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SOLVING THE DIRICHLET ACOUSTIC SCATTERING PROBLEM
FOR A SURFACE WITH ADDED BUMPS USING THE GREEN’S
FUNCTION FOR THE ORIGINAL SURFACE
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We solve the Dirichlet problem for acoustic scattering from a surface which has been
perturbed by the addition of one or more bumps. We build the solution for the bumpy
case using the Green’s function for the unperturbed surface, and the solution of a local
integral equation in which the integration is carried out only over the added bumps. We
conclude by giving an alternative formulation of our method for the special case of a bump
on a plane.
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1. Introduction. In many applications, it is desirable to study scattering from a
surface to which extra features have been “added,” for example, growths sticking out
of background tissue, some objects appearing in the middle of a field, and so forth. In
this paper, we assume that we know Green’s function for the original surface, or, what
is equivalent, that we can solve the Dirichlet problem for the original surface. Using
this information, and given the boundary values of the field on the perturbed surface,
we reach an integral equation of the second kind in which the integration is carried
out only over the added bumps, not over the entire perturbed surface. We use the
solution of the latter equation, the given boundary values, and the derivative of the
Green’s function for the unperturbed surface to solve the Dirichlet acoustic scattering
problem for the perturbed surface. We conclude by giving an alternative formulation
of our method for the special case of a bump on a plane.

In what follows, the wavenumber k is fixed. By solving the Dirichlet acoustic scat-
tering problem for a surface we aim at finding scalar function u which (1) satisfies
the Helmholtz equation Au +k?u = 0 in the exterior of the surface, (2) has prescribed
boundary values on the surface, and (3) satisfies the Sommerfeld radiation condition
at infinity (see [2] for more details). A function satisfying the Helmholtz equation will
be called metaharmonic.

We will assume that all surfaces and functions involved are as smooth as necessary
to ensure that all formulas that we use are valid, and that pointwise limits exist almost
everywhere; in particular, Lipschitz surfaces are allowed. Limits will be understood to
hold almost everywhere.

2. Derivation of the solution. Let 0Q° denote the original surface. We write

20° = AUBY, (2.1)
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where A and BO are partitions of the surface, and B° is the part of the surface above
which the bumps are added. Let B denote these bumps, and let

0Q=AUB (2.2)

denote the perturbed surface. We suppose that B lies above B?. For X, Y outside 0Q°,
let G°(X,Y) denote the Green’s function associated with the operator A + k? (where k
is the wavenumber) for the exterior of 0QV. Note that

GY(X,Y)=d(X,Y)-U%X,Y), (2.3)

where ®(X,Y) is the free space Green’s function

o ikIX=YI
m, (2.4)
and U°(X,Y), considered as a function of Y, is the metaharmonic extension above
000 of ®(X,Y)|yesqo; U° also satisfies the Sommerfeld radiation condition. Thus,
being able to solve the Dirichlet problem for a surface is equivalent to knowing the
Green’s function for all pairs of points in the exterior of the surface (see also Note 2.3).
We can actually take X or Y to be on 0Q0.

NOTE 2.1. It is well known that G°(X,Y) = G°(Y, X). This can be shown by using
Green’s formula on the exterior of 9Q° for the function

0G(Y,Z)
on(Z)

0GY(X,Z)

0
Y, 2) on(z) ’

R(Z)=G%X,2) (2.5)

excluding two balls of radius € centered at X and Y, respectively, and then letting
€ — 0 (see also [3]).

NOTE 2.2. For X in the exterior of 0QY,
GO(X,Y)|yeaqo = 0. (2.6)
NOTE 2.3. For a function h given on 0Q0,

0GY(X,Y)

an(Y) do(Y), (2.7)

nz) = limI h(Y)
X—=7Z )00

for Z € 0Q°, and where X stays in the exterior of 9Q and converges to Z nontangen-
tially.
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PROOF. Let H be the metaharmonic extension of h outside 0Q°, namely, for X
outside 0Q0,

0®(X,Y) oh(Y)
on(y) on(y)

H(X) = LQO (h(Y) <I>(X,Y)) do(Y). (2.8)

