, infinite-dimensional Hilbert space; B(H) is
the C*-algebra of (bounded) operators acting on H; and K(H) denotes the ideal of
compact operators acting on H. If x € B(H), then x has a polar decomposition x =
w|x|,where | x| is the (unique) positive square root of x*x and where w is the (unique)
partial isometry whose initial space is the closure of the range of |x| and whose final
space is the closure of the range of x.

For x € K(H), the singular values of x are the elements si(x) of the decreasing
sequence {si(x)}kez+ of nonnegative real numbers si(x) = vAx (x*x), where

Ar(x*x) = min {max {||xE||>: Ee L, |E]l=1}:LC H, dimL=k-1}. (1)

Let || - || denote the operator norm on B(H), namely, ||x]| = sup{l|x&| : & € H,
IEIl = 1}. If x € K(H), then, by [3, page 29],

s1(x) = IIxl;
()

Sp(x) =min{||lz- x| :rankz <n -1}, forn=2.
The trace class is the ideal set $; of B(H), defined by $; = {x € K(H) : >, sn(x) <
oo}, is an ideal of B(H), and the function || - [I; : 5; — R, given by

Ixlly =D sn(x), x €5y, 3)
n=1
is a norm on §; under which $, is a Banach space.
For every x € $1, >, {(X®n,Pn), where {¢py, }nez+ is an orthonormal basis of H is
absolutely convergent. This defines a linear functional on $, called the trace

tr(x) = > (x$pn,Pn), x €5 (4)
n=1

It is well known that the definition of the trace is independent of the choice of or-
thonormal basis.

If x € 51, then let X be the vector in £; whose nth component is s, (x). It is clear
from the definition of $; that x € Ball$; if and only if X € Ball ;.

PROOF OF ARAZY’S THEOREM. We show that (b)=(a)=(c)=(b).
Thus, assume that x € extBall$;, and consider X € Ball ;. We aim to show that X is
an extreme point of Ball-#;. Suppose that X = (1/2)x+ (1/2), for some «, 8 € Ball ;.
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If x = w|x| is the polar decomposition of x, where | x| has the spectral decomposition
[x|&E =2 5n(xX)(E, n)pn, for E € H. Let a,b € B(H) be defined so that the action of
aand b oneach E € His

Z (&, Pn)wn, ZBn<§:¢n>w¢n, (5)
n=1

n=1

where «, and 8,, denote the nth components of the vectors &, f € £1 and v € Z* U {co}.
Thus, x = (1/2)a+ (1/2)b. Because |lall; < lw|[(>, |an]) <1 and, likewise, [|b]l; <1,
x is an average of two elements (namely, a and b) from the unit ball of §;. Hence,
a=b=x.

The projection w*w has the range (Span{¢,},_;) ", and therefore w*w e, = ¢y,
for all n. Thus, for all &€ € H,

IX|E=w*xE =w*a = Zo‘n<§a¢n>§bn, (6)

n=1

which means that «,, = s5,,(x) for every n. Similarly, 8, = s, (x). Hence, x = 8 = X,
which proves that X € extBall£;.

Now let e, € £1 be the vector with the real number 1 in position n and zero in all
other positions. Because extBall; = {—e,, e, :m € Z*}, x € extBall$; if and only if x
has exactly one nonzero singular value, namely s; (x), and s;(x) = 1. In other words,
lx||? = tr(x*x) = rankx = 1, completing the proof that (b)=(a).

To prove that (a)=(c), let x be a rank-1 operator of norm 1. From the polar decom-
position x = w|x| of x, there are unit vectors ¢,; € H such that x& = (&, 1)y,
for every & € H, where w¢ = and ww* is the projection onto Span{y}.

Set p = |x|. Because x is a rank-1 operator of norm 1, p is a rank-1 projection
whose range is spanned by ¢;. Extend the singleton set {¢;} to an orthonormal basis
{¢nl}nez+ of H. Thus, the trace of every z € §; is given by tr(z) = >.,,(z¢n, bn).

