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The general construction of semiclassically concentrated solutions to the Hartree type
equation, based on the complex WKB-Maslov method, is presented. The formal solutions
of the Cauchy problem for this equation, asymptotic in small parameter i (h — 0), are
constructed with a power accuracy of O(h#N/2), where N is any natural number. In con-
structing the semiclassically concentrated solutions, a set of Hamilton-Ehrenfest equations
(equations for centered moments) is essentially used. The nonlinear superposition princi-
ple has been formulated for the class of semiclassically concentrated solutions of Hartree
type equations. The results obtained are exemplified by a one-dimensional Hartree type
equation with a Gaussian potential.
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1. Introduction. The nonlinear Schrédinger equation
[—ide+T(t,1¥1>)}Y =0, (1.1)

where J¢(t,|¥|?) is a nonlinear operator, arises in describing a broad spectrum of
physical phenomena. In statistical physics and quantum field theory, the generalized
model of the evolution of bosons is described in terms of the second quantization
formalism by the Schrodinger equation [24] which, in Hartree’s approximation, leads
to the classical multidimensional Schrédinger equation with a nonlocal nonlinearity
for one-particle functions, that is, a Hartree type equation.

The quantum effects associated with the propagation of an optical pulse in a non-
linear medium are also described in the second quantization formalism by the one-
dimensional Schrodinger equation with a delta-shaped interaction potential. In this
case, the Hartree approximation results in the classical nonlinear Schrodinger equa-
tion (one-dimensional with local cubic nonlinearity) [31, 32], which is integrated by
the Inverse Scattering Transform (IST) method and has soliton solutions [51]. Solitons
are localized wave packets propagating without distortion and interacting elastically
in mutual collisions. The soliton theory has found wide application in various fields
of nonlinear physics [1, 14, 42, 50].

Investigations of the statistical properties of optical fields have led to the concept
of compressed states of a field in which quantum fluctuations are minimized and the
highest possible accuracy of optical measurements is achieved. An important problem
of the correspondence between the stressed states describing the quantum properties
of radiation and the optical solitons is analyzed in [31, 32].
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The Hartree type equation is nonintegrable by the IST method. Nevertheless, ap-
proximate solutions showing some properties characteristic of solitons can be con-
structed. Solutions of this type are referred to as solitary waves or “quasi-solitons” to
differentiate them from the solitons (in the strict sense) arising in the IST integrable
models.

An efficient method for constructing solutions of this type is offered by the tech-
nique of semiclassical asymptotics. Thus, for nonlinear operators of the self-consistent
field type, the theory of canonical operators with a real phase has been constructed
for a Cauchy problem [36, 38] and for spectral problems, including those with sin-
gular potentials [25, 27] (see also [2, 39, 49]). Soliton-like solutions of a Hartree type
equation and some types of interaction potentials have also been constructed [18].

In this paper, localized solutions of a (nonlinear) Hartree type equation asymptotic
in small parameter h (h — 0) are constructed using the so-called WKB method or the
Maslov complex germ theory [5, 37]. The constructed solutions are a generalization
of the well-known quantum mechanical coherent and compressed states for linear
equations [9, 34] for the case of nonlinear Hartree type equations with variable coeffi-
cients. We refer to the corresponding asymptotic solutions, like in the linear case [5],
as semiclassically concentrated solutions (or states).

The most typical of solitary waves (“quasi-solitons”) is that they show some prop-
erties characteristic of particles. For the “quasi-solitons” being semiclassically con-
centrated states of a Hartree type equation, these properties are represented by a
dynamic set of ordinary differential equations for the “quantum” means X (t,h) and
P(t,h) of the operators of coordinates ¥ and momenta p and for the centered higher-
order moments. In the limit of 7 — 0, the centroid of such a quasi-soliton moves in
the phase space along the trajectory of this dynamic system: at each point in time, the
semiclassically concentrated state is efficiently concentrated in the neighborhood of
the point X(t,0) (in the x representation) and in the neighborhood of the point P(t,0)
(in the p representation). Note that a similar set of equations in quantum means has
been obtained in [3, 4] for the linear case (Schrodinger equation), and in [5] for a more
general case. It has been shown [7, 8] that these equations are Poisson equations with
respect to the (degenerate) nonlinear Dirac bracket. Therefore, we call the equations
in quantum means for a Hartree type equation, like in the linear case [5], Hamilton-
Ehrenfest equations. The Hamiltonian character of these equations is the subject of a
special study. Nevertheless, it should be noted that, as distinct from the linear case,
the construction of the semiclassically concentrated states for a Hartree type equation
essentially uses the solutions of the correspondent Hamilton-Ehrenfest equations.

The specificity of the Hartree type equation, where nonlinear terms are only under
the integral sign, is that it shows some properties inherent in linear equations. In
particular, it has been demonstrated that for the class of semiclassically concentrated
solutions of this type of equation (with a given accuracy h, i — 0), the nonlinear
superposition principle is valid.

In terms of the approach under consideration, the formal asymptotic solutions of
the Cauchy problem for this equation and the evolution operator have been con-
structed in the class of trajectory-concentrated functions, allowing any accuracy in
small parameter i, h — 0.
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It should be stressed that throughout this paper we deal with the construction of
the formal asymptotic solutions to a Hartree type equation with the residual whose
norm has a small estimate in parameter h, h — 0. To substantiate these asymptotics
for finite times t € [0,T], T = const, is a special nontrivial mathematical problem.
This problem is concerned with obtaining a priori estimates uniform in parameter
h €]0,1] for the solution of nonlinear equation (1.1), and is beyond the scope of
the present work. Note that, in view of the heuristic considerations given in [25],
it seems that the difference between an exact solution and the constructed formal
asymptotic solution can be found with the use of the method developed in [25, 35].
Asymptotic solutions in T — o« of the scattering problem were constructed for some
special cases of the Hartree type equation in a number of papers (see, e.g., [19, 20, 23]
and the references therein). The existence of semiclassical wave packets for the linear
Schrodinger equation was studied in [10, 12, 35, 46, 47, 53] and their time evolution
was discussed in [5, 11, 33, 40]. Finally, we mention a class of nonlinear equations in
which nonlinear terms are local and nonlocal terms are linear [41]. These equations
are different from the Hartree type equation under consideration.

