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Let F be a Banach algebra. We give a necessary and sufficient condition for F to be finite
dimensional, in terms of finite type n-homogeneous F-valued polynomials.
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1. Introduction and results. Let E and F be complex Banach spaces. We denote by
L("E,F) the Banach space of all continuous n-linear mappings A from E" into F en-
dowed with the norm [|A|| = sup{l|A(x1,...,.xn) |l : lIxjll <1, j =1,...,n}. Amapping P
from E into F is called a continuous n-homogeneous polynomial if P(x) = A(x,...,x)
(for all x € E) for some A € L("E,F). We denote by P("E,F) the Banach space of all
continuous n-homogeneous polynomials P from E into F endowed with the norm
[IP]| = sup{||P(x)]|l : x| < 1}. Also a mapping P from FE into F is called a finite type
n-homogeneous polynomial if P(x) = f1(x)"by + - - - + fx (x)"by (for all x € E), where
Ji,...,Jx € E* and by,...,bx € F. We denote by Pr("E,F) the space of all finite type
n-homogeneous polynomials P from E into F. Then we have P¢("E,F) < P("E,F). In-
deed, let P € Py("E,F). Then we write P(x) = f1(x)"by + - - - + fx(x)"by (x € E) for
some fi,...,fx € E* and by,...,by € F. Set

VR

A(xy,..o,xn) = filxy) - filxn)bi, (x1,...,xn) € E™. (1.1)

i=1

Then A is a continuous n-linear mapping from E™ into F and P(x) = A(x,...,x)
(x € E). Hence P € P("E,F). We are now interested in the case that F is a Banach
algebra. Let

P;("E,F) ={pl'+---+@}:@; €B(EF) (j=1,...,k), k N}, (1.2)

where cp?(x) =(@j(x))" (x € E). Thenwe have Py ("E,C) = Py ("E,C) and Py ("C,F) <
P¢("C,F) (see [1, Section 1]). Also, we have Py("E,F) < P("E,F). Indeed, let P €
P;("E,F). Then we can write P = @' + --- + @} for some @1,...,px € B(E,F). Set
A(X1,...,Xn) = 2';:1 Qi(x1) - @ilxn), (X1,...,Xn) € E™. Then A is a continuous n-
linear mapping from E™ into F and P(x) = A(x,...,x) (x € E). Hence P € P("E,F).

Now, for each n € N, we say that an algebra F has the r,-property if, given any
b € F, we can find elements ay,...,a, € F such that b = Zf’;l al'. We also say that an
algebra F has the v-property if F has the 7, -property for each n € N.
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PROPOSITION 1.1 (see [1]). (1) Every unital complex algebra has the v -property.
(2) Let E be a Banach space and F be a Banach algebra. Then Py("E,F) < P ("E,F)
if and only if F has the vy, -property.

In [1], it is remarked that, given an arbitrary Banach space (F, +, || - ||), we can always
define a product o and anorm || - ||« on F in order that (F, +, 0, | - || «) is a unital Banach
algebra and || - ||« is equivalent to || - ||. By Proposition 1.1 and the above remark,
Lourenco-Moraes proved the following proposition.

PROPOSITION 1.2 (see [1]). Let E be a Banach space. The following are equivalent:

(a) E is a finite-dimensional space;

(b) Pr("E,F) =Ps("E,F) for every n € N and for every Banach algebra F with the
TYn-property;

(c) Ps("E,F) =Ps("E,F) for every n € N and for every unital Banach algebra F.

REMARK 1.3. By the proof of Proposition 1.2 (see [1]), we see that each of the fol-
lowing two statements are also equivalent to one of, hence all of, (a), (b), and (c) in
Proposition 1.2:

() Py(*E,F) =P;('E,F) for every unital Banach algebra F;

(d) Pr("E,F)=Ps("E,F) for every n € N and for every Banach space F.

In this note we show the following result, which is opposite to Proposition 1.2.

PROPOSITION 1.4. Let F be a Banach algebra. Then the following are equivalent:
(a) F is a finite-dimensional space;

(b) P¢("E,F) < Pr("E,F) for every n € N and for every Banach space E;

(c) Py (YE,F) = Pf(*E,F) for every Banach space E.

In particular, in the unital case, we have the following proposition.

