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The classical It6 formula is generalized to some anticipating processes. The processes
we consider are in a Sobolev space which is a subset of the space of square integrable
functions over a white noise space. The proof of the result uses white noise techniques.
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1. Introduction. The well-known It6 formula relies on the fact that the integrands
in the It6 processes are nonanticipating. However, in many cases, this essential con-
dition is not satisfied. Take the example of the stochastic integral fol B(1)dB(t), t <1,
where B(t) is a Brownian motion. Clearly, B(1) is anticipating and fol B(1)dB(t) cannot
be defined as an Ito0 integral; necessitating an extension.

We are interested in generalizing the It6 formula to anticipating processes in an
infinite-dimensional space. For this purpose, we consider the infinite-dimensional
space to be the white noise space (¥’ (R),u), where ¥’ (R) is the space of tempered
distributions and u is the standard Gaussian measure on ¥’ (R). We use the Hitsuda-
Skorokhod integral as the underlying extension of the It6 integral and we prove the for-
mula for processes of the form 0(X(t),F) where X (t) is a Wiener integral, 6 € <612, (R?)
and F € W12 a Sobolev space in the Hilbert space (L?) = L>(¥' (R), u).

A number of variations to the formula in this paper exist. Prevault [9] developed
a formula which was applied to processes of the form Y (t) = 0(X(t),F), where F
is a smooth random variable depending on the whole trajectory of (B(t));cr+, and
(X (t))ter+ is an adapted It6 process. His proof relies on the expression of infinitesimal
time changes on Brownian functionals using the Gross Laplacian. In [6], Kuo developed
a formula which was applied to processes of the form Y (t) = 0(X(t),B(c)),0<a <c <
b, with X (t) a Wiener integral. The main tool of his proof is the very important white
noise function, the S-transform, and the fact that both X (¢) and B(t) have Gaussian
laws. The proof in this paper is a limiting process of Kuo’s proof.

2. Background. In this section, the basic background from white noise analysis are
introduced and the interested reader is provided with the relevant references.

2.1. Concept and notations. Let F be a real separable Hilbert space with norm
|- ]o. Let A be a densely defined selfadjoint operator on E, whose eigenvalues {A; },>1
satisfy the following conditions:

1 1<A 1 <A <Az3<---;
(i) Sp_qAR% < oo,
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For any p = 0, let ¢, be the completion of E with respect to the norm | f|, := |A? flo.
Note that €, is a Hilbert space with the norm |- |, and €, C ¢, for any p = q. The
second condition on the eigenvalues above implies that the inclusionmap i: €,.; — €,
is a Hilbert-Schmidt operator.

Let € be the projective limit of {€¢,; p = 0}, and let ¢’ be the dual space of €. Then
the space ¢ = ﬂpzo ¢, equipped with the topology given by the family {|-[,},>0 of
seminorms is a nuclear space. Hence ¢ C E C ¢’ is a Gel'fand triple with the following
continuous inclusions:

ECECECECE,Cé,CE, q=p=0. (2.1)

We used the Riesz representation theorem to identify the dual of E with itself.

It can be shown that for all p > 0, the dual space €}, is isomorphic to €_,, which is
the completion of the space E with respect to the norm | f|-, = |[A7? fo.

Minlo’s theorem allows us to define a unique probability measure p on the Borel
subsets of €’ with the property that for all f € ¢, the random variable (-, f) is normally
distributed with mean 0 and variance |f I%. We are using (-,-) to denote the duality
between ¢’ and €. This means that the characteristic functional of u is given by

J eiE) dp(x) = e" DR vE . (2.2)

The probability space (€’,u) is called the white noise space. The space LZ(€’,u) will
be denoted by (L2); that is, (L?) is the set of functions @ : ¢’ — C such that @ is
measurable and [, |@(x)]>du(x) < . If we denote by E. the complexification of
E, the Wiener-Itd theorem allows us to associate to each @ € (L?) a unique sequence
{Futn=0, frn € E®" and express @ as @ = >_o I (fy) where I, (f,) is amultiple Wiener
integral of order n (see [3]). This decomposition is similar to what is referred to as the
Fock-space decomposition as shown in [8].
The (L?)-norm ||@|o of @ is given by

00

lpl3 = > nl| fuls, 2.3)

n=0

where | - | denotes the Ef’"—norm induced from the norm | - [p on E. For any p > 0, let
[-1, be the %;‘%fg-norm induced from the norm |- |, on ¢, and define

0 1/2
Il = (Zn!|fn|§> : (2.4)
n=0
Let
(€p) ={@ € (L?); | @ll, < }. (2.5)

If 0 < p <gq, then (€;) C (¢,) with the property that for any g = 0, there exists
p > g such that the inclusion map I, 4 : (€,) < (é4) is a Hilbert-Schmidt operator and
11,4075 < (1= llipqll3s)~! where iy, is the inclusion map from €, into €, as noted
earlier.
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Analogous to the way € was defined, we also define (¢) as the projective limit of
{(€p); p =0} and (€)* as the dual space of (¢). With the above result, (¢€) = ﬂpzo(%p)
with the topology generated by the family {|| - || ,; p = 0} of norms. It is a nuclear space
forming the infinite-dimensional Gel’fand triple (€) c (L2) c (€)*. Moreover, we have
the following continuous inclusions:

(€) C (€q) C (€p) C (L) C (E-p) C (¢-q) C(E)*, q=p=0. (2.6)

We note that by letting E = L?(R), we get ¢’ = ¥’ (R) and obtain the Gel’fand triple
(¥) € (L?) C (¥)*. The elements in (€) are called test functions on €’ while the ele-
ments in (é€)* are called generalized functions on €’. The bilinear pairing between (¢é)
and (€)* is denoted by ({-,-)).If @ € (L?) and ¢ € (€), then {{@,y)) = (@, P), where
(-,-) is the inner product on the complex Hilbert space (L?).