This paper is arranged as follows. Section 2 gives principal notions and definitions.
In Section 3, a class of trajectory-concentrated functions is specified and the simplest
properties of these functions are considered. In Section 4, Hamilton-Ehrenfest equa-
tions are constructed which describe the “particle-like” properties of the semiclas-
sically concentrated solutions of the Hartree type equation. In Section 5, the Hartree
type equation is linearized for the solutions of Hamilton-Ehrenfest equations, and a set
of associated linear equations which determine the asymptotic solution of the start-
ing problem is obtained. In Section 6, we construct, accurate to O (h3/2), semiclassical
coherent solutions to the Hartree type equation. In Section 7, the principal term of
the semiclassical asymptotic of this equation is obtained in a class of semiclassically
concentrated functions. The semiclassically concentrated solutions to the Hartree
type equation are constructed with an arbitrary accuracy in /& in Section 8, while
the kernel of the evolution operator (Green function) of the Hartree type equation is
constructed in Section 9. Herein, the nonlinear superposition principle is substanti-
ated for the class of semiclassically concentrated solutions. In Section 10, a Hartree
type equation with a Gaussian potential is considered as an example. The appendix
presents the properties of the solutions of equations in variations necessary to con-
struct the asymptotic solutions and the approximate evolution operator to the Hartree
type equation.

2. The Hartree type equation. In this paper, by the Hartree type equation is meant
the equation

{—ihd + (1) +xV (£, ¥)}¥ =0, ¥ e L(RY). (2.1)
Here, the operators
F(t) = H(2,t), (2.2)

V(t,VY) = JW Ay ¥Y* (¥, )V (Z,w, )Y (P, t) (2.3)



328 V. V. BELOV ET AL.

are functions of the noncommuting operators

2:(—1'?1%,;2), w=<—iha%,y), %9 €RM, (2.4)
the function ¥Y* is complex conjugate to ¥, x is a real parameter, and h is a small
parameter, h € [0, 1[. For the operators Z and w, the following commutative relations
are valid:

[2k,25] = [k, ;] = ih ]y,

—_— 2.5
[Z,w,]_ =0, kj=T,2n, (2.5)

where J = ||Jxjll2nx2n is a unit symplectic matrix

0 -I
J- ( ) . 2.6)
I 0 2nx2n

For the functions of noncommuting variables, we use the Weyl ordering [13, 26]. In
this case, we can write, for instance, for the operator g6

F(t)¥(X,t,h)

:(ZW;FI)”J[RM dydﬁexp(%“ffy),p»))%(ﬁ, 2.7)

X+y

YL,

where #(z,t) = #(p,X,t) is the Weyl symbol of the operator J(t) and (-,-) is the
Euclidean scalar product of the vectors

n 2n
(P, %)= > pix;, p,XER", (zw)=> zjw;, z,weR™ (2.8)
j=1 j=1

Here we are interested in localized solutions of (2.1), for each fixed h € [0,1[ and
t € R, belonging to the Schwartz space with respect to the variable X € R™. For the
operators #(t) and V (t,¥) to be at work in this space, it is sufficient that their Weyl
symbols #(z,t) and V(z,w,t) be smooth functions and grow, together with their
derivatives, with |z| — o and |w| — o no more rapidly as the polynomial and uni-
formly in t € R!. (In what follows we assume that for all the operators under consid-
eration, A = A(2,t), their Weyl symbols satisfy Supposition 2.1.) Therefore, we believe
that the following conditions for the functions #(z) and V(z,w,t) are satisfied.

SUPPOSITION 2.1. For any multi-indices «, B, u, and v there exist constants CE‘(T)

and C g‘f (T), such that the inequalities

Zua‘ﬁ'%(z,t)
0zh

L OBV (zw,t)

z%w
0zBowv

= Cg(T),

<Ce(T), z,weR™ 0<t<T
(2.9)

are fulfilled.
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Here, «, B, u, and v are multi-indices («, B, u,v € Z3") defined as

] X2 X
&= (0t1,02,...,000), x| = &1 + X + - - - + Ko, z%=2z1zy% 250,

a“"‘V(z) B a“"‘V(Z)
0z 0z710z5% - - - 0z5n’

(2.10)

xj=0,00, j=1,2n.

We are coming now to the description of the class of functions for which we will
seek asymptotic solutions to (2.1).

3. The class of trajectory-concentrated functions. We introduce a class of func-
tions singularly depending on a small parameter 7, which is a generalization of the no-
tion of a solitary wave. It appears that asymptotic solutions of (2.1) can be constructed
based on functions of this class, which depend on the phase trajectory z = Z(t,h),
the real function S(t,h) (analogous to the classical action at x = 0 in the linear case),
and the parameter h. For h — 0, the functions of this class are concentrated in the
neighborhood of a point moving along a given phase curve z = Z(t,0). Functions
of this type are well known in quantum mechanics. In particular, among these are
coherent and compressed states of quantum systems with a quadric Hamiltonian
[9, 21, 22, 28, 29, 30, 34, 43, 45, 48]. Note that a soliton solution localized only with
respect to spatial (but not momentum) variables does not belong to this class.

