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ON INCLUSION RELATIONS FOR ABSOLUTE SUMMABILITY
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We obtain necessary and (different) sufficient conditions for a series summable [N, py |,
1 <k < s < oo, to imply that the series is summable |T|s, where (N, py) is a weighted mean
matrix and T is a lower triangular matrix. As corollaries of this result, we obtain several
inclusion theorems.
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Let > a, be a given series with partial sums s,, (C,«) the Césaro matrix of order «.
If o& denotes the nth term of the (C, ¢)-transform of {s,} then, from Flett [4], > a,
is said to be summable |C, x|k, k > 1 if

kg — g 1K <o (1)

Me

n

n=1

For any sequence {u,}, the forward difference operator A is defined by Au,, = u,, —
Un+1-
An appropriate extension of (1) to arbitrary lower triangular matrices T is

> kAt ¥ < o, ()
n=1
where
n
ty = Z Lk Sk- (3)
k=0

Such an extension is used, for example, in Bor [2]. But Sarigol, Sulaiman, and Bor
and Thorpe [3] make the following extension of (1).
They define a series > a, to be summable |N,p,|i, k = 1 if

0 k-1
> (P—") |AZy-1 ¥ < oo, (4)
n=1

Pn

where Z,, denotes the nth term of the weighted mean transform of {s,}; that is,
1 n
Zn=4- g PiSk- (5)
Apparently they have interpreted the n in (1) to represent the reciprocal of the nth

diagonal term of the matrix (N, p,). (See, e.g., Sarigol [6], where this is explicitly the
case.)
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Unfortunately, this interpretation cannot be correct. For if it were, then, since the
nth diagonal entry of (C, ) is O (n~%), (1) would take the form

Z Y D ge— g 1K < . (6)

However, Flett stays with (1). Thus (2) is an appropriate extension of (1) to lower
triangular matrices.
Given any lower triangular matrix T, we can associate the matrices T and T with
entries defined by
n
fnk = Z tni, fnk = fnk - fn—l,k» (7)
i=k
respectively.
Thus, from (3),

n n n
th = Z tnkSk = Z tnk Z ai= Z a; Z thk = Z tnkai,
i-0 ic0 ki i-0
(8)
Ypi=ty—tn_1 = Z thiai— Z tho1iai = Z tniai, since t, 1, =0.
i=0 i=0

For a weighted mean matrix A = (N, py),

Thus P 1 Pr_y 14 P puPr (10)
nk = Ank — An-1k P, Pn1  PyPn_i’
so that, from (5),
) n-1
Xpi=AZp 1 = PuPa - ZPk 1ak = PnPZ_l Vglpv_mv, (11)

since P_; = 0.
We will always assume that {p,} is a positive sequence with P,, — . Also, Aviny =

tnv - tn v+1-

THEOREM 1. Letl <k <s <o, {p,} satisfying

o0 k
k-1 Pn 1
n =0 —= ). (12)
n:Zv:+1 <P"P"1> (PL()

Let T be a lower triangular matrix. Then, the necessary conditions for > a,, summable
IN,pnlk to imply 3 a, is summable |T|; are
(1) Pv|tvv | /pv = O(Vl/S71/k);
(i) oy A B S = Ok (p, /P,)*);
(iii) S5y Hipyaal* = 0(1).
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PROOF. We are given that

> Y, < oo, (13)
n=1

whenever
Sk X, | < co. (14)
n=1

Now, the space of sequences {a,} satisfying (14) is a Banach space if normed by

© 1/k
|X||=(|X0|"+an-1|xn|"> . (15)
n=1

We also consider the space of those sequences {Y,} that satisfy (13). This is also a
BK-space with respect to the norm

0 1/s
||Y||_<|Y0|k+zn51|Yn|s) : (16)
n=1

Observe that (8) transforms the space of sequences satisfying (14) into the space
of sequences satisfying (13). Applying the Banach-Steinhaus theorem, there exists a
constant K > 0 such that

Y1l < KIIXII. 17)

Applying (11) and (8) to a, = e, —ey+1, where e,, is the vth coordinate vector, we
have, respectively,

Fo, ifn<v,
X, = 1 %, ifn=v,
4
_ _PvPn .
P—nPn—l , ifn>v, (18)
(0, ifn<v,
Yn =1 tw, ifn=v,
Ay, ifn>v.
By (15) and (16), it follows that
k k) Lk
1 Pv k-1 PvPn
IX]| =1 vk 1(—) - n (—) , (19)
)2
0 1/s
¥l = {vfl ol S Ay |5} , 0)
n=v+1

recalling that t,, = £, = tyy.
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Using (19) and (20) in (17), along with (12), it follows that

s/k
00 k o X
V5_1|tvv|5+ Z ns—1|Afnv|SSKs Vk—l(&) + Z nk—l( pan)
PyPy_y

n=v+1

The above inequality will be true if and only if each term on the left-hand side is
O((py/Py)kvk-1)sik,
Taking the first term,

Svls/k) ,
(22)

which verifies that (i) is necessary.
Using the second term, we have

. X s/k P
> n“|Af,w|S_o(<%> vkl) _0(<%) v“/k), (23)
n=v+1 v v

which is condition (ii).
If we now apply (11) and (8) to a, = e¥*!, we have, respectively,

0, ifn<vy,

Pypn , ifn>v,
PnPn—l (24)

0, ifn<v,
tnyi1, ifn>v.