The above formula gives the unique metaharmonic extension satisfying the Sommer-
feld radiation condition at infinity (see [2]). We then use Green’s formula again to
interchange the derivative in the unit normal direction in the second term of the for-
mula above, noting that the derivative of the metaharmonic extension of ® outside
the boundary should be used instead of the derivative of ® itself. We obtain

— _ 7170
H(X) = 20 h( )a (Y)(CI:'(X,Y) U(X,Y))do(Y)

B 3GO(X,Y)
_Lgohm any) 4o

(2.9)

where we have used (2.3) for the second equality. Sending X — Z we obtain the desired
result. O

Now, let g be the given boundary values on the perturbed surface 0Q. Our goal is to
construct a solution for the Helmholtz equation in the exterior of 0Q with boundary
values g, which also satisfies the Sommerfeld radiation condition, using G°(X,Y),
Green’s function for the unperturbed surface, and solving an integral equation in
which the integration is done only over the bump region B in 0Q.

For X in the exterior of 0}, define

aGO(X Y)

do(Y 2.1
n(Y) (Y). (2.10)

QU (X) = j FY)

Clearly, Q(f) is metaharmonic in the exterior of Q. We want to find a function f so
that, for (almost) every Z € 0Q,

g(2) =;13Q(f)(X), (2.11)

as X approaches Z nontangentially in the exterior of 0Q2. We will never consider what
happens at Z’s which belong to (boundaryA) U (boundaryB), a set assumed to be of
measure 0.

Now, let Z be a point in A, the set common to both 0Q and 9Q°. We send X — Z
nontangentially in (2.10). In the derivation below, we use the function

h(Y)z{f(Y)' forY € A, 2.12)

0, for Y € BY,
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where BO is the part of 0Q° below the bumps B in 0Q

9G%(X,Y)

yngQU)(X):)lg_n}J F I do )

- hmJ F(Y) ac; (();)Y) do(Y)

. 8G°(X,Y)

aGO(X Y) (2.13)

= lim h(Y) do(Y)

X~ Jaqo on(Y)

. 0G°(X,Y)

=f(Z)+0
= f(2).

We have used Note 2.3 in the above derivation and the fact that h(Z) = f(Z), for
Z € A. It can be easily seen that

0GY(X,Y) B
hme(Y) Iy 2o =0 (2.14)

as follows. Consider the bounded region BUB°. Let

f(y), forY €B,
pY) = 10, for Y € BY, @15)
and denote by P a metaharmonic extension of p inside B U B°. Next, note that
tim | £() #dom
~lim [ Bomn%dam (2.16)
since
}(iEnZGO(X,Y) = %iﬁGO(Y,X) =0. (2.17)

Now use Green’s theorem for the interior of BU B? to conclude that the last line in
(2.16) equals zero. Thus, we take f(Y) = g(Y) for Y € A.
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Now, let Z be in B and send X — Z nontangentially in (2.10). We obtain

0G%(X,Y)
on(Y)
09 (X,Y)
on(Y)
ou° (X Y)

1im Q(f)(X) = lim f £ do(Y)

_ hmj Fo 2281 g0y

aq><z ’ 2.18)
=—f(z)+j fn ST do )

oU°(Z,Y)

) do(Y)

[ pan S0

(Z,Y)

S W oy

do(Y).

Here, we used the properties of limits of double layer potentials, see [2], and that
U°(X,Y) is nonsingular for X above 0Q°. So, to have (2.11) hold, we need to solve

0
9(2) = %f(Z)+J f(Y)de(Y)
)
3GO(Z.7) (2.19)
+[ rn?Eien S aom),
for Z € B. But we are taking f(Y) =g(Y) for Y € A, so we want to find f so that
1 aGO(z Y) o 3G°(Z,Y)
F(D)+ J F LD da (1) = g(2) Lgm el acm), @20

for Z € B.
Thus, the solution to the Dirichlet problem for 0Q) can be obtained as follows. Given
g on 00, define a function h on 0Q° by

g(y), forYeA,
h(Y) = (2.21)
0, for Y € BY.
For X in the exterior of 0QY, define the function H by
0
H(X):J h(Y)MdO'(Y). (2.22)
200 on(y)
Next, solve the following integral equation:
0GY(Z,Y
@[ s S acy) - g2)-H2), (2.23)
for Z € B. Define f by
~ Y), forY eA,
= g, for (2.24)
f(y), forY eB.
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Then (2.13) and (2.18), and the discussions following them, show that for almost every
7 €0Q,
0GY(X,Y)

do(Y) — g(2), (2.25)

as X in the exterior of 0Q converges nontangentially to Z. Hence, Q(f) solves the
Dirichlet acoustic scattering problem for the given boundary values g on 0.