We denote this class of functions as @’; (Z(t,h),S(t,h)), and define it as

Pt =Pt (Z(t,h),S(t,h))

- {CD:CIJ()?,t,h) - w(%,t,h) exp[%(su,hn (F(t,h),Af))]}, G-

where the function cp(g,t,h) belongs to the Schwartz space S in the variable g S

R", and depends smoothly on t and regularly on v for i — 0. Here, AX = X —

X(t,h), and the real function S (t, ), and the 2n-dimensional vector function Z (t,h) =

(P(t,h),X(t,h)), which characterize the class !, (Z(t,h),S(t,h)), depend regularly on

VA in the neighborhood of A = 0 and are to be determined. In the cases where this does

not give rise to ambiguity, we use a shorthand symbol of 9]’;, for @’;,(Z(t,h),S(t,h)).
The functions of the class %}, are normalized to

1@ (0[] = (®(t)1D(1)) (3.2)
in the space L, (R%}) with the scalar product
(F(t)|®(t)) = JW AXY* (X, t,h)®(%,t,h). (3.3)

In the subsequent manipulation, the argument ¢ in the expression for the norm may
be omitted, ||[®(t)]|%= ||®]2.
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In constructing asymptotic solutions, it is useful to define, along with the class of
functions QP; (Z(t,h),S(t,h)), the following class of functions:

@ (Z(t,h),S(t,h))

= {tb:d)()?,t,h) = m(%,t)exp [%(S(t,h)+ (ﬁ(t,h),Af))]}, G4

where the functions @, as distinct from (3.1), are independent of h.

At any fixed point in time t € R', the functions belonging to the class %} are
concentrated, in the limit of A — 0, in the neighborhood of a point lying on the
phase curve z = Z(t,0), t € R! (the sense of this property is established exactly in
Theorems 3.1, 3.2, and 3.4). Therefore, it is natural to refer to the functions of the
class P}, as trajectory-concentrated functions. The definition of the class of trajectory-
concentrated functions includes the phase trajectory Z(t,h) and the scalar function
S(t,h) as free “parameters.” It appears that these “parameters” are determined unam-
biguously from the Hamilton-Ehrenfest equations (see Section 4) fitting the nonlinear
(% # 0) Hamiltonian of (2.1). Note that for a linear Schrédinger equation, in the limiting
case of x = 0, the principal term of the series in 7 — 0 determines the phase trajec-
tory of the Hamilton system with the Hamiltonian % (p,x,t), and the function S(t,0)
is the classical action along this trajectory. In particular, in this case, the class P}
includes the well-known dynamic (compressed) coherent states of quantum systems
with quadric Hamiltonians when the amplitude of @ in (3.1) is taken as a Gaussian
exponential

P(E1) =exn| L (EQE) |0, 3.5)

where Q(t) is a complex symmetric matrix with a positive imaginary part, and the
time factor is given by

f(t) = 14/detImQ(t)eXp[—%KSpReQ(T)dT] (3.6)

(see [5], for details).
Consider the principal properties of the functions of the class %} (Z(t,h),
S(t,h)), which are also valid for those of the class %; (Z(t,h),S(t,h)).

THEOREM 3.1. For the functions of the class @;(Z (t,h),S(t,h)), the following as-

ymptotic estimates are valid for centered moments Ay (t,h) of order ||, o € 72™:

(@[{Az}*]|®)

Aaltl) =2

=0(m'?), h—o. (3.7)
Here, {AZ}% denotes the operator with the Weyl symbol (Az)%,

Az =z-Z(t,h) = (Ap,AX), Ap=p-DP(t,h), AXx =X —-X(t,h). (3.8)
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PROOF. The operator symbol {AZ}% can be written as
(Az)lx: (Aﬁ)“p(A)?)O(X’ ((Xl?,lxx) = 0‘1 (3-9)

and, hence, according to the definition of Weyl-ordered pseudodifferential operators
(2.7), we have for the mean value o (t,#n) of the operator {AZ}«

ou(t,h) = (P[{AZ}*[®)

- ﬁ |, dxdydpor(%,t.h) (3.10)
xexp (1 (=30,5) ) 1ap1 (AXEA) Va5,
Here, we have denoted
Ay =y - X(t,h). (3.11)
After the change of variables,
AX =+vhE, Ay =+nC, Ap=+ho, (3.12)
and taking into consideration the implicit form of the functions
S(%,t,h) = exp {i/(S(t,h) + (ﬁ(t,h),A)E))}(p(%,t,h), (3.13)

belonging to the class @%(Z(t,h),S(t,h)), we find that

1
(2mh)"

x|, dEACA0e* €t m exp i((E-D),@) 0™ €+ D) eE L h)

— D2 (8, ),

Oult,h) = n3n2pled /21|

@12 =" | age* ELmeELn

=h"2M,(t,h).

(3.14)

Since qo(f, t,h) depends on A regularly and My (t,h) > 0, we get

ox(t,h)
Ay(t,h) =
el @12

My (t,h) My(t,h)
=plal2Ze ) plalf2 ALY (3.15)

Mo (t,h) = celor) Mo (¢, h)

=O(1’1“’“/2),

and the theorem is proved. ]
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Denote an operator F, such that, for any function ¢ belonging to the space
Pt (z(t,h),S(t,h)), the asymptotic estimate

IF2|

=0(n"), h—0, 3.16

is valid, by the symbol O (h").
THEOREM 3.2. For the functions belonging to @;(Z (t,h),S(t,h)), the following as-
ymptotic estimates are valid:

(A2}*=0(h'¥/?), aez®, h—D0. (3.17)

PROOF. The proof is similar to that of relation (3.7). a

COROLLARY 3.3. For the functions belonging to @;,(Z (t,h),S(t,h)), the following
asymptotic estimates are valid:

{~ihd, —S(t,h) + (P(t,h), X (8, ) +(Z(t,h),JAZ)} = O(h), (3.18)

A%y =0(h), Apj=0(Wh), kj=1n. (3.19)

PROOF. Follows from the explicit form (3.13) of the trajectory-concentrated func-
tions [® (X, t,h) € @g, (3.4)] and from the estimates (3.17). O

THEOREM 3.4. For any function ®(X,t,h) € ?Pi,(Z(t,h),S(t,h)), the limiting rela-
tions

lim 5 ||c1>||2 |®(£,t,h) % = 5(x-X(t,0)), (3.20)
lim ||<1>||2 |&(p,t,h) | = B(t,0)), (3.21)

where & (p,t,h) = Fpx-p®(X,t,h), Fpx_p Is the h~! Fourier transform [37], are valid.

