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The method of subordination chains is used to establish new univalence criteria for holo-
morphic mappings in the unit ball of C". Various criteria involving the first and the second
derivative of a holomorphic mapping in the unit ball of C" are developed.
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1. Introduction. Let C" be the space of n-complex variables z = (zy,...,z,) with
the usual inner product {(z,w) = Z?:lzjﬁj and Euclidean norm ||z|| = (z,z)1/2.

Let H(B") denote the class of mappings f(z) = (f1(2),...,fn(2)), z = (21,...,2Zn),
that are holomorphic in the unit ball B" = {z € C" : ||z|| < 1} with values in C". A
mapping f € H(B") is said to be locally biholomorphic in B"™ if f has a local inverse
at each point in B™ or, equivalently, if the derivative

Df(z) - (afk(Z)) 1.1
1<j,k<n

aZj

is nonsingular at each point z € B™.

The second derivative of a mapping f € H(B™) is a symmetric bilinear operator
D2f(z)(-,-) onC"xC", and D?f(z)(z,-) is the linear operator obtained by restricting
D?f(z) to {z} x C". The matrix representation for D f(z)(z,-) is

n
0% fi(z
D)z = S OSE . 1.2)
— 02;0Zm
m=1 J 1<jk<n
We denote by £(C™) the space of continuous linear operators from C" into C", that
is, the n x n complex matrices A = (Ajx) with the usual operator norm

Al = sup{llAz|l:llz]l < 1}, Ae=£(C"). (1.3)

Let f,g € H(B™). We say that f is subordinate to g (f < g) in B" if there exists
a mapping v € H(B™) with |[v(z)| < ||zl|, for all z € B" such that f(z) = g(v(z)),
z € B"™.

A function L : B" X [0,0) — C" is a univalent subordination chain if for each t €
[0,0) and L(-,t) € H(B™), L(-,t) is univalent in B" and L(-,s) < L(-,t) whenever
0<s<t<oo.

We will use the following theorem to prove our results.

THEOREM 1.1[1]. LetL(z,t)=a,(t)z+---,a.1(t) # 0, be a function fromB" x [0, o)
into C" such that
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(i) foreacht =0, L(-,t)€ H(B");
(ii) L(z,t) is a locally absolutely continuous function of t € [0, o), locally uniformly
with respect to z € B";
(iii) a,(t) € Cly ) andlim; o |y (t)] = co.
Let h(z,t) be a function from B" x [0,00) into C" which satisfies the following
conditions:
(iv) foreacht =0, h(-,t) € H(B");
(v) for each z € B™, h(z,-) is a measurable function on [0, o);
(vi) h(0,t) =0 andRe(h(z,t), z) =0, for each t = 0 and for all z € B";
(vii) for each T > 0 and v € (0,1), there exists a number K = K(v,T) such that
h(z,t)|| <K(r,T), when ||z|| <v and t € [0,T].
Suppose that L(z,t) satisfies

oL(z,t)
ot

=DL(z,t)h(z,t), a.e.t=0, Vze&B"™. (1.4)

Further, suppose that there is a sequence (ty,)m=o0, tm > 0, with lim,,, . t;, = c0 such
that
L(z,ty)

Jim ar(tm) =F(z), (1.5)

locally uniformly in B". Then for each t € [0,), L(-,t) is univalent in B".

2. Univalence criteria. We obtain various univalence criteria involving the first and
the second derivative of a holomorphic mapping in the unit ball B”. Some of them
represent the n-dimensional versions of univalence criteria for holomorphic functions
in the unitdisk U = {z e C:|z| < 1}.

THEOREM 2.1. Letf € H(B"), f(0) =0,andD f(0) = I. Let &, ¢ be complex numbers
such thatc + —1 and (x—1)/(c+1) ¢ [0,0). If
I[Df(z)—aI] ' [eDf(z) +ad]|| <1, (2.1)
IzIZ[Df (z) — ] [eDf (z) + I

2.2)
+(1=1zI17)[Df(z) —«I] 'D2f(2)(z, )] <1,

for all z € B, then f is a univalent mapping in B".
PROOF. We define
L(z,t) = f(e‘tz)+$(et —e Y)[Df(etz)—aI](z), (z,t)€B"x[0,0). (2.3)
We will prove that L(z,t) satisfies the conditions of Theorem 1.1. We have

al(t)=e‘t+1_—a(et—e‘t), te[0,c0), (2.4)

1+c

and hence a;(t) # 0, forall t = 0, lim;_ |a1(t)| = 0 and a; (t) € C[0, ).



SUFFICIENT CONDITIONS FOR UNIVALENCE IN C" 703

It is easy to check that L(z,t) = a;(t)z+ O(1) as t — o locally uniformly in B".
Hence (1.5) holds with F(z) = z.

The function L(z,t) satisfies the absolute continuity requirements of Theorem 1.1.
Using (2.3), we obtain

et

1+c¢

DL(z,t) = [Df(etz) —I|[I-E(z,t)], (z,t)€B"x[0,00), (2.5)

where E(z,t) is the linear operator defined by

E(z,t) =—e 2[Df(e'z) —aI] '[eDf (et 2) + al]

- - 1 - - (2.6)
—(1-e)[Df(e7tz) —xI] D>f(e tz)(e7tz,-).

We define

A(z,t) = [Df(etz) —aI] ' [eDf(e'2) + «I],
B(z,t) = [Df(e'z)—aI] 'D:f(e'2) (e 'z, "), (2.7)
W(z,t,A) =AA(z,t)+ (1 -A)B(z,t), Ae€[0,1].