An element @ € (€) has a unique representationas @ = > _ I (fn), fn € %?" with
the norm

00

@l =3 nt|fuls <o, Vp=o. (2.7)
n=0
Similarly, an element ¢ € (€)* can be written as ¢ = >.,7_I,(Fy), F, € (%;)&’" with
the norm
\|¢||%p = > nl \Fn|%p, for some p > 0. (2.8)
n=0
The bilinear pairing between ¢ and @ is then represented as

[

Z (Fn, fn)- (2.9)

It is possible to construct wider Gel’fand triples than the one above; for example, by
Kondratiev and Streit (see [6, Chapter 4] and the Cochran-Kuo-Sengupta (CKS) space
in [1]).

2.2. Hermite polynomials, Wick tensors, and multiple Wiener integrals. The Her-
mite polynomial of degree n with parameter o2 is defined by

XM o= (— 02X 20t pne—x?/20?, (2.10)

These polynomials have a generating function given by
z B o= ot 202, 2.11)
n!

The following formulas are also helpful:

[n/2]
XM= > <2"k>(2k—1)!!(—02)"x"2’<, (2.12)
k=0
[n/2]
x"t= > (;{)(Zk—l)!!az":x"”‘ ‘02, (2.13)
=0

where 2k-1)!' = (2k—-1)(2k—=3)---3-1 with (-=1)!! = 1.
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The trace operator is the element T € (€,)¢2 defined by

(r,8®n)=(&,n), &nee. (2.14)

Let x € ¢'. The Wick tensor : x®™ : of an element x is defined as

[n/2]
XM= Y (;{)(2k—1)!!(—1)kx®(”‘2k)®'r®k, (2.15)
=0

where T is the trace operator. The following formula similar to (2.12) is also important
for Wick tensors, that is,

[n/2]
xen= 3 (;{) (2k — 1)1 x®M=20) - gk (2.16)
k=0

For x € ¢’ and & € ¢, the following equalities related to Wick tensors hold:
<:x®n :’§®n> = (xa§>n:‘§|(2)a ||<:x®n 3»§®n>||0:\/m\§|g- (217)

In order to make mathematical computations concerning multiple Wiener integrals
easier, they are expressed in terms of Wick tensors. This is achieved via two statements
as follows (see [6, Theorem 5.4]):

(1) let hy,ho,... € E be orthogonal and let n; + n> + - - - = n. Then for almost all

x € €', we have

< en . h®n1 ®h®n2 > = (X,h1> \hl\z <X h2> Ihzl(Z) cees (2.18)
(2) let f € E®™. Then for almost all x € €',

Li(f)(x)=(:x®": f), (2.19)

where I, (f) (x) is a multiple Wiener integral of order n. With this relationship,
we are able to write test functions and generalized functions in terms of Wick
tensors as follows: any element @ € (L2) can be expressed as

00

@(x) = Z X", f), up-ae. for x €€, f, € E™. (2.20)

Suppose @ € (€). Since €2" is dense in E&", we have
@) =D (x® ), faEES (2.21)
n=0

For an element ¢ € (€,)*, it follows that

00

d(x) =S (:x°"LF), Fae (€,)°" (2.22)

n=0
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2.3. The white noise differential operator. Let y € ¢’ and @ = (: x®":, f) € (€). It
can be shown that the directional derivative

+ - A
ltir%l(p(x tJ;) PX) _ n(:x®m D yé, f), (2.23)
where y & is the unique continuous and linear map from E?" into Ef’ =1 guch that
y&,9°" = (v,9)g°" "V, gekE.. (2.24)

This shows that the function @ has Gateaux derivative D, . For general @ (x) =
S0l x® i fu), fn € %?”, we define an operator D, on (€) as

[

Dy@(x)= > n(:x®M "V y& f). (2.25)

n=1

It can be shown that D, is a continuous linear operator on (€) (see [6, Section 9.1]).
By the duality between (€)* and (é), the adjoint operator D} of D, can be defined by

((D3®,@)) = ((2,D,@)), @€ (®)F, pe (€. (2.26)

Now let ¢ be the Schwartz space of all infinitely differentiable functions f: R — R
such that for all n,k € N,

sup
x€eR

x"(dd—;(>f(x)‘ < o0, (2.27)

If we take y = ¢, the Dirac delta function at t, then
(1) 0r = Ds, is called the white noise differential operator, the Hida differential
operator, or the annihilation operator,
(2) of = D(’;‘[ is called the creation operator,
(3) for @ € (¥), B(t)@ = 0, + 0] @ is called white noise multiplication.