PROOF. Consider an arbitrary function ¢p(X) € S. Then, for any function ® (xX,t,h) €
@t the integral

|®(t,h)|° >
$ d(X)|®(X,t,h) |°dx
<\|c1>(t,h>||2’ ||c1><t n|° I | ¥

9lo( )|

(3.22)
1

S dx,
||<v(t n)|)*

after the change of variables f = Ax/+/h, becomes

n/2 . o o "
(|®(t,h)|*|p) = 7H(p7:t I J{Rn¢(X(t,h)+x/ﬁ§) |@(E,t,h)|° dE. (3.23)
’ 13
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We pass in the last equality to the limit of 7 — 0, and, in view of

llp(t,n)° :h"/zjw |@(E,t,h)|°dE (3.24)
3

and a regular dependence of the function cp(f, t,h) on A, we arrive at the required
statement.

The proof of relation (3.21) is similar to the previous one if we notice that the Fourier
transform of the function ®(X,t,h) € QPﬁl can be represented as

é(ﬁ,t,h):exp{%[su,h)—(ﬁ,X(t,h))]}@(Lfﬁt‘m,t,h) (3.25)
where
Pl L) = s | e OB g(E L dE (3.26)
T @myni Jay s '

|

Denote by (L(t)) the mean value of the operator L), t € R, self-conjugate in
L, (R%), calculated from the function ®(X,t,h) 9’;. Then the following corollary is
valid.

COROLLARY 3.5. For any function ®(xX,t,h) € @;(Z(t,h),S(t,h)) and any operator
A(t,h) whose Weyl symbol A(z,t,h) satisfies Supposition 2.1, the equality

1 (®(X,t,h) | A(t,h) | ®(X,t,h))

}}E% (A(t,h)) li{gw (3.27)

n
= A(Z(t,0),t,0)

is valid.
PROOF. The proof is similar to that of relations (3.20) and (3.21). O
Following [5], we introduce the following definition.

DEFINITION 3.6. We refer to the solution ®(X,t,h) € @’; of (2.1) as semiclassically
concentrated on the phase trajectory Z(t,h) for h — 0, provided that the conditions
(3.20) and (3.21) are fulfilled.

REMARK 3.7. The estimates (3.17) of operators {AZ}* allow a consistent expansion
of the functions of the class @Q(Z(t,h),S(t,h)) and the operator of (2.1) in a power
series of +/A. This expansion gives rise to a set of recurrent equations which determine
the sought-for asymptotic solution of (2.1).

For any function ® ?P% (Z(t,h),S(t,h)), the representation

N
O (x,t,h) = > h2e® (x,t,h) +O(ANTD/2), (3.28)
k=0
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where ®®) (¥,t,h) € 6} (Z(t,h),S(t,h)), is valid. Representation (3.28) naturally in-
duces the expansion of the space 9’; (Z(t,h),S(t,h)) in a direct sum of subspaces,

00

PL(Z(t,h),S(t,h)) = PP (Z(t,h),S(t,h),1). (3.29)
=0

Here, the functions ® € %} (Z(t,h),S(t,h),l) c P, (Z(t,h),S(t,h)), according to (3.4),
have estimates by the norm

1
ez 1@l = h2u (D), (3.30)

where the function u(t) is independent of A and continuously differentiable with
respect to t.

Similar to the proof of the estimates (3.17) and (3.18), it can be shown that the
operators

{AZ}Y, {—ihat—S(t,h)+(ﬁ(t,h),)?(t,h))+(Z(t,h),]A2)} (3.31)
do not disrupt the structure of the expansions (3.28), (3.29), and
{AZ}*:pL(Z(t,h),S(t,h),1) — PL(Z(t,h),S(t,h),L+]|l),

{—ihd, —S(t,h) + (P(t,h), X (£, 1)) + (Z(t,h),JAS)} : (3.32)
PL(Z(L,h),S(t,R),1) — P4 (Z(t,h),S(L,h),1+2).

REMARK 3.8. From Corollary 3.5, it follows that the solution ¥ (x,t,h) of (2.1),
belonging to the class #}, is semiclassically concentrated.

The limiting character of the conditions (3.20) and (3.21), and the asymptotic char-
acter of the estimates (3.7), (3.13), (3.17), and (3.18), valid for the class of trajectory-
concentrated functions, make it possible to construct semiclassically concentrated
solutions to the Hartree type equation, not exactly, but approximately. In this case,
the L, norm of the error has an order of h%, &« > 1, for 7 — 0 on any finite time in-
terval [0, T]. Denote such an approximate solution as ¥,s = Va5 (X, t,h). This solution
satisfies the following problem:

[—ih% +3(t) +x\7(t,‘l’as)]‘l’as = 0(hY), Y €PL(Z(t,h),S(t,h),h), t €[0,T],
(3.33)

where O (h®) denotes the function g'® (X, t, k), the “residual” of (2.1). For the residual,
the following estimate is valid:

max [l (%,t,)|[ = 0(h%), h—0. (3.34)
Below we refer to the function Vs (X,t,h), satisfying the problem (3.33) and (3.34), as
a semiclassically concentrated solution (modh®, h — 0) of the Hartree type equation
(2.1).
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The main goal of this work is to construct semiclassically concentrated solutions
to the Hartree type equation (2.1) with any degree of accuracy in small parameter /%,
h — 0, that is, functions Vas (X, t,h) = YN (X,t,h) satisfying the problem (3.33) and
(3.34) in mod (h'N+1D/2) where N > 2 is any natural number.

