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We characterize complex strictly positive definite functions on spheres in two cases, the
unit sphere of C4, g > 3, and the unit sphere of the complex £2. The results depend
upon the Fourier-like expansion of the functions in terms of disk polynomials and, among
other things, they enlarge the classes of strictly positive definite functions on real spheres
studied in many recent papers.
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1. Introduction. This paper is concerned with positive definite kernels that are use-
ful to perform interpolation on spheres. Its main purpose is to study strictly positive
definite kernels on the unit sphere Qy; of C4, g > 2, and the unit sphere Q. of £2.
Specifically, we will provide an elementary description of strict positive definiteness
of kernels which are inner-product dependent, that is, of the form

(z,w) € Qg X Qog — f{z,w)), (1.1)

for some continuous complex function f (the shape function) defined at least on the
disk B, := {z € C: |z| < 1}. Hereafter, (-,-) will denote the usual inner product in C4
or £2.

A shape function whose associated kernel is positive definite on Q,,; will be termed
a positive definite function on Q4. Thus, a positive definite function f on Q4 is a
continuous function such that

N
>, e f ({8, &) = 0 (1.2)
u,v=1
for N = 1, {&1,...,En} C Qoq, and {cy,...,cn} C C. The reader can refer to [1] for the
basic facts about positive definite and related kernels. If N has been fixed, we say that
the positive definite function f is strictly positive definite of order N on Qj, if the
inequality above is strict when the points §, are pairwise distinct and Zﬁjzl lcul > 0.
Finally, f is strictly positive definite on Qy, if it is strictly positive definite of order N
on Qg N=1,2,....
If we are given distinct points &;,...,En on Qp,4, complex numbers Ay,...,Ay, and a

strictly positive definite function f of order at least N on Q,4, then there is a unique
function of the form

N
E€Oy— > o f({EE)) (1.3)

v=1
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that interpolates the data {(§,,A,) : u = 1,...,N}. This interpolation procedure is a
complex version of what is often called spherical radial basis function interpolation
(see [4, 6, 8, 12]). In the latter, the &, belong to a sphere in some R™ and the function
f used in the generation of solutions is usually real valued. The method is well estab-
lished and has many applications in the handling of problems of global nature that
emerge in several areas such as meteorology, oceanography, satellite-related sciences,
and so forth, where the unit sphere in R3 is the standard model.

A strictly positive definite function on Q», is also strictly positive definite on every
real sphere embedded in it, in the sense considered in the references quoted above.
The results in this paper will then provide a concise way of constructing complex
strictly positive definite functions on the real spheres. As a matter of fact, since the
definitions of positive definiteness used here encompass those used in the real setting,
our results will amplify the classes of positive definite functions that can be used to
perform interpolation on the real spheres.

The outline of the paper is as follows. In Section 2, we collect basic results about
positive definite functions on spheres and disk polynomials. This is crucial in the
paper, because the analysis of strict positive definiteness is based on the expansion
of positive definite functions on Q4 in terms of certain disk polynomials. Section 3
contains two technical results, one of them being an alternative to the concept of strict
positive definiteness on Q4. Section 4 contains the main part of the paper, including
characterizations of strict positive definiteness on Qy4, g = 3.

2. Prerequisites. The strict positive definiteness of a positive definite function on
Qoq, q < 0, can be detected by looking at the series expansion of the function in terms
of certain disk polynomials. This section contains the basic facts about them along
with some basic properties needed in the sequel.