2.4. The S-transform. Let ® € (¢)*. The S-transform is a function on €. defined
by
S(®@)(E) = ({(®,:e8 1)), Eeg. (2.28)

The S-transform is an injective function because the exponential functions span a
dense subset of (¥).If ® € (L?), the S-transform of ® is also called the Segal-Bargmann
transform of ®.

3. White noise integrals. From now on, our reference Gel'fand triple is (€)g C
(L?) c (‘é)z;. A white noise integral is a type of integral for which the integrand takes
values in the space (%)75‘ of generalized functions. As an example, consider the integral

Ote*C(t*S) : B(s)? : ds where B is white noise. In this case, the integrand is an (-
valued measurable function on [0,t]. A second example is the integral f(f 0Fd(s)ds
where & is also (8’);;-Valued. If f(f 0X®(s)ds is a random variable in (L?), then the
white noise integral is called a Hitsuda-Skorokhod integral. So in general, if ® is an
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(‘é)fg-valued function on a measurable space (M,%,m), a white noise integral is an
integral of the type

J ®(u)ydm(u), E e%B. (3.1)
E

Despite the fact that (%)}‘ is not a Banach space, these integrals can be defined in the
Pettis or Bochner sense by the use of the S-transform.

3.1. White noise integrals in the Pettis sense. We need to define [ ®(u)dm(u) as
the generalized function in (€)j that satisfies the following:

S(J ddmw)) (€) =I S(@®w) (E)dm(u), E et (3.2)
E E

In particular, if ®(u) is replaced by 9;f®(u), we have

s([ areanaman)@ = [ gws@u)@dma, gew.  33)
E E

The above two equations then call for the following conditions on the function ¢ to
be satisfied:

(@) S(®(u))(&) is measurable for any & € é,;

(b) S(®(-))(§) € L' (M) for any & € €;

(c) for any E € %, the function [;S(®(u))(-)dm(u) is a generalized function in
(%)E. (This can be verified by using the characterization theorem for generalized
functions.)

The statement in (c) can be rewritten as

<<L<p(u)dm(u),: o8 >> = L (®(u),:e"8 :Ndmu), Eeé.. (3.4)

Since the linear span of the set {:e(¥ : £ € €.} is dense in (%‘S)E, the above equation
implies that

<<L<I>(u)dm(u),q9>> = L (o), p))dm(u), @ e (€);}. (3.5)

In terms of the S-transform, Pettis integrability can be characterized using the follow-
ing theorem. For a proof, see [6, Section 13.4].

THEOREM 3.1. Suppose that the function ® : M — (%)E satisfies the following condi-
tions:

(1) S(®(-))(&) is measurable for any & € €.;

(2) there exists nonnegative numbers K, a, and p such that

j S(@(w)(H)dm(u) <Kexp|algl)/" 7], gee. (3.6)
M
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Then @ is Pettis integrable and for any E € B,
5([ e@dma)@ = [ s@a)@dmw, get.. (3.7)
E E

3.2. White noise integrals in the Bochner sense. We know that (¢) ;‘ is not a Banach
space but (€)5 = Up=0(€,)j and each of the spaces (¢,) is a separable Hilbert space.
With this in mind, the white noise integral [ ®(u)dm (u) canbe defined in the Bochner
sense in the following way. Let ® : M — (€), then ® is Bochner integrable if it satisfies
the following conditions:

(1) & is weakly measurable;

(2) there exists p > 0 such that ®(u) € (€,)j for almostallu € M and [[®(-)[|-p,-p €
LY(M).

If ® is Bochner integrable, then we have

IR

e JM D[, pdm (). (3.8)

The following theorem contains the conditions for Bochner integrability in terms of
the S-transform and helps estimate the norm [|®(u)||-p,—g of ®. See [6, Section 13.5].

THEOREM 3.2. Let®:M — (i‘é)’ﬁk be a function satisfying the following conditions:

(1) S(®(-))(&) is measurable for any & € €.;

(2) there exists p = 0 and nonnegative functions L € L' (M), b € L®(M), and an
m-null set Ey such that

|S@w) (@) | <L exp|[pb)EF/" ], VEEE, uek. (3.9)

Then ® is Bochner integrable and [,;®(u)dm(u) € (%q)g‘ for any q > p such that

1-B
ez(%) |A-@P5e <1, (3.10)

where |b| « is the essential supremum of b. It turns out that for such q,

’UMtb(u)dm(u)‘ =l (1—e2<%)|m<”)\|§3>”2. 3.11)

An example worth noting is the following. Let F € ¥'(R) and f € L*(R), f # 0.
Then F({-, f)) is a generalized function and if the Fourier transform F € L*(R), then
F({-,f)) is represented as a white noise integral by

F((,.f)) = %L&emmﬁ(u)dw (3.12)

In this case, ® (1) = e F(u), u € R and it satisfies the conditions in Theorem 3.1
for Pettis integrability.
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4. An extension of the It6 integral. A number of extensions of the It6 integral
exist. One such extension is by It6 [4], where he extended it to stochastic integrals for
integrands which may be anticipating. In particular, he showed that fol B(1)dB(t) =
B(1)2. In [2], a special type of integral called the Hitsuda-Skorokhod integral (see
Definition 4.1 below) was introduced as a motivation to obtain an It6 type formula
for such functions as 6(B(t),B(c)), t < ¢, for a ¢2-function 6. (We note here that B(c),
t < c, is not ¥; measurable.)