Xn =

Y, =
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The corresponding norms are

L Lk
< k1 Pvba
IXi=1 3 nk 1( v ) :
n=v+1 PPy
1/s (25)
Y|l = Z n371~fn,v+l|s
n=v+l
Applying (17) and (12),
X sk
DR RIS e o8 D) n“( PV’”") , (26)
n=v+1 n=v+1 PnPn-1
which is condition (iii). O

COROLLARY 2. Let T be a lower triangular matrix, {py} satisfying (12). Then the
necessary conditions for > a, summable |N,py | to imply > a, summable |T |y are
(i) Pyltywl/py =0(1);
(ii) Z.;O/Lo:v+1 nk-1 |Avfnv Ik =0(vk! (pv/Pv)k);
(i) Yp_y i n* L E k= 0(1).
To prove Corollary 2, simply set s = k in Theorem 1.
A lower triangular matrix T is called a triangle if each t,, = 0.

THEOREM 3. Letl <k <5 < oo, Let T be a triangle with bounded entries such that
T and {pn} satisfy the following:
(1) tyy = O((pv/Pv)Vl/Sillk);
(i) (n|XnD*k=0(1);
(i) SU21 1 AvEny] = O(ltnnl);
(iv) Z.;f:w.] (n|tm1|)s_l |Avfnv| =0(vs! [ty [®);
W) SVt Enyer ]l = O(tanl);
(vi) Z:::\H-l (n|tnn|)S7l |£n,v+1 | = O(V‘tvv|)371-
Then > ay is N,pnlk.

PROOF. Solving (11) for {a,} and substituting into (8) give

Yn _ i fnv (X’\;Pv _ Xv’;IP\FZ )
v v-1

v=1 Pv v=1 Pv-1
- ; XvPv = 7 vavfl
= Z tny n,v+1
v=1 pV v=0 v
b XnPn " A X
- Anenn + (tnvpv_tn,erva—l)iv
Pn ve1 v
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_tanPuXn ¢ . .
tantnin Z [ —tn,v+1)+tn,v+1(Pv—Pv—1)]
Pn =1
n-1

_ PutunX
R Z ( Avtnv‘V'tn\/#—l)Xv

=Tn +Tyo + Ty3.

From Minkowski’s inequality, it is sufficient to show that

T Tpi|* <0, i=1,2,3.

M

S
l
—

Using condition (i) of Theorem 3,

Jii= > n T ' = Zns ! t""P"Xn
n=1 n=1 n
:O(].)Zn ( 1/s-1/k |X |
n=1

But

ns—s/k—k+1 |ansfk = (n V| X, | )S’k = O((n|Xn|

from (ii) of Theorem 3.
Since > a, is summable, |N,p,lx, J1 = O(1).

Using Holder’s inequality and conditions (i), (ii), (iii), and (iv) of Theorem 3.

0 s

00
J2 = Z ns—l |Tn2 |5 _ z ns—]
n=1

n=1

5 (2 )t

v=1 v

[ n-1 K
=0(1) > nSI( SV L T Ay | {Xv|)

n=1 v=1

o n-1 R n-1 R s—1
=0(1) nf—l( S VIR T Avtny | | Xy \S> X ( > |Avtnv\>
n=1 v=1

v=1

n-1

3

=01 Y ]tun ) DVt | AvEny | | X0
n

=1 v=1

8

00

:O(l)zvlis/k|tvv|_s|xv|s Z (n|tnn|)s_l|Avfnv|
v=1

n=v+1

Xy

v

)’ 7) =0,

(27)

(28)

(29)

(30)
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3

=0() D vk e | X VST it |

v=1

3

— 0(1) Z VS*S/k|XV|S
v=1

)

=0(1) Z Vkil |Xv|k<v5*5/k*k+1 |Xv ’S—k)

—o() S v x |f=0a).
v=1

(31)

By Holder’s inequality and conditions (v), (vi), and (iii) of Theorem 3, we have

s

ns—l { Tn3 | Z nS 1

n-1
Z tn,v+1Xv
1

=
n-1 s
nf-l( S i | |xv|)
v=1
) n-1
< znsl(z o |7 e | |xv|5)
v=1
n-1 s-1
X(Z \tvv| |En,v+1~>
=1
n-1

=0(1) Z n|tnn|)371 Z |tvv|1is|fn,v+l| |XV|S
n=1 v=1 (32)

3

Y]

:O Z|tvv{ |Xv|5 Z (n|tnn|)s_1|fn,v+1|
v

n=v+1

Il
O

Z|tvv{ |XV|S(V|tVV|)S_1
1

V=

=0(1) > v X |’

=0(1) k71|XV|k(V|XV|)Sik
v=1

8

=0 > vkl x, [F = o). .
v=1

COROLLARY 4 (see [5]). Let T be a nonnegative lower triangular matrix, {p,} a
positive sequence satisfying
(i) thiztph,i,n=1,1=0,1,2,...;
(i) Putun =O(pn);
(lll) EnO = fn—l,O; n= 1,2,...,’
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(iv) ZZ:ll [tiil |En,i+1| = O(tyun);
0 Sooi () AR | = O,
(Vl) Z.z:prl(ntnn)k_l‘tn,ﬂll = O((itii)k_l)-

Then > a, summable |N,p,|x implies > a, summable |T|y, k > 1.