Thus, the semiclassically concentrated solutions Y™ (x,t,h) of the Hartree type
equation approximately describe the evolution of the initial state ¥, (X, h) if the latter
has been taken from a class of trajectory-concentrated functions 9)’2. The operators
J(t) and V(t,¥), entering in the Hartree type equation (2.1), leave the class 97’;, in-
variant on a finite time interval 0 < t < T since their symbols satisfy Supposition 2.1.
Therefore, in constructing semiclassically concentrated solutions to the Cauchy prob-
lem, the initial conditions can be

Y (X, t,h)|,_o = Yo (X,h), Yo€P)(z0,50). (3.35)
The functions from the class ?) have the following form:
Yo (xX,h)

X - Xo(h)

=exp{%[sm,m+<ﬁo(h),(>6—)?o<h>)>]}<po( -

1), @oE eS(RY),
(3.36)

where Zy(h) = (Py(h),Xo(h)) is an arbitrary point of the phase space Rf];, and the
constant Sy(h) can be put equal to zero, without loss of generality.

Let us bring two important examples of the initial conditions of type (3.36).

(1) The first case is

Po(E) = e~ (EAD2, (3.37)

where the real n X n matrix A is positive definite and symmetric. Then relationship
(3.36) defines the Gaussian packet.
(2) The second case is

Po(E) = i€ (ImQF), (3.38)

where the complex n X n matrix Q is symmetric and has a positive definite imag-
inary part ImQ, and H, (1j), Ij € R", are multidimensional Hermite polynomials of
multi-index v = (vy,...,Vv,) [6]. In this case, relation (3.36) defines the Fock states of a
multidimensional oscillator.

The solution of the Cauchy problem (2.1), (3.35) leads in turn to a set of Hamilton-
Ehrenfest equations which we will study in the following section.

4. The set of Hamilton-Ehrenfest equations. In view of Supposition 2.1 for the
symbols #(z,t) and V(z,w,t), the operator #(Z2,t) in (2.2) is self-conjugate to the
scalar product (¥|®) in the space Lp(R%) and the operator V(Z,w,t) (2.3) is self-
conjugate to the scalar product Lz([R)ZC’},):

(P () |D(t))gon = J[RZ" dxXdy¥*(x,y,t,h)®(xX,y,t,h). (4.1)
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Therefore, we have for the exact solutions of (2.1)
v @|® = v o)]°, 4.2)

and for the mean values of the operator A(t) = A(2,t), calculated for these solutions,
the equality

d ;o JOAM)\ i,4 :
Ay = (450 LA s
ix e A a2 . ’

+?<dew (y,t,h)[V(z,w,t),A(t)]_‘I’(y,t,h)>,

where [A,B]_ = AB—BA is the commutator of the operators A and B, is valid. We refer

to (4.3) as the Ehrenfest equation for the operator A and function ¥ (%,t,h). This term

was chosen in view of the fact that in the linear case (x = 0), (2.1) goes into a quantum

mechanical Schrodinger equation, and relation (4.3) into an Ehrenfest equation [17].
We have the following notations:

2= (p,%),  Z(t,h) = (P(t,h),X(t,h)), AzZ=2-Z(t,h). (4.4)

Using the rules of composition for Weyl symbols [26], we find, for the symbol of the
operator C = AB,

1 1
(22,0 gy g2 in, 2
C(Z)—A(Z+ 2]32)3(2)—3(2 > ]az)A(z). 4.5)

Here, the index over an operator symbol specifies the turn of its action. We suppose
that, for the Hartree type equation (2.1), exact solutions (or solutions differing from
exact ones by a quantity O (h*)) exist in the class of trajectory-concentrated functions.
We write Ehrenfest equations (4.3) for the mean values of the operators Z; and {AZ}*
calculated from such (trajectory-coherent) solutions of (2.1). After cumbersome, but
not complicated calculations similar to those performed for the linear case with x = 0
(see [5], for details), we then obtain, restricting ourselves to the moments of order N,
the following set of ordinary differential equations:

A S
z= Z EJ(%zu(Z,t)Ay"‘;f Z ;VZNV(Z’t)AuAV)’

[ul=0 7" vi=o V"
. N _ \yp\_(_l)lyx\]o(!B!@(a_ Y0(B—y)
Ay = —ih Iy\—l[( 1) y y -
\u%:o( " Y =) (B—y)u! (4.6)
N 1 2n
X <%u(Z,t) +X Z gVuv(Z,t)Av)Aa—yﬁﬁ—Jy_ Z Zr Ok A (k)
[v[=0 "° P

with initial conditions

zli—0 = 20 = (Yol 2] ¥), Axli=o0 = <‘1’0‘{2—Zo}a“1’0>, xeZ®, ol <N. (4.7)
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Here, % = x|V (xX,h)]|2 and ¥y (X, ) is the initial function from (3.35),

oMz, 1)
B ozH

oMYV (z,w,t)
Vuv(Z,t) = zHowY s

Hyu(z,t)
%zy(t;h):az%u(tsh)s O(Z(O(p,O(X), Jo= (O(X!O(p)l (4.8)

2n
O(x—PB)=[]0(cxx—Br), (k)= (01 =81k, %n—Bank)-
k=1

By analogy with the linear theory (x = 0) [5], we refer to (4.6) as Hamilton-Ehrenfest
equations of order N. In view of the estimates (3.7) for the class @‘;, these equations
are equivalent up to O (h™N*1/2) to the nonlinear Hartree type equation (2.1).

For the case of N = 2, the Hamilton-Ehrenfest equations take the form

P Jaz(l 10,0000+ 1<aw,A2aw>) (2, 0) + 7V (2,0,0)) | o)
2 2 4.9)

Ao =JMA; —A:M ],
where
M = [H,2(2,1) + #V2z (2,0,8) ]| s A2 =|Aij]|nxen- (4.10)
Equations (4.9) can be written in the equivalent form if we putin the second equation
Az (t) = A(t)A2(0)A™ (1), (4.11)
and then it becomes

A=JMA, A(0)=1. (4.12)

5. Linearization of the Hartree type equation. Now, we construct a semiclassically
concentrated (for 7 — 0) solution of (2.1), satisfying the initial condition (3.35).
Designate by

(2) (3)
YNt h) = (Zj,, A5, A g+

) = (Z(t,h),Ax(t,h)), || <N, (5.1)
the solution of the Hamilton-Ehrenfest equations of order N, (4.6), with the initial
data ™) (0,h), (4.7), determined by the initial function ¥, (X, %), (3.35), that is, the
mean values Z(0,7) and A,(0,h) are calculated from the function ¥, (x,%). Expand
the “kernel” of the operator V(t,¥) in a Taylor power series of the operators AW =
w—Z(t,h),