Consider the Gel'fand triple (¥)g C (L?) C (¢) which comes from the Gel'fand
triple $(R) € L2(R) ¢ ¥’ (R) as described in Section 2.1. Suppose ® : [a,b] — (8’)}‘ is
Pettis integrable. Then the function t — 9;*®(t) is also Pettis integrable and (3.3) holds.

DEFINITION 4.1. Let:[a,b] — (9);; be Pettis integrable. The white noise integral

f,f o/ @ (t)dt is called the Hitsuda-Skorokhod integral of @ if it is a random variable in
(L?).

Consider a stochastic process @ (t) in the space L?([a,b] x ¥’ (R)) which is nonan-
ticipating. The It6 integral ff @ (t)dB(t) for the process @ (t) can be expressed as a
white noise integral in the Pettis sense. The following theorem due to Kubo and Take-
naka [5] (see also [6, Theorem 13.12] for a proof) implies that the Hitsuda-Skorokhod
integral is an extension of the It integral to @ (t) which might be anticipating. A look
at Example 4.3 will throw some light on the difference between It0’s extension and
the Hitsuda-Skorokhod integral.

THEOREM 4.2. Let @ (t) be nonanticipating and fab Hcp(t)||édt < 0. Then the func-
tion 0 @(t), t € [a,b], is Pettis integrable and

b b
[erpwat- | pwasw, @1
a a
where the right-hand side is the Ité integral of @.

EXAMPLE 4.3. Let @ (t) = B(1),t < 1.Itwas observed earlier that by [td’s extension,
fol B(1)dB(t) = B(1)2. However, for the Hitsuda-Skorokhod integral, fol o B(1)dt =
B(1)2 — 1. This equality can be verified by using the S-transform in the following way.

Since B(1) = (-,1[0,1)), we have (SB(1))(§) = f(} E(s)ds. Now, by the use of (3.3),

S(L1 o7 BIAL) (€)= j:at)(sza(n)(adt
- Iol JOI E(t)E(s)dtds 4.2)

= 5<: .82 ;,1E®02‘1)>(§).

Therefore, fol ofB()dt = (: -®%:, 1?0":1)). We can apply the results from Section 2.2
concerning Wick tensors to get

1
J;J ofB(l)dt =: (-,1[0,1)>2 1
= (1)’ ~1 @3
=B(1)>-1.



A GENERALIZATION OF THE ITO FORMULA 485

We clearly see a difference between the integral fol B(1)dB(t) as defined by It6 and
the Hitsuda-Skorokhod integral of B(1).

DEFINITION 4.4. For @ = > o(: -®":, f,), we define

M

N = n(:-%": fu). (4.4)

n=1

The operator N is called the number operator. Moreover, the power N7, v € R, of the
number operator is defined in the following way: for @ = >._(: -®":, fu),

N'@=>n"(:°" f). (4.5)

n=1

For any r € R, N" is a continuous linear operator from (¥)g into itself and from
(H’)E into itself. Let W1/2 be the Sobolev space of order 1/2 for the Gel'fand triple
(F)pc(L?)C (%) ;. In other words, for [a,b] C R*, W1/2 will denote the set of @ € (L2)
such that (3;@)e(a,p) € L?([a,b];(L?)). The norm on W'/? will be defined as

Il = [[(N+1)2el[5
2

[Me

M+ f)

0

3
I

0

[
Me

nn+1)| fuld (4.6)

n=0

3

(o)
n!|fn|(2)+ Zn!n|fn|§
n=0 n=0

= @l +|IN"2 ][5,

Now if @ is given with the property that N'/? € (L?), and t € [a, b], then [N'?@ [} =
713,12 dt. Hence,

b
191 = Il + [ ool ae, 4.7)
a
and so
W2 ={p e (L?); @2 < }. (4.8)

For more information on Sobolev spaces and the Number operator, see [7].

The following theorem gives a condition on the function @(t) in order for
) f 0/ @ (t)dt to be a Hitsuda-Skorokhod integral. This condition is determined by the
number operator N and the space W/2 plays a major role. The proof for this con-
dition can be found in [6, Theorem 13.16]. We first identify the space L2([a,b];(L?))
with the space L2([a,b] x¥").