PROPOSITION 1.5. Let F be a unital Banach algebra. Then the following are equiv-
alent:

(a) F is a finite-dimensional space;

(b) Pr("E,F) = P¢("E,F) for every n € N and for every Banach space E;

(c) Py(YE,F) = P¢(1E,F) for every Banach space E.

2. Proofs

LEMMA 2.1. Letn be any positive integer and let x1,...,x, be n-real variables. Then

n 1 n n
[[xi= Sl > &g ( > skxk) (2.1)
: : + k=1

holds.

PROOF. For each m with 0 <m < n, let

Pp(x1,...,xn) = z 51"'5n(szxk> . (2.2)
k=1
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Then we have P, (0,x2,...,Xn) = P (x1,0,...,xXn) = -+ = Py (x1,...,Xn-1,0) = 0. In-
deed since
P (X1,.0,Xn) = D> &-en(X1+&X0+ - +Enxn)"
&2,nén==1
m (2.3)
- > aEn(—x1tEXo++Enxn) ",
&2,En==1
it follows that P,, (0, x>,...,X5,) = 0. Similarly,
P (x1,0,...,x) = - -+ = Py (x1,...,Xn-1,0) = 0. (2.4)
Therefore, we have
Ppn(x1,...,xn) =0, (2.5)
foreachm =0,1,2,...,n—1 and
n
Pu(x1,..,xn) = Kn [ [ xi, (2.6)
i=1

for some constant K,,, because Py, (x1,...,X,) is m-homogeneous for x,...,x,. Hence
we only show that K,, = 2"n!. Note that

Kn=Pn(1,...,1)= > el---sn(Zsk). (2.7)
+1

k=1

Then by (2.5) and (2.6), we have g = &; = - - - = &1 = 0 and &, = K;,. Hence,

n+l1
n+1
Kni1= > &1 '$n+1( > Ek)

E]ynEn+1=%1 k=1

|
3
Mz
=
s +
—_
N———
o
™M
g
™M
3
/
M=
™m
=
N——
3

m=0\ 7 / &,., En==1 k=1
n+1 n+1 n m
- ( ) > 51---£n(—1)"“"m(sz) (2.8)
m=0 m E1yeyEn==1 k=1
n+1 n m
+1
m=0 E1yeén==1 k=1

_ Z n":’:1>(1—(—1)n+1m)0(m
0

Il
— 3

n+1 n+l-n
a-comrng,

=2(n+ 1)Ky,

so that we have K,, =2"n! (n =1,2,...) inductively. ]
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PROOF OF PROPOSITION 1.4. (a)=(b). Let {uy,...,uyx} be abasis of F and g1,...,g9n
the corresponding coordinate functionals, that is, g;(u;) = 6;; (i,j = 1,...,N). Let
P € Py("E,F). Then we can write P(x) = Zle(Tl—(x))" (x € E) for some Ti,...,Ty €
B(E,F). Let

fij(x)=g;(Ti(x)) (x€E), (2.9)

for each i = 1,...,%, j = 1,...,N. Then we have T;(x) = szzlfij(X)uj (x €E, i=
1,...,¥), and hence by Lemma 2.1,

i=1 \j=1
¢ N N
=20 2 X fun () fug OOy,
i=1j1=1 in=1
3 JlN JnN i} (210)
1 n
Y YN S ae( Safuo) weu,
i=1j1=1 Jn=1 """ &, en==1 k=1
{ N N
n
= Z Z z (fi,j1 ..... 10T ey en(x)) bjl ..... 10ET €Ny
i=1j1=1 Jn=1€1,en==1

for each x € E, where f; i, jne,en = E1fijy + -+ enfijy €EE* and by, jner,nen =
(1/Kn)éer - - - equj, - - -uj, € F. Therefore we have P € Py ("E,F).

(b)=(c). This is trivial.

(c)=(a). Suppose that P;('E,F) < Py('E,F) for every Banach space E. Note that
P;(F,F) = {T € B(F,F) : dimT(F) < o} and P;('F,F) = B(F,F). Then by hypothe-
sis, the identity map of F onto itself is finite dimensional and so is F. a

PROOF OF PROPOSITION 1.5. This follows immediately from Propositions 1.1 and
1.4. O
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