PROOF. Since s = k and T is nonnegative, condition (ii) of Theorem 3 is automat-
ically satisfied, and conditions (ii), (iv), (v), and (vi) of Corollary 4 are equivalent to
conditions (i), (v), (iv), and (vi) of Theorem 3, respectively

AvtAnv = fnv - fn,v+l = fnv - fnfl,v - fn,wrl + Enfl,erl =tny — tnfl,v- (33)

Therefore, using conditions (i) and (iii) of Corollary 4,

n-1 n-1
Z |Av£nv | = Z (tn—l,v - tnv) =1- tnfl,O -1+ Lyn + tnO < tyn, (34)
v=1 v=1

and condition (iii) of Theorem 3 is satisfied. O

REMARK 5. For 1 < k < s < o0, necessary and sufficient conditions for a triangle
A : 0% — ¢5 are known only for factorable matrices (see Bennett [1]), which include
weighted mean matrices. Therefore, we should not expect to obtain a set of necessary
and sufficient conditions when an arbitrary triangle is involved.

However, necessary and sufficient conditions for a matrix A: £ — £5,1 < s < « are
known. The following result comes from Theorem 2.1 of Rhoades and Savas [5] by
setting each A, = 1.

THEOREM 6. Let T be a lower triangular matrix. Then Y. a, summable |N,py |k
implies > a,, summable |T|s, s > 1 if and only if
@) Pyltwl/py = O(VI/S_I);
(i) Zﬁ:w.] ns! IAvfnv|S =0((pv/Py)*),
(i) oy 1S Hiny 1S = 0(1).

REMARK 7. In [5], it is assumed that T has nonnegative entries and row sums one,
but these restrictions are not used in the proofs.

Finally, we state necessary and sufficient conditions when k = s = 1.

THEOREM 8. The series > a, summable |N,p,| implies > a, summable T if and
only if
i) Pyltvvl/pv =0(1);
(i) ZZ:V+1 |Avfnv| =0(pv/Py);
(i) X5 yi1 [Enyerl =0(1).

PROOF. Note that, with k = 1, (12) is automatically satisfied. Therefore, the neces-

sity of the conditions follows from Theorem 1.
To prove the conditions sufficient, use [5, Corollary 4.1] by setting each A, = 1.
O

COROLLARY 9. > a, summable |C,1| implies > a, |N,qy| if and only if
(i) ngn/Qn=0(1).
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PROOF. With each p,, =1, T = (N, qy), condition (i) of Theorem 8 reduces to con-
dition (i) of Corollary 9.

Using (33),
Z |Avfnv|: z \tnv_tn—l,v~: Z %_Pp_v
n=v+1 n=v+1 n=v+l n n-1
o (35)
- _Pn_ _Pv
Py n=v+1 PyPp Py ,
and condition (ii) of Theorem 8 is satisfied. Since (N, p,) has row sums one,
R ~ ~ n n
tn,v+1 = tn,v+1 *tn—l,w—l = z tni— Z tn—l,i
i=v+1 i=v+1
v v
= l_ztni_l+ztn—l,i
., i=0 i=0 , (36)
pPi pPi
= by i—tn:) = 7
lgo( n-1,i m) g(Pnl Pn)
___Pn o pPnPy
PnPn—l g(:)pl Pnpn—l-
Therefore
I < Pn
Z [tnyir| =Py Z =1, (37)
n=v+1 n=v+1 PyPpny
and condition (iii) of Theorem 8 is satisfied. O

COROLLARY 10. The series > a, summable |N,py|x implies > a,, summable |C,1|
if and only if
(@) Pn/(npy) =0(1).
PROOF. Using T = (C,1) in Theorem 8, condition (i) of Theorem 8 reduces to con-

dition (i) of Corollary 10.
From (33) and (i) of Corollary 10,

(o] . 1) 0 1 1
S A= S ety = S (nn“>

n=v+1 n=v+l1 n=v+l (38)
1 _ P, v pv_ 0 Py
v+l vp,\v+1/)\P, P, )

and condition (ii) of Theorem 8 is satisfied.
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Using (36),
0 R 00 v
Z |t",V+1 | = Z Z (tnfl i _tm)
n=v+l n=v+11i=0
s e (1 1
A
n=v+11i=0 n n+
= > (1—1 )(v+1) = (v+1)<1 ) =1,
=z n n+l v+1
n=v+1
and condition (iii) of Theorem 8 is satisfied. O

Combining Corollaries 9 and 10, we have the following corollary.

COROLLARY 11. |N,p,| and |C,1| are equivalent if and only if
(i) npn/Pn=0(1),;
(i) Pn/(npyn) =0(1).
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