486 SAID NGOBI

THEOREM 4.5. Let @ € L?([a,b];W/?), then f,f of (t)dt is a Hitsuda-Skorokhod
integral and

where ((-,-))q is the inner product on (L?). Moreover,

b 2 b 2 b rb
J of p(t)dt O=J H(P(t)HodtJFJ J ((0rp(5),05@(t)))gdsdt,  (4.9)

b b b
f J ((0ep($),0sp (1)) dsdt SJ INY2q(t)|]5 dt. (4.10)

As a remark, when @ € L2([a,b];(L?)) is nonanticipating, then the inner product
((0r@(5),0s@(t)))o = O for almost all (s,t) € [a,b]?. Therefore, when attempting to
compute the L2-norm for the integral by using (4.9), we obtain the following very
useful result that relates the norms:

|

The Hitsuda-Skorokhod integral is related to two other extensions of the It0 integral:
the forward and backward integrals. For @ € L?([a,b];W/?), let 0;+ @ (t) and 0;- @ ()
be the right-hand white noise derivative and left-hand white noise derivative of @,
respectively (see [6, Definition 13.25]). The forward integral of @ is defined as

2
. (4.11)
0

J: o P(t)dt z - f: lp@)]fpdt = H J:qp(t)dB(t)

b b b
J cp(t)dB(ﬁ)zj 8t+(p(t)dt+J df p(b)dt, 4.12)

provided that both integrals on the right-hand side are random variables in (L?). In
particular,

1
JOB(l)dB(ﬂ) =B(1)? (4.13)

which agrees with fol B(1)dB(t) = B(1)? as shown by It0’s in [4]. Similarly, the back-
ward integral of @ is defined as

b b b
J (p(t)dB(t’)zJ Bt—(p(t)dt+J Fp(t)dt. (4.14)

5. An anticipating It6 formula. In this section, the main result is presented. It is
about a particular generalization of the ordinary It6 formula to a class of functions
that are anticipating.

Let B(t) be a Brownian motion given by B(t) = (-,1j0,)). For a @2-function 0, a
simple case of the It6 formula is given by

t t
0(B(D) = 0(B(a)) +j 0’ (B(s))dB(s) + %J 0" (B(s))ds, G.1)

where 0 <a <'t.
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If we assume that 9(B(-)),0’ (B(-)),0” (B(-)) € L?([a,b];(L?)), then Theorem 4.2
enables us to write the above equality as

t t
0(B(1)) = 0(B(a)) +j 30’ (B(s))ds + %J 0" (B(s))ds, 5.2)

where jé 050’ (B(s))ds is a Hitsuda-Skorokhod integral. In [6], the following two gen-
eralizations of the white noise version of the It6 formula in (5.2) were considered:

(@) 0(X(t),B(c)) for a ¢?-function 0 and a Wiener integral X (t), t < c;

(b) 6(B(t)) with a generalized function 0 in ¥’ (R).

The main tool for the proofs of the formulas obtained for the above two general-
izations is the S-transform. The result for the generalization of (a) is stated below
as a theorem and as earlier explained, my new formula will be using this particular
generalization. (See [6, Theorem 13.21] for a complete proof.)

THEOREM 5.1. LetO<a<c<b,let X(t) = f;f(s)dB(s) be a Wiener integral with
felL*([a,b]) and let O(x,y) be a €?-function on R? such that

2 2
0(X(-),B(c)), gg(XUB( ) aiagy

(X(-),B(c)) (5.3)
are all in L?([a,b];(L?)). Then for any a < t < b, the integral

Ltas* (f(s)%(X(s),B(c)))ds (5.4)

is a Hitsuda-Skorokhod integral and the following equalities hold in (L?):
(1) fora<t=<c,

t
0(X(t),B(c)) =0(X(a),B(c)) +J of (f(s)%(X(s),B(c)))ds

t 320 320 -5
+L(2f(s)2 5 (X(s),B )+f(s y(X(s),B(c)))ds,
(2) forc<t<b,
00x(0),B(©) = 0(x @, Be)) + | 25 (£ 2% (x(5),B(c) s
Jf(S)Zaz (X(s),B ))dHEf(S)aizaé;(X(S),B(C))ds o

As hinted earlier, the proof of the main result in this paper is a limiting process of
the above theorem. The following is the main result.

THEOREM 5.2. Let f € L*([a,b]) and X (t) = j;f(s)dB(s) be a Wiener integral. Let
F € W'? and 0 € 63 (R?) such that

2%0 0%0
G(X((),F)), ﬁ(X(),F), axay

(X(-),F) (5.7)
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are all in L?>([a,b];(L?)). Then for any a < t < b, the integral

jt o1 (F6) 22 (X(5),F) ) s (5.8)

is a Hitsuda-Skorokhod integral and the following equality holds in (L?):

t
0(X(1),F) = 0(X(@),F)+ | o7 (f(s%(Xu),F))ds
+1th(g)232_9(x(5) F)ds+th(s)(6 F)_aZQ (X(s),F)ds o
2 Ja 0x2 ’ a T ox0y ’ )

The proof is presented in the following steps. First it will be shown that for F =
B(c), 0 < a < c < b the above formula holds and that it coincides with the formula
in Theorem 3.1. Secondly a special choice of F will be taken in the following way:
we know that the span of the set {: "9 ;; g € L2(R)} is dense in (L2). If we let
91,92,--,gx € L*(R) and

N

1
Fy=2A1 > —(:-®"M:gf™)
mzlm!
N
1
+)\2 z %(z'g)m:lg?m)
m=1"" (5.10)
N
P S (rem gemy,
m!
m=1

then, as N — oo, Fy — Fin (L2) where F = A; :ef91) 1 + A5 1e0092) s oo 4 A e$9k) 1 In
our proof we will assume that Fy — F in W/2. Also, g will be taking on the form g =
25:1 ®jlioe)), k € N, «j,cj € R. The formula will then be generalized to 6(X(t),Fy)
with Fy chosen as above. An extension to @(X(t),F) with general F € W1/2 will be
achieved via a limiting process.