- 10V(zw,t)

V(Z,w,t) = ! dw« w=Z(t,h)
|x|=0

{Aw %, (5.2)
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Substituting this series into (2.1), we obtain for the functions ¥ € ?P;

N [«
{—ihat+%(2,t)+ Z LM Au(t,h)}‘lf—o(h“\’“”z),
0 (x ow«X w=Z(t,h) (5.3)
¥l¢=0 = Yo,
where
Z(th) = —— (¥ ()21, ),
MY (t,h)|
. (5.4)
An(t,h) = ——— (¥(t,h) | {AZ} ¥ (t,h)).
1 (&, m)|

In view of the asymptotic estimates (3.7), the functions z(t,h) and Ay(t,h) can be
determined with any degree of accuracy from the Hamilton-Ehrenfest equations (4.6)
as

z(t,h) = z(t,h,N) + O (hN+D/2);

Au(t,h) = Ay(t,h,N) + O (RN*D/2) || <N, -3
where z(t,h,N) and A,(t,h,N) are solutions of the Hamilton-Ehrenfest equations
of order N, which are completely determined by the initial condition of the Cauchy
problem for the Hartree type equation, ¥, (x,t,h), and do not use the explicit form of
the solution Y (x,t,h) in (5.3). Thus, the change of the mean values of the operators
for the solutions of the Hamilton-Ehrenfest equations of order N, (5.5), linearizes the
Hartree type equation (5.3) up to O (hN+1)/2)_ So, to find an asymptotic solution to the
Hartree type equation (2.1), we should consider the linear Schrodinger type equation

LN (6, %)@ =0 (RNV12) | @, , = dp; (5.6)
N
- . . 1 018V (2,w,t)
(N) — - - 77
LN (%) = —ihd, + (2, 1) + & §: A ]w i SN (5.7)

DEFINITION 5.1. We call an equation of type (5.6) with a given ¥, a Hartree equation
in the trajectory-coherent approximation or a linear associated Schrodinger equation
of order N for the Hartree type equation (2.1).

The following statement is valid.

STATEMENT 5.2. If the function ®V)(x,t,h,¥,) € P} is an asymptotic (up to
O(h\N+1D/2y 'n — 0) solution of (5.6), satisfying the initial condition ®|;—q = ¥, the
function

YN (%,t,h) =N (%,t,h, ) (5.8)

is an asymptotic (up to O (hN+1/2) h — 0) solution of the Hartree type equation (2.1).
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Now, we expand the operators

¢V (2, w,t)
ow« w=Z(t,h,N)

H(Z,1), (5.9)

in a Taylor power series of the operator AZ and present the operator —ihd; in the
form

—ihd; = [~ (P(t,h,N), X (t,n,N)) +S(t, )} — (Z(t,h,N),JAZ) 510
. 5.
+{—iho, - S(t,h) + (P(t,h,N), X (t,h,N)) + (Z(t,h,N),JAZ)}.

Here, the group of terms in braces containing —iho;, in view of (3.32), has an order of
O(h). The other terms can be estimated, in view of (3.18), by the parameter h. Sub-
stitute the obtained expansions into (5.6). Take (to within O (hAN/?)) the real function
S(t,h) entering in the definition of the class 9’; (Z(t,h),S(t,h)) in the form

S(t,h) =SSN (t,h)

t .
= I {(ﬁ(t,h,N)X(t,h,N)) —%(Z(t,h,N),t)
0 (5.11)

N
1 o'V (Z(t,h,N),w,t)
- — 2 Ax(t,h,N) rdt.
Z ! ow« w=Z(t,h,N) ol )

As a result, (5.6) will not contain operators of multiplication by functions depending
only on t and .

In view of the estimates (3.17) and (3.18), valid for the class @;(Z(t,h),S(t,h)), we
obtain for (5.3)

{—1h0; + 4o (t,%) + N (£, %) }® = O (WN+D/12), (5.12)
where
N
HN (£, ¥) z n*2 i (t, %), (5.13)

o (t,¥o) = —S(t,h) + (P(t,h), X (t,h))

. 1 (5.14)
+(Z(t,h),]A2)+§(A2,f>zz(t,‘l’o)A2),
$22(t,Y0) = [#H22(2,8) + 2V (2w, ) ]| ,_y—z00mn)»
[ox]

RS2 (1Y) = D2 Zgy (0, 82) + Y, SARD (az)e

R & 02 2=Z(tLh,N)

. Z 1 ol+Bly(z,w,t)

— 518
o oIl azPowe {AZ}PAu(t, A, N).

oot Bk 2 z=w=Z(t,h,N)

(5.15)

Here, k = 1,N and the functions Z)(t) are the coefficients of the expansion of the
projection Z(t,h) of the solution y™)(t,h) of the Hamilton-Ehrenfest equations on
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the phase space R?" in a power series of /A in terms of the regular perturbation
theory,

N
Z(t,h) = Z(t,h,N) = Z(t,0) + > W2 Z (0). (5.16)
k=2

From the Hamilton-Ehrenfest equations, in view of the fact that the first-order mo-
ments are zero (Aq(t,h,N) = 0 for || = 1), it follows that the coefficient Z((t) is
equal to zero.

REMARK 5.3. The solutions of the set of Hamilton-Ehrenfest equations depend on
the index N that denotes the highest order of the centered moments Ay, « € 73", We
will omit the index N if this does not give rise to ambiguity.

The operators Ho(t), (5.14), and He (1), (5.15), depend on the mean Z(t,h) and mo-
ments Ay (t,7), that is, on the solution ™ (¢, A1) of the Hamilton-Ehrenfest equations
(4.6). The solutions of (5.12) in turn depend implicitly on y™ (t,h),

& (X,t,h) = (X, t,h,yN (t,h)). (5.17)

Below the function arguments y ™) (¢,7) or ¥y can be omitted if this does not give rise
to ambiguity. For example, we may put o (t) = Ho(t,¥).