Using (2.1) and (2.2), we obtain ||A(z,t)|| <1 and ||[W(z,t,A.)|| <1,z € B", t >0,
where A, = e 2||z||2. Since A, < e 2t <1, z € B", t > 0, there exists u € (0,1] such
thate 2 =u+ (1-u)A,. Then

[|E(z,0)|| = |[[uA(z,t) + (1 —u)W(z,t,A)|| < ul|A(z,O)||+ A -w)||W(z,t,A2)]| = 1,
(2.8)
forall ze B™ and t > 0. Using the principle of the maximum [2], we obtain ||E(z,t)] < 1.
Since ||[E(z,t)|| < 1,forall (z,t) € B"x [0, ), itresults that I —E(z,t) is an invertible
operator.
Using (2.3), we obtain

A(z,t) et e
BT —1+C[Df(e z)—I|[I+E(z,t)](2) 00

=DL(z,t)[I-E(z,t)] '[I+E(z,)](2).
Hence L(z,t) satisfies the differential equation (1.4) for all t > 0 and z € B", where
h(z,t) = [I-E(z,t)] " - [I+E(z,0)](2). (2.10)

It remains to prove that h(z,t) satisfies conditions (iv), (v), (vi), and (vii) of Theorem
1.1. Obviously, h(z,t) satisfies the holomorphy and measurability requirements and
h(0,t) = 0. Using the inequality

[|h(z,t) - z|| < ||[E(z,t) (h(z,t) + 2)|]
<[[ED]-|lh(zt)+2]| (2.11)
<||h(z,t)+z||,

we obtain Re(h(z,t), z) =0, forall ze B" and t = 0.
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The inequality ||[I-E(z,t)]7!|| < [I-||E(z,t)]|]1"! implies that

1+]|E(z,t)]]

Iz 0ll< T ZiEC ol

lzl. (2.12)

Since all the conditions of Theorem 1.1 are satisfied, it results that the functions
L(z,t),t > 0, are univalent in B". Obviously, f(z) = L(z,0) is also a univalent mapping
on B". O

COROLLARY 2.2. Let f € H(B") be locally univalent in B*, f(0) =0, and D f(0) = 1.
Let ¢ be a complex number such thatc + —1 and |c| < 1. If

lelzIPI+ (1-11zI3) [Df(2)] 'D2f(2)(z,-)|| <1, zeB", (2.13)

then the mapping f is univalent on B".

PROOF. For « =0 and c € C\{-1}, |c| <1 the conditions of Theorem 2.1 are sat-
isfied and hence the mapping f is univalent in B™. O

REMARK 2.3. Corollary 2.2 represents the n-dimensional version of Ahlfors and
Becker’s univalence criterion [1]. If ¢ =0, we have the n-dimensional version of Becker’s
univalence result [3].

COROLLARY 2.4. Let f € H(B™), f(0) =0, and Df(0) =1, and let @ be a complex
number with o ¢ [1, ). If

I[Df(2) - ad](2)|| = |||zl (2.14)
lellzI2[Df (z) — ] + (1= 11z12) [Df (z) — «I] ' D2f(2) (2, )| <1, (2.15)

for all z € B, then f is a univalent mapping on B™.

PROOF. Using (2.14), we have that D f(z) — «I is an invertible operator and

I[Df(z)—ad] V|| < zE€B". (2.16)

1
lx|’
The conclusion of the corollary follows from Theorem 2.1 with ¢ = 0. a

THEOREM 2.5. Let f € H(B™) with f(0) =0 and D f(0) = I. Let « and ¢ be complex
numbers such thatc # —1 and (x—1)/(c+1) ¢ [0,00). If

I[Df(z) —ad] ' [eDf(z) +ad]|| <1,

(2.17)
[[Df(z) -] ' D2f(2)(z,)|| <1,

for all z € B™, then the mapping f is univalent on B".
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PROOF. Using (2.17), we obtain

ZI2[Df(z) — «I] ' [eDf (z) + «I] + (1= |zII?) [Df (z) = xI] 'D2f (2)(z,")]]

<lzlI’+1-]zI>=1, VzeB™
(2.18)

Hence, the conditions of Theorem 2.1 are satisfied and then f is a univalent map-
ping on B™. a

COROLLARY 2.6. Let f € H(B"), f(0) =0, and Df(0) = I. Let « be a complex
number such that « ¢ [1,0). If

[[Df(z)—ad](@)] = |allz]l, (2.19)
ID2f(2)(z,9)|| = |, (2.20)

for all z € B, then f is a univalent mapping on B™.

PROOF. Using (2.19) and (2.20), we have

D@ -ar) | = o
I[Df(2) - ad] ' D2 f(2)(z, )|
o ) (2.21)
<[|[Df(@)—ed] || |ID*f(2)(z, )l
Si-|0(|§1, z € B".
||
Using Theorem 2.5 with ¢ = 0, we obtain that f is univalent on B™. |
COROLLARY 2.7. Let f € H(B") such that f(0) =0 and Df(0) =1. If
Re(Df(z)(z),z) >0, (2.22)

for all z € B™, then the mapping f is univalent on B".
PROOF. Let & be a real number such that « < 0. Since

I[Df(z) - aI](2)|]* = [IDF(2) ()| + 2] ]2 - 2aRe (D f (2) (2),2) > |x|?]|z]|2
(2.23)

it results that (2.19) holds true, for all z € B" and « < 0.
If @« — —o0, then (2.20) also holds true. Using Corollary 2.6, we obtain that f is
univalent on B". |

REMARK 2.8. When n = 1, (2.22) becomes Re f'(z) > 0 and hence Corollary 2.7
represents the n-dimensional version of Alexander-Noshiro’s univalence criterion.
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