3. Special case. We apply the above recipe to the case when 0Q0 is the xy plane,
and for simplicity B is just one bump on the plane; the case of several bumps on the
plane is similar. Then

GO(X,Y) =®(X,Y)-d(X,Y*), (3.1)

where, if Y = (y1,)2,¥3), Y™ = (y1,)2,—)3). Let

h(Y) = g(Y), forY =(y1,>2,0) €A, 3.2)
0, for Y € BY.
Then
- 3GO(X,Y)
H(X) = JaQOh(Y)—an(Y) do(Y) (3.3)

is the unique metaharmonic extension of h to the region above the plane (which also
satisfies the radiation condition).
For Z € B, our procedure in Section 2 calls to solve

0G(Z,Y
—f(Z) J fY) ((Y) )da(Y) =g9(Z)-H(Z). (3.4)
Now, let B* be the reflection of B about the xy plane. In other words, Y € B if and
only if Y* € B*, where Y* has been defined in (3.1). Note that BuB* fully encloses a
region. Also, if n(Y) denotes the outward unit normal at Y € B, and n(Y*) denotes
the outward unit normal at Y* € B*, we have

n(Y*) = [n(y)]". (3.5)

So, for Y € B (and Z € B),

0
on(y)

((I)(Z,Y*)) = (n1,n2,113) |Y . (D1<I>,D2<I),7D3@) |Y*

= (n1,m2,-n3) |y - (D1®,D2®,D39) |y«

3.6
= (’I’L1,1’L2,1’l3) |y* . (D1<I>,D2¢',D3‘I)) |y* ( )
_ 0®(Z,Y*)

Toon(y*)
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Hence, we find that

) i} - £ 0D (Z,Y)
[ fngs @@y dem - | fenEEdew. 6
Thus,
oG (Z,Y)
[ o0& 4o )
00(Z,Y) %
jf(Y) A do () - jfman(y)( (Z.Y*)do(Y)  (3.8)
- v L OD(Z,Y)
Sy T iy 4o
where
~ f(Y), for Y € B,
Y) = 3.9
F) 1—f(Y*), for Y € B*. 5.9
So (3.4) becomes
1 00(Z,Y) -
Ef(Z”JU f(Y) an(y) do(Y)=g(Z)-H(Z), (3.10)

for Z € B. Substituting Z* for Z in (3.10), it is easy to see that (3.10) is equivalent to

09(Z,Y)

n(yy oY) =-(9(z")-H(z"), (3.11)

1~ ~
sio+|  Fon

for Z € B*. Thus, solving (3.10) or (3.11) is equivalent to solving for p in

09(Z,Y)

1
Ep(Z)+JBUB*p(Y) ) do(Y)=R(2), (3.12)
for Z € BuUB*, and where
R(Z) = g(Z)—-H(Z), for Z € B, (3.13)
—(g(z*)-H(Z*)), for Z e B*.

Note that (3.12) arises when using the double layer potential method for finding the
metaharmonic extension, which satisfies the Sommerfeld radiation condition, outside
the symmetric region bounded by B U B* with the boundary values on the lower half
of the surface B U B* being the negatives of the boundary values at symmetric points
on the upper half of the surface. Also note, that the solution p will be necessarily
antisymmetric on BUB*, that is, p(Z) = —p(Z*), as we need.

Finally, it is easy to check that

H(X)+J p(Y)MdU(Y)—q](Z), (3.14)

BUB* on(Y)
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as X above 0Q) approaches Z nontangentially. The idea of solving the Dirichlet problem
for a plane with a bump, by adding the solution for the plane without the bump to the
solution for the symmetrized bump (with antisymmetric boundary values), has been
used earlier in [1] to obtain comparison values.
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