Positive definite functions on Q,, are representable in the form

f@2= > ama(f)Rhn(2), z€Bs, (2.1)

(m,n)ezs

in which @y, » (f) = 0 for all m and n and Z(m,n)ezi Amn(f) < . The symbol Rﬂn}zl
stands for the disk polynomial of degree m +n associated to the integer g —2 when g
is finite while R} ,,(z) = zMZ" (see [7, 11]). The disk polynomial of degree m +n in x
and y associated with a nonnegative real number « is the polynomial Ry, , given by

RE ,(2) 1= vImonleitm=mOR ain=nl (52 1) z=7re® = x +iy, (2.2)
where R,(ﬁ"A‘qu"” is the usual Jacobi polynomial of degree m A n := min{m,n} associ-
ated with the numbers « and |m — n|. The normalization for the Jacobi polynomials
adopted here is R,(y‘i"A‘,T’"') (1) = 1. The expansion (2.1) is then possible due to the fol-
lowing two facts (see [2, 9]): R?{,EL is a zonal surface harmonic of degree m +n in 2g
real variables in the classical sense and the set {R}; ,: 0 < m, n < oo} is a complete
orthogonal set in L%(B»,dwy), where dw, is the measure on B, given by

dwy(z) = O(T+1(1—x2 —y)%dxdy, z=x+1iy. (2.3)
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The following properties of disk polynomials are straightforward [9].

LEMMA 2.1. Let m and n be nonnegative integers and x a nonnegative real. The
following properties hold:
(i) RS, (ei®z) =M MPRX  (2), @ €[0,21), z € By;
(ii) R%,, (1) =1;
(iii) |Ry,,(2)1 =1,z € By;
(iv) Ry, (Z) = Rmn(z) =R{ ,,(2), z € By;
(v) Ry, s an even function if m —n is even, and an odd function otherwise.

Next, we list the less elementary properties of disk polynomials to be used in this
work. The first one is the so-called addition formula (see [9, 14]), which is quoted here
in a version adapted to our purposes.

LEMMA 2.2. Ifm and n are nonnegative integers, q is an integer at least 3, 01,0, €
[0,71/2], ¢p1,¢2 €[0,21), and w € By, then
R (€08 0, cos 0, P1-92) 1 sin 0, sin ,w)

- (2.4)
bt a 2QKL (01, 001) Qlitn (02, 2) R (w),

Il
Mz
M=

=
Il

(=}

—
Il

0

in which

QKL (0,¢) := (sinO)HRL 2K (cos 0e'®),  (0,¢) € [0,71/2]1x[0,21),  (2.5)

m—k,n-1
and the constants bf,’l[,n,q,z are all positive.

Before stating the next lemma, we need some additional notation. We need to deal
with elements from the space I1? composed of complex polynomials in the indepen-
dent complex variables z € C4 and Zz. A typical element of T17 is of the form

p(z,2)= > > arz'Z', zeCla,,€C r,sezl, mnez,, (2.6)
[ri=m [s|=n
where standard multi-index notation is in force. The subset of 114, composed of poly-
nomials with the property that

p(Az,AZ) =A"™A"p(2,Z), A€C, (2.7)

becomes a subspace. The elements of this subspace which are in the kernel of the
complex Laplacian also form a subspace of I14. The set of restrictions of elements of
this subspace to Q4 will be denoted by I n. It is also a vector space over C and its
dimension will be written as N(gq;m,n).

Lemma 2.3 is the summation formula for disk polynomials (see [9, 14]).

LEMMA 2.3. Let q be an integer at least 2 and {qu,...,Yf](q;m‘n)} an orthonormal
basis of 9i.n. Then

N(g;m,n)

S YHEYND), EC ey, (2.8)

k=1

__ Woq

-2
Wi (&) = Sy

where w», denotes the surface area of Q4.
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For further information on disk polynomials we suggest [2, 3, 13, 14, 16] and the
references therein.

3. Basic technical results. In this section, we present a crucial formulation of strict
positive definiteness (SPD) on Q», to be used in the proofs of the main results of the
paper. Before that, we formulate two elementary technical lemmas.

LEMMA 3.1. Let q be an integer at least 2 and T an element of Q4. Then, every
element § of Q4 is uniquely representable in the form

E=tePC+V1-t28, 0<t=<1, pe[0,2m), (3.1)

in which &' is an element of Qo4 in the hyperplane of C4 orthogonal to C. The coefficient
te'? is precisely (€,C).