In accordance with the expansions (3.29) and (3.28), the solution of (5.12) can be
represented in the form

N
(%,t,h,¥) = Z k2o (% t,h,¥) + O (AN+D/2)] (5.18)
where
dN(x,t,h,Y) € €L (Z(t,h),S(t,h)). (5.19)

In view of (3.32), for the operators {—ihd; + Ho(t,¥o)} in (5.14) and h %2726 (t,¥y),
k =1,N, in (5.15), the following is valid:
RS20, (£,90) <P (Z(E,h), S (8,h), 1) — P4 (Z(8,1), S (8, 1), L+k+2),

. 5.20
{—1hd, + o (t,Yo)} : PL(Z(t,R),S(t,h),1) — PL(Z(t,h),S(t,h),1+2). 20

Substitute (5.18) into (5.12) and equate the terms having the same order in h!/2,
h — 0 in the sense of (5.20). As a result, we obtain a set of recurrent associated linear
equations of order k to determine the functions ®¥ (x,t,h, %),
{—ihd; + 40 (t, %)} =0, forh' (5.21)
{—ih0, + o (t,¥) 0 + i (t,¥)®® =0, for h3/? (5.22)
[ —ihd, + 40 (t,¥0) &P + hdy (t,%) DV + 1325, (1, %) d @ =0, for h®>  (5.23)



THE TRAJECTORY-COHERENT APPROXIMATION ... 341

It is natural to call (5.21) for the principal term of the asymptotic solution as
the Hartree type equation in the trajectory-coherent approximation in mod #3/2. This
equation is a Schrodinger equation with the Hamiltonian quadric with respect to the
operators 13 and X.

6. The trajectory-coherent solutions of the Hartree type equation. The solution
of the Schrodinger equation with a quadric Hamiltonian is well known [9, 34]. For our
purposes, it is convenient to take semiclassical trajectory-coherent states (TCSs) [5]
as a basis of solutions to (5.21). We will refer to the solution of the nonlinear Hartree
type equation, which coincides with the TCS at the time zero, as a trajectory-coherent
solution of the Hartree type equation. Now, we pass to constructing solutions like this.

We write the symmetry operators d(t,¥,) of (5.21), linear with respect to the oper-
ators AZ, in the form

a(t,¥) = Na(b(t,¥),AZ), (6.1)
where N, is a constant and b (t) is a 2n-space vector. From the equation

ga(t)
ot

—ih + [0 (t,¥),a(t)]_ =0, (6.2)

which determines the operators d(t), in view of the explicit form of the operator
o (t,¥o) in (5.14), we obtain

—ih(b(t),AZ) +ih(b(t),Z(t,h))
+ H—S(t,h)+ (B(t,h), X (t,h)) + (Z(t,h),JAZ) 6.3)
+%<Az,f)zz(t,‘l’o)A2)}, (b(t),Ai)] =0.
Taking into account the commutative relations
[A2;,A2¢] = inJjk, j,k=1,2n, (6.4)
which follow from (2.5), we find that
—ih(b(t),A2) +ih{AZ,$,.(t)Jb(t)) = 0. (6.5)
Hence, we have
b=, (t,¥%)Jb. (6.6)

Denote b(t) = —Ja(t). Then, for the determination of the 2n-space vector a(t) from
(6.6), we obtain

a=JH..(t,Y)a. (6.7)

We call the set of (6.7), by analogy with the linear case [37], a set of equations in
variations.
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Thus, the operator
at) =a(t,¥) = Na(b(t),AZ) = Ny(a(t),JAZ) (6.8)

is a symmetry operator for (5.21) if the vector a(t) = a(t,¥y) is a solution of the
equations in variations (6.7).

For each given solution Z(t,h) of the Hamilton-Ehrenfest equations (4.6), we can
find 27 linearly independent solutions ay (t) € C?" to the equations in variations (6.7).
Since each 2n-space vector ay(t) is associated with an operator dy(t,¥,), we obtain
2n operators, n of which commutate with one another and form a complete set of
symmetry operators for (5.21).

Now, we turn to constructing the basis of solutions to (5.21) with the help of the
operators dg(t,¥y). Equation (5.21) is a (linear) Schrodinger equation with a quadric
Hamiltonian and admits solutions in the form of Gaussian wave packets

& (x,t,¥) = Ny exp{% [S(t,h) +igo(t) +ihg (L)
(6.9)
+{(P(t,h),AX) + %(A)E,Q(t)m?)]},

where the real phase S(t,h) is defined in (5.11), N, is a normalized constant, while
the real functions ¢o(t) and ¢;(t) and the complex n X n matrix Q(t) are to be
determined.

REMARK 6.1. Asymptotic solutions in the form of Gaussian packets (6.9) for equa-
tions with an integral nonlinearity of more general form than (2.1) were constructed
in [52]. In this case, the Hamilton-Ehrenfest equations depend substantially on the
initial condition for the original nonlinear equation.

Substitution of (6.9) into (5.21) yields

CIJ{S'(t,h) +igo(t) +ihe (t) + (ﬁ(t,h),AJZ) - (ﬁ(t,h),f?(t,h)) +%(A92,Q'(t)A)Z)

— (A%, Q)X (t, ) —S(t,h) + (P(t,h), X (£, 1)) + (X(t,h),Q(H)AX) — (P(t,h),A%)

+ %{(Af,f}xx(t,‘l’o)Af) + (AX, Ppx (£,¥0) Q (1) AX)
+{([—1hV + Q1) AX], Bpx (L, Yo) AX)
+ ([—ihv+Q<tm>e],f)pp(t,qfo)[-mwQ(tmf])}} —o.
(6.10)

Equating the coefficients of the terms with the same powers of the parameter i and
the operator Ax, we obtain

ido(t) =0 for (AX)°h;
i1 (t)+ ;Sp [$px (£, ¥0) +Hpp (£,%)Q ()] =0 for (AX)°h";
(AX,0) =0 for (AX)'h% (6.11)
(A%, [Q(8) + Dx (£, Y0) +Dp (£,%0) Q1) + Q (1) (t,¥o)

+Q(0)Hpp (£,Y)Q(1)]AX) =0 for (AX)?R°.
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As a result, we have

bo(t) =0,
1t (6.12)
100 =3 [ $p1Bpc(0) + By (DD .
0
The matrix Q (t) is determined from the Riccati type equation
Q(t) +Hyx (1) + Q (1) Dy (1) + Hap (D) Q () + Q () Dpp (1) Q (L) = 0. (6.13)

Thus, the construction of a solution to (5.21) in the form of the Gaussian packet (6.9)
is reduced to solving the set of ordinary differential equations (6.13).