PROOF OF THEOREM 5.2. In the proof of [6, Theorem 1] which uses the S-trans-
form, there are two components that were treated separately: (1) when a <t < ¢, and
(2)whenc <t <b.

Now suppose that F = B(c), 0 < a < ¢ < b. We claim that our new formula in the
above theorem is correct when we replace F with B(c). To see that this is correct, it is
enough to show that B(c) € W/2. We proceed by computing the norm for B(c) in the
space W'/?, Indeed, since B(c) = (-,1[0.)), we have

0sB(c) =110 (s),
IB[5 =11{-Li0,1)]l5 = | 1100 |5 (5.11)

c
= J li0,0)(8)ds = J ds =c.
R 0
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Therefore,
2 b 2
B |lyr2 = ||B(c)||0+J 10:B(©)|2ds = ¢ + (b—a). (5.12)

Hence, B(c) € W%, Now since d;B(c) = 10, (s), we then have

t 020
320 J f(s)axay (X(s),B(c))ds ifa<c,
[ @mE) L (xwpeyas = O
Lf(S)W(X(s),B(c))ds ifc<t<bh.

(5.13)

Thus, the two components (1) and (2) above in Theorem 3.1 are put together as one
piece so as to satisfy the above theorem.

In general, suppose a < ¢; <c2 < --- <¢p < b. Let é(x,yl,...,yp) be a function
defined on R?*! and of class 2. Then we have the following formula which is simply
a generalization of the one above:

0(X(t),B(c1),...,B(cp)) = 0(X(a),B(c1),...,B(cp))
+£a;(f(s)%(x<s>,B(c1),...,B(cp)))ds

1t 320
+3 Jaf(s)zw(X(s),B(cl),...,B(cp))ds

t p azé
+Lf<s);1 (2:B() 330z (X(5),B(ex).....Bleg) ds.
(5.14)

For a suitable function G : R? — R and of class €2, we can transform the function @
to coincide with @ as a function defined on R? in the following way:

0(X(t),B(c1),...,B(cp)) = 0(X(t),G(B(c1),...,B(cp))) = 0(x, ). (5.15)

With this transformation and using the chain rule, the above integral equation then
takes on the following form:

0(X(t),G(B(c1),...,B(cp)))
= 0(X(a),G(B(c1),...,B(cp)))

+Lta; (f(S)g—i(X(S),G(B(Cl)’---aB(Cn))))dS

t 2
+%J f(S)Za—g(X(S),G(B(Cl),...,B(cp)))ds (5.16)

t p
00 2 @Ble) 5 K616 BB

xaiij(B(cl),...,B(c,,))ds.
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Now let

p(l)

()

(2)

Zm< (Z ) )

(5.17)
N plk=1) om
. (k-1)
+/\k—17§ W< ( z o 1 (kl))> >
N 1 em
+/\kz< (20{ (k)) >
Sz m!
We know that for any n € N,
[n/2] n
(romagny= Y ( )(Zk DI(—c)kB(c)" 2k = ZaB(c)l (5.18)
k=0 i=1

for some constants a; and m. Some summands could as well be zero. This then be-
comes a polynomial in B(c). We can similarly write Fy as a polynomial in Brownian
motion as follows:

(1)

m{V m
Fv=A S a W 1)B( (1)) ---B(c;})) P

my
m.mD
2 m® m?
+A D Ap)... <2>B( ) ...B(Cl(”z))
@@
e (5.19)
) (k) ‘m;qk)
+Ax Z am§k>__.m§7k)B<c1 ) ...B<C;k>) ,
k)R

where again some coefficients A, ) could be zero for some j. Suppose Fy is
W om
restricted to only one summand out of the k summands above, that is, suppose that

(1) (1)
Fy =Ay Z am(ll)___ml(ﬂnB(C{l))ml B(C;1)> . (5.20)

mV...m{D

Then we see that the function Fy is a good choice for our composition. That is, we let
Fy = G(B(cfl)), B(c<1))) so that the following ensues:

0(x(0),G(B(cV),....B(cV)))

(1) (1)
_ 1\™ 1)\ (5.21)
= 9<X(t),7\1 Z am(ll)___ml(ﬂnB(Cl ) .. -B(Cp ) )

m{D..cm D
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Moreover,
0 1) 1)
2 6(B(el?)(ef)
(1) m_q m  (5.22)
-7 Z am<1>___m<1)B(C{1>)ml ---m}l)B(cJ(-l))m" ---B(C,f,l))m” .
.
Therefore,
t 00
0(X(t),Fy) = G(X(a),FN)+J o (f(s)a(X(s),FN))ds
a
1t ,0%0
+§Jaf(5) W(X(S),FN)dS
t P 2

(n))_0-0

+LJ§f(S)<asB(Cj ))W(X(S),FN)M (5.23)
(1) my o
X Z am<11>___m;71)B<c1 ) srem;
mgl),..m;n
_ )
xB(cJ(.l))m’ L -B(c{,,”)mp ds.
Now, by the product rule,