Define a linear functional f on $; by

f(y)=tr(pw*yp), Vyes;. (7)

Then f(x) =tr(pw*w|x|p) =tr(p) = 1,because p is arank-1 projection. So,Re f(x) =
f(x) = 1. Moreover, if v € Ball$;, then

IfO) ] = [{w*ydr, 1) | <|lw*[llyl=s1(3) = > sn) =yl <1. (8)

n=1

Thus, f is a support functional for Ball5;.
Assume that {yy}x C Ball$; and limg Re f (k) = Re f(x) = f(x) = 1, that is,

limRe (w* v, 1) = 1. 9)
Then, by (8), the sequence {yy}x has the property that, for all n > 2,

lilznsl(yk) = li’£n||yk|| =lim||y||, =1, lilznsn(yk) =0. (10)
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Furthermore,

ks —xp1l]” = v ll” —2Re (vip1, xp1) + || x|
= ||3’k¢1||2—2R€ (v, wer) +Hll/1||2

< ||lvel*llp1ll* = 2Re (w* yieepr, 1) + ||
<2(1-Re(w*yrp1,d1)).

(11)

Thus, by (9),
l[vip1 —xpi|| — 0. (12)
Because x is a rank-1 operator, the inequalities in [3, page 29] are
Sna1 (Vk) < sn(Vk—x) < sp_1(x), form > 2. (13)

Hence, for every k,

3

vk =x| =s1 (k= %) + 52 (i =X) + > su(x—x)
n=3

<2s1(yk—x)+ > sn(%)
1 k gz k (14)

= 2[|yk = x| +[|welly =1 (%)
<2||lyk=x||+1=s1 ().

Therefore, to prove that limgyx = x in §; it is sufficient, by (10), to prove that
Ik —xIl — 0.

The singular value s»(yx) measures the distance in B(H) from yj to the set of
operators whose rank is at most 1. Thus, by (10), there is a sequence {zx} € 5, of
operators such that each zj is zero or rank-1 and ||y — zxl| — 0 as k — oo. From
vk —xIl < |k —zkll + llzk — x || we see that it is now enough to prove that ||z —x|| — 0.

Because [|zkp1 — xP1ll < llzk — Yillllp1ll + Ivkp1 — xPall, we have that ||z —
x|l — 0. Hence, there exists N € Z* such that zg¢; = 0, for all k > N. In all cases
for which zx ¢, # 0, the vector zx¢; spans the range of z; and, therefore, there exist
vectors n € H such that, for every £ € H,

zk& = (&, nk) zi . (15)

Formula (15) also holds for all k for which zy¢; = 0 by simply choosing ny = 0.
If k = N then zy ¢, = (Pp1,nk)zrP1; that is,

(p1,m) =1, Vk=N. (16)
Also,

el =llzellT <l =zell, llzell = [kl [|zxal]- 17)
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Therefore, the sequence {||ngll}x is bounded and

. |zxl]
lim =lim—— =1. (18)
i [l = i e

For any € € H,

[(zk = x) &l = |[{€, nk) zkp1 — (€, 1) x 1|
=[[{&, nk) zxp1 — (&, nk)x b1+ (&, nk) x b1 — (&, 1) x|
< [(&ni) [lzxpr —xbal[+ |[x Pl [ (€, nk — 1) |
< IEN(Inkllllzxkdb1 —xprl[+[nk — Pal]).-

19)

Therefore, we have ||zx — x|| — 0 if we can prove that ||y — ¢ 1|l — 0. But this is so,
because

Ik —11° = [Inkll* —2Re ({(ne, 1)) + [ ba I

2 2 (20)
=[Inkll" =2+ 1 =[] - 1.

Thus, from (18) we conclude that ||[nx — ¢ 1]l — 0. Hence, (8)=(10).

The proof of (c)=(b) is a standard argument in convexity theory, which is, therefore,

omitted here. |
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