LEMMA 3.2. IfAq,...,A, are n distinct complex numbers and A is a subset of C with
an accumulation point, then the functions

zeA—exp(Arz), k=1,...,n (3.2)
form a linearly independent set.
PROOF. See [5, page 87]. O

Before stating our first result, we introduce a new terminology. It comes from the
fact that the strict positive definiteness of a positive definite function f on Q,, does
not depend on the actual values of the coefficients an (f) (see [10]). We say that a
subset K of 72 induces SPD of order N on Q,, if every positive definite function f for
which

Kq(f):={m,n):amn(f) >0} =K (3.3)

is strictly positive definite of order N on Q.

Theorem 3.3 below is the major result in this section and it yields different formu-
lations for the concept of SPD on ;. The results in Section 4 will only require the
fact that condition (i) implies condition (iv). The other implications in Theorem 3.3
are of independent interest at this moment.

THEOREM 3.3. Let K be a subset of 72, q a positive integer at least 3, f a positive
definite function on Q4 satisfying Kq(f) = K, &i,...,&Ey distinct points on Q4, and
C1,...,Cn complex numbers. The following assertions are equivalent:

M) Spvorcutr f(EnE)) =0;
(i) YN, cuYU(Ey) =0, Y € Himn, (m,n) €K;
(i) XN_1 cuRin((€,n)) =0, (m,n) €K, n € Qpg;
() SN cuQhin (04, @I REP(ELN) =0, (mm) €K, 0<k<m,0<l<n,n €
qufz.

PROOF. The equivalence among (i), (ii), and (iii) follows directly from the definitions
and Lemma 2.3. A direct application of Lemma 2.2 reveals that (iv) implies (iii). Next,
we use induction to prove that (iii) implies (iv). We use Lemma 3.1 to write

£, = cos0ePre; +sin0,E,, 0,€[0,1/2], p,e[0,2m), u=1,...,N.  (3.4)
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Given n € Q4 written as n = cos fei¥e; +sinOn’, 0 € [0,11/2], y € [0,277), Lemma 2.2
yields

bh QKL (0, @) QN (0, W)RE ((E),0'))

M=
Mz
M=

ZCuR 2 (€)=

Cu
1k

I
(=]
~

I

0

=
I

N
B2 Qi (0,0) Y. €,Q8 (00 @) RE (81
0 u=1
N
7b~(r)nnq 2Rmn (cosBeit) z uRmn (cosO el(p”)R (<§Ill’n,>)

I
M=
M=

k

Il
(=}

1

.S

S by a2 Qi (0,w) Zch’zfn(eu,cpu)RZf(<§;,,n’>).
m

k=0 p=1
1+k+0
(3.5)
Hence, if condition (iii) holds,
N 2 ; 3
Dyina—2Rin(cos 0ei) 3 c,Rin(cos 0, )RGG ((€,n'))
u=1
m n N ' (3.6)
+ Z Z bfﬁ%n,q—foﬁl,n(e,(l/) Z CUQ’;;Ll,n(QIJ’(pﬂ)RZ,ZS(<§I’1’n,>) =0
k=0 1=0 pu=1
k=

L+k+0

for (m,n) € K, 0 € [0,11/2], ¢ € [0,21), and n’ € Qp4-2. Choosing 6 = ¢ = 0, we
obtain

N
b?nnq 2R, a(1) Z C‘,an}zl(cos Quelq)“)Rg,63(<§L,'7'>) =0, (m,n) ek, n Q.

pu=1
(3.7)
Since each coefficient b?,‘fn’q_z is positive, this reduces to

N
Z 2 (cos@,eiP) =0, (m,n)eK. (3.8)

This equation corresponds to condition (iv) in the case k = | = 0. Next, we assume that
condition (iv) holds when k+1 < p (> 0) and show it holds when k +1 = p. Recalling
(3.6) and using the induction hypotheses, we see that

n N
> by g 2O (0,0) S cuQbL (04, @) RE ((E,17))