0s (@) = (0:s @)y + @ (0sy). (5.24)

We then incorporate this rule into the last summand of the most recent equation (5.23)
above to obtain

ff(s) 0°0 (X(s),EN)Ar > a B(c(“)m(‘l)...mm
= 0x0y N {eemp B J

miD . om
xB(cJ(.”)m}D’I .. -B(c;“)(l)aSB(c;”) (5.25)
220

AT

(X (5),Fn) (0sFN).
Then, by linearity, the above result can be extended to all the k summands in the

original expression for Fy. Hence for Fy € W/2, the formula in our theorem is true;
that is,

t
0(X(1),Fy) = 0(X(a),Fy) +J o (f(s)%(X(s),FN))ds

1 (", ,0%0 t 0%0
+ E Lf(s) m (X(S),FN)dS + J;f(S) (aSFN) W(X(S),FN)dS.
(5.26)

As stated earlier, by assumption, Fy — F as N — oo in the W!/2-norm, where

F=2A1:e90 4y el92) ooy A efdid (5.27)
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with
p(n) @m
In = ( Z ‘X*(iml[o,c;"))) , l<n<k. (5.28)

Therefore, there exists a subsequence {Fy,}r=1 C {Fy}n=1 such that Fy, — F as
k — oo almost surely. For such a subsequence, the following is true:

0(x(t),Fy,) = 0(X(a),Fy,) +L: or (f(s)%(X(s),FNk))ds

+%J:f<5)22272(X(s),FNk ds+J F(s) aSFNk) 829 (X(s) Ey, )ds.

(5.29)
We claim that the following convergences hold almost surely as k — oo:
0(X(1),Fy,) — 0(X(1),F), (5.30)
0(X(a),Fy,) — 0(X(a),F), (5.31)
t
%J fs >Za 9(X<s> Fy, )ds — J fs )Za g > (X(s),F)ds (5.32)
t 020 020
Lf(s)(BSFNk)W<X(s),FNk)ds — Jaf(s)(aSF) 3xay X(O):P)ds, (5.33)

t

K o (f(s)%(X(s),FNk))ds . L o*

PROOF OF (5.30) and (5.31). Because of continuity of 0, since Fy, — F almost
surely, those two convergences also hold almost surely. a

00
<f(s)a(X(s),F)>ds. (5.34)

PROOF OF (5.32). Let w € ¥'(R) be fixed. Since Fy, converges, it is a bounded se-
quence, that is, there exists M > 0 such that |Fy, (w)| < M for all k. Therefore, the
function given by 020/0x?: [a,b] x[-M,M] — R is continuous on compact sets and
hence uniformly continuous. Thus given € > 0, there exists § > 0 such that whenever
Ix1—x212 4+ |y1 — 212 < §, we have

0%0 0%0 2€

ox Q(thl) ax 2(X2;y2) <m. (5.35)

Also, by the convergence of {Fy, }k=1, there exists a number N(¢) depending on €
such that

k> N(e) = |Fy, (w)—F(w)]| <6, (5.36)
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which implies that

2” Fs)? (a J (X(5) (@) = 29 (X0, F(@) ) ds|

ILf11Z 020 329
=75 (X(s) Fy, (w)) - (X(s) F(w)) ‘ds (5.37)
||f\|§o 2€ _
2 - Y
=€
and so (5.32) is proved. |

PROOF OF (5.33). Itis known thatin a Hilbert space H, if x,, — x and y, — y, then
(xXn,Yn) — (x,y) where (-, ) is the inner product on H. By taking H = L?([a, t]) with
the Lebesgue measure it follows then that

2 2
j F () @sFy, () 5o = (X(5). g () ds = (0. By (@), ()25 o0 (X<->,FNk<w>)>,
a?e - 20
J F() @F (@) 32 (X(),F(w))ds = (0.F(@).f () y(X(->,F<w))>.

(5.38)

By the same uniform continuity argument used above in proving (5.33), as k — o,
we see that

0260 0260
S )a 3y (X(),Fy () — f(- )a 3y (X(+),F(w)) (5.39)
in L2([a,t]).

Now Fy, — F in W'/2. Hence Fy, — F in (L?) and f; 105 Fn, —0sFll5ds — 0 as k — oo.
Therefore a change of integrals is justified and the following is true:

t
J J|65FN(w)fasF(w)|2dsdu(w)
I (R) Ja
t
:J J )|aSFN(w)_asF(w)|2le(w)dS (5.40)
I (R
t
ZI ||asFN_asFH§L2>dS — 0.
a
Let
t
J |95 Fy, () —3sF(w) | *ds = Hy, (w). (5.41)
a

Then, {Hy, (w)}k=1 is a sequence of positive functions and by the above result,
Hy, (w) — 0in L' (u). Therefore,

3.Fy, (w) — 3.F(w) (5.42)

in L%([a,t]) and so (5.33) is true. O
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PROOF OF (5.34). We approximate the (L?)-norm of the difference of the two in-
tegrals. We claim the norm of this difference goes to zero. For convenience, use the
following notation. Let

f(S)g(X(S);FNk(UJ)) = QN (5),
20 (5.43)
f(s) 5 (X(5),F(w)) = @(s).