Now, we construct the Fock basis of solutions to a (linear) Hartree type equation in
the trajectory-coherent approximation (5.21). This is the first step in constructing the
solution to recurrent equations (5.21), (5.22), and (5.23).

Consider the properties of the symmetry operators dy(t) in (6.8) of the zero-order
associated Schrodinger equation (5.21), which are necessary to construct the Fock
basis.

STATEMENT 6.2. Leta;(t) and a»(t) be two solutions of the equations in variations
and let a, (t) and d» (t) be the respective symmetry operators of (5.21), defined in (6.8).
Then the equality

[a1(t),a2(t)] = ihN1N2{a;(t),a»(t)} = ihN1N2{a,(0),a»(0)} (6.14)

is valid.

Actually, upon direct checking, we are convinced that

[41(t),d2(t)] = N1Nz[ (a1 (t),JAZ), (ax(t),JAZ)]
= ihN\N2(Jai (t),JJax(t))
= iAN1Nz(ai(t),JJJaz(t)) (6.15)
= ihN1 N2 (ai (1), Jaz (1))
= iAN1 Nz {a; (1), a2 (1)}

Here, we have used the rules of commutation for the operators AZ. The skew scalar
product holds and, hence, the statement is proved.

REMARK 6.3. If the initial conditions for the equations in variations are taken such
that

{a;(0),ax(0)} = {a}(0),af (0)} =0, {a;(0),a;(0)} =ididxj, dr>0,k,j=1,mn,
(6.16)

and Ny = 1/+/hdy, then the following canonical commutation relations for the boson
operators of creation (d; (t)) and annihilation (dx(t)) are valid:

[dr(t),a; ()] = [ag (t),a; ()], [ak(t),a; ()] = Ok;- (6.17)
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The simplest example of initial data satisfying the conditions (6.16) is

al(O) = (bl,O,...,O,l,O,...);
QZ(O)Z(0,1’]2,...,0,0,1,...); (618)

Here, dy =2Imby > 0, k = 1,n.
THEOREM 6.4. The function

10,t) = ]0,t,¥)
(6.19)

_ Np 1 N . l . .
" detC(t) expjln [S“’h”(”t'm'“)* 5 <Ax,Q<t>Ax>]}’

where N = [(1th) " detDo]'/# is a vacuum state for the operators d;(t), such that

a;10,t)=0, j=1,n. (6.20)
PROOF. Actually, substituting (6.8) and (6.19) into (6.20), we get
10,6)[(Z;(1),Q(1)AX) = (W (t),A%)] =0, (6.21)
since
Q) Zj(t) =B(t)C L) Z;(t) = W;(t). (6.22)

Recall that from the fact that the matrix Dy is positive definite and diagonal, it
follows that detC(t) = 0, and so the matrix ImQ (t) is positive definite as well (see the
appendix).

Define the denumerable set of states |v,t) as the result of the action of the creation
operators upon the vacuum state |0,t),

— _ 1 4+ v _ = 1 4+ Vk
v, t) = |v,t,¥) = ﬁ(a (t,¥))"]0,t,%) = El ﬁ(ak (t,¥))"*]0,t,%). (6.23)
By analogy with the linear theory (x = 0), we call the functions |v,t) in (6.23) semi-
classical trajectory-coherent states and consider their simplest properties. a

STATEMENT 6.5. The relations
alv,t) = |y 1),
atlv,t) = vk +11v",t), (6.24)

~ (%
v,((*) =(Vi+01k, V22 02k Vn = Onk)

are valid.

Actually, we have

[a;,(a;)"™ ] = vi(@g)™ "6k (6.25)
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It follows that

n n
5 _ | PN _ Vi (A+\Vk=Okj
ajlv,t) _Dl Vk![aj,(ak) ]'0'”‘,El¢v7!(ak) 0,t)
n 1
=will (@)™ 0,t)
k=1~/(Vk = 6k,j)!
= I
no (6.26)
aiv,ty =] —(ap) "™ o,1)
k=1 Vk!
Vj+1

and thus the statement is proved.
STATEMENT 6.6. The states |v,t,%) witht € R and ¥, € 9]’2 form a set of orthonor-
mal functions
(Yo, t,V'|Iv,t,Yo) =6y, v,V €. (6.27)

Consider the expression

(Yo, £,V [, £, %) = l'vl<\y0,t,o|&v’(t,\yo)[&+]V(t,\yo)|o,t,\y0>. (6.28)

VVIv!

Commuting the operators of creation and annihilation in view of commutation rela-
tions (6.17) and using relation (6.20), we obtain

(t,v'v,t) = (t,010,t)Sv . (6.29)
Then we calculate
(£,010,t) = Ni%JeX [llmsoz t)]d}? (6.30)
PEY = Taetc)] ) P L n ’ : :

In view of (A.18) and the explicit form of the complex phase in (6.19), we have
ImS (xX,t) = %(A)Z,ImQ(t)A)E). (6.31)

The matrix Im Q (t) is real and positive definite; hence, the matrix +/ImQ (t) does exist,
such that

det\ImQ (t) = M—%. (6.32)
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We perform in the integral of (6.30) the change

. ]_ R
&= ﬁ\/ImQ(t)