S
I
M§

k:O =0 u=1
l+k=p
= (sin0)? Z Z bmnq 2(sin@)k+l’”RZ1_f,:flfll(cos@e’“") (3.9)
k=0 1-0
l+k=p

N

X > cuQbL (04, @) RE ((E17)),

u=1
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for (m,n) €K, 0 €[0,1m/2], ¢ €[0,21), and n’ € Qy,4_». Hence,

m n
S bhL o (sin@)KEPRIZIT (cos ge W)

p (3.10)
N -~

x > cuQt (04, @) RL (7)) = 0
pu=1

for (m,n) € K, 0 € (0,1r/2], ¢ € [0,21), and n’ € Qy4-». Due to Lemma 2.1, this
reduces to

bmnq 2(sm9)k+l pp-ilm-n— k+l)z,uRq 2+k+l(c s0)

R‘

Mz
LM

=
Il
(=}

P (3.11)
Han(eul(le)Rkl ((5,'“'7')) =0

Mz

pu=1

for (m,n) €K, 0 € (0,7r/2], ¢ €[0,21), and n" € Qz4—». Letting 0 — 0*, we obtain

m n

_ k
SN bk e kbR (1) Zchmn(ep,cpp)Rkl ((E,n")) =0,
0 u=1

(3.12)
for (m,n) € K, ¢ € [0,2m), and n’ € Qy4-». Next, we use Lemma 3.2 to see that, for
each (m,n) € K, the functions

P e tm=keby e — 0 m, 1=0,...,n, k+l=p (3.13)

form a linearly independent set over [0,277). It follows that

N
bhL REER ) S ¢,k (0, @RI ((E,n')) =0, (myn) €K, k+1=p,

pu=1
(3.14)
that is,
N
Z cuQK (04, @u)RE ((ELn')) =0, (mn) €K, k+l=p. (3.15)
The proof is now complete. |

4. Main results. In this section, we use Theorem 3.3 to obtain an elementary char-
acterization of SPD of all orders on Qj;, g = 3. We begin with a necessary condition
for SPD proved in [10].

LEMMA 4.1. Letq be an element of {2,3,...} U{c}, K a subset of Zi, and N a positive
integer. If K induces SPD of order N on Q4 then {m—n: (m,n) € K} intersects the
setsNZ+j,j=0,1,...,N—1.



STRICT POSITIVE DEFINITENESS ON SPHERES VIA DISK POLYNOMIALS 721

THEOREM 4.2. Let q be an integer at least 3 and K a subset of 7%. Then K induces
SPD of all orders on Qy4 if and only if the set {m —n: (m,n) € K} contains infinitely
many even and infinitely many odd integers.

PROOF. The condition is certainly necessary, by Lemma 4.1. Conversely, let N be
a positive integer, &i,...,&y distinct points on Q»4, and f a positive definite function
on Qy, such that K, (f) = K. We will show that the matrix with entries (f({§,,&v)))
is positive definite under the hypothesis that {m —n: (m,n) € K} contains infinitely
many even and infinitely many odd integers. To do that we will assume that

N
> et f((€4,8v)) =0, (4.1)

uy=1

and will show that ¢, = 0 for all pu. Let j € {1,...,N} and choose an orthogonal trans-
formation such that T;(&;) = (0,1,0,...,0). Next, use Lemma 3.1 to write

T;(8,) = cosOue'Vre; +sin0,E,, 0, €(0,7/2], w,€[0,2m), u=1,....N, (4.2)

where &, € Qz;-2, 4 =1,...,N. Due to our choice of T}, 0 = 7r/2 and §; =T;(&;). Since

N N
>, v f(Ti (€, Tj(E))) = X cutvf((Eu, &) =0, (4.3)

Hv=1 Hv=1

we may use Theorem 3.3 to conclude that

N
cuQKL (04, @) R ((EL,N')) =0, (mn) €K, 0<k=m, 0<l<n, n' €Qogo.
pu=1
4.4)
In particular,
N 3
> cu(sin®y)" "RE G ((E,,n')) =0, (mn) €K, n' € Qoqo. (4.5)

u=1

We now split the proof into two cases. If (T;(§,),T;(&;)) # —1, u # j, we use our
hypothesis to select a sequence {(m,,n,)} from {(m,n) € K : m — n is even} such
that {m, +n,} is increasing. The inequality

| (sin0,)™ "™ RS, ((Efun)) | < [sin0, ™™, psj, v=1,2,.., 0 € Qg2
(4.6)

and the fact that |sin6,| < 1, y # j, imply that

lim (sin0,)™ ™ Rib ny ((E4u’)) =0, p#j, n' € Qago. (4.7)

V-0
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Using this information with n’ = &', we obtain

(@]
g
M=

Cu(Sineu)mv+anmv ny ((EL!EJ,))

1
N
= cj+lim S cu(sin@,)™ ™ R, (51, E)))

u=1
e j

— 00
u

(4.8)
=Cj.
If (T;(&;),Tj(&)) = —1 for some s then 65 = 1r/2 and &; = (0,-1,0,...,0). Repeating

. . . -3 . .
the procedure used in the previous case and recalling that R, ;, is an even function
when m —n is even, we obtain

HMZ

L (sin@,)™ " RE S, (€ &7)) =cj+cs. 4.9

To complete the argument, we extract a sequence {(7y,s,)} from the set {(m,n) €K :
m —n is odd} such that {», + s, } is increasing. Since RZ{,EL is an odd function when
m—mn is odd, we arrive at

N
0= &l_m 2. Cu(Sineu)WHVRrv s ((€1,€)) = ¢j—¢s. (4.10)
u=1

It is now clear that ¢; = 0. O

We conclude the paper by proving a version of Theorem 4.2 for the case g = 0. A
result of this sort was the main goal intended, but not reached, in [15]. The following
lemma is the only additional result needed.

LEMMA 4.3. Ifq is a positive integer at least 2 and m and n are nonnegative integers,
then there are positive constants cfl,m,n, j=0,...,mAn, such that

mAan

"= N chmnREE L (2), z€EB. (4.11)

m—jn—j

PROOF. A proof, including exact values of the constants cé,m,n, can be found in [2,
page 28]. O

THEOREM 4.4. A subset K of 7% induces SPD of all orders on Q. if and only if the set
{m—-n:(m,n) € K} contains infinitely many even and infinitely many odd integers.

PROOF. One half follows from Lemma 4.1. For the other, let K be a subset of 72
such that {m—n: (m,n) € K} contains infinitely many even and infinitely many odd
integers. We will show that K induces SPD of order N > 3 on Q.. Let &i,...,Ey be
distinct points on Q. and f a positive definite function on Q. such that K. (f) =K
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Without loss of generality, we can assume that {&;,...,En} C Qon. By Lemma 4.3,

FUEREN) = D amn(N)(En &) " (G E)
(mmn)ek
_ man i N )
(mmZ)EKam,n f) JZ) CN,m,an—J,Tl—](<§H’§ >) 4.12)
= D dys(NIRYE (B &)
(e, B)EL
=9((&u, &),

where L:= U mexki(m—j,n—j):j=0,...,man} and g is a positive definite func-
tion on Qo satisfying Ky (g) = L. Since

{a—=B:(x,B) €L} = {m—-n:(m,n) € K}, (4.13)

L contains infinitely many even and infinitely many odd integers. Thus, Theorem 4.2
implies that L induces SPD of all orders on Q,y. This guarantees that (g((&,,&,))) is
positive definite and, consequently, so is (f({&,,&,))). Therefore, K induces SPD of
order N on Q., completing the proof. ]
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