Then by Theorem 4.5, we have

t t 2
’U 05 P, ds—J ofpds
a a

0

t t rt
:J H<PN,<—<P||(2)dS+J J ((0s @, (W) = 3s@ (), 04PN, (5) = uP(s))) o duds,
(5.44)

where ((-,+))o is the inner product on (L?).

Since Fy, (w) — F(w) in (L?), we can choose a subsequence so that the convergence
is almost surely. Thus for such a subsequence, there exists Qg such that P{Q} =1
and for w fixed, we have Fy, (w) — F(w). Then, by the mean value theorem, for each s,

S_Q(X(S),FNk(w))_%(X(S),F(w))‘
X 0x
320 (5.45)

where &(w) is between Fy, (w) and F(w). Since 0 € 63 (R?), [(820/0x0y) (X (s),&(w))]
< C for some constant C. So,

00

00
|22 (x5, g )) - 22

(X(s),F(w))HO < C||Fy, (@) = F () ||y (5.46)

As earlier noted, the convergence of the subsequence {Fy, }x=1 of numbers implies
that for some fixed constant M > 0, the quantity [|Fy, (w) —F(w)llo < M, for all k.
Therefore, using the fact that Fy, (w) — F(w) in (L?), we have

llon, = @llo < 1fllC|[Fr, —Fllp — O, (5.47)

and also

llon, —@llo < 1 FllCl|Fx, —Fllo < I1f [l CM. (5.48)

Since this bound is independent of both s and k, by the bounded convergence theorem,
as k — oo,

t
| llon - ollgas —o. (5.49)
a
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The convergence of the second summand of the right-hand side of (5.44) goes as
follows:

’ J; J; ((Os @ (u) = 0s@ (1), 0u P, (5) —au(P(S)))oduds‘
< [ 1ocone ) -2 ol 100, (5) 20 (5) | duts
= %J; K (ll8s @, () =35 (W[5 +[[0uPn, () — 0@ (9)[[g ) duds  (5.50)
= Lt Jt 102 @ () = 0u@ (9)[[g ducds

= [(], 1ouwne )~ 2up (o)1 s,

The number operator, N can also be expressed as N = [z 90sds (see [6]). Hence, for
any @ € L?([a,b];W/2), we have

INY2@ll5 = (N, ®)), JR (3 0:@,@))ods

(5.51)
=J ((0s@,05)) odS—J 135 |[g ds.

Therefore, by this result,

t t
J (JRHauankm—aucms)llédu)ds:J INV23, @, (5) = 0u@(s)|[sds.  (5.52)

But N1/2 is a bounded operator from W!/2 into (L2). Therefore, by the same mean
value theorem argument, since Fy, — F also in W/? by our original assumption, we
have

t rt
H | (@ ) - 2.9, 0,03, 5) - 2up(5)))g duds| — 0 (5.53)

as k — oo.

Therefore, it has been shown that the convergence in (5.34) is true in the (L?)-
norm. We then pick a further subsequence of the subsequence {Fy, }-1 also denoted
by {Fn, }k=1 such that convergence hold almost surely. This then proves all the con-
vergences necessary and completes the proof of the theorem. a

REFERENCES

[1]  W.G. Cochran, H.-H. Kuo, and A. Sengupta, A new class of white noise generalized functions,
Infin. Dimens. Anal. Quantum Probab. Relat. Top. 1 (1998), no. 1, 43-67.

[2] M. Hitsuda, Formula for Brownian partial derivatives, Proceedings of the 2nd Japan-USSR
Symposium on Probability Theory, vol. 2, Kyoto University, Kyoto, 1972, pp. 111-
114.

[3] K. Ito, Multiple Wiener integral, J. Math. Soc. Japan 3 (1951), 157-169.

[4] , Extension of stochastic integrals, Proceedings of the International Symposium on
Stochastic Differential Equations (Res. Inst. Math. Sci., Kyoto Univ., Kyoto, 1976),
Wiley, New York, 1978, pp. 95-109.




496 SAID NGOBI

[5] L Kubo and S. Takenaka, Calculus on Gaussian white noise. III, Proc. Japan Acad. Ser. A
Math. Sci. 57 (1981), no. 9, 433-437.

[6] H.-H. Kuo, White Noise Distribution Theory, Probability and Stochastics Series, CRC Press,
Florida, 1996.

[7]1  D. Nualart, The Malliavin Calculus and Related Topics, Probability and Its Applications,
Springer-Verlag, New York, 1995.

[8] N. Obata, White Noise Calculus and Fock Space, Lecture Notes in Mathematics, vol. 1577,
Springer-Verlag, Berlin, 1994.

[9] N. Prevault, An Extension of the Hitsuda-Itoé Formula, Equipe d’Analyse et Probabilités,
Université d’Evry-Val d’Essonne, France, 1997.

SAID NGOBI: ALABAMA STATE UNIVERSITY, BOX 161, MONTGOMERY, AL 36101, USA
E-mail address: ngobi@mathlab.alasu.edu


mailto:ngobi@mathlab.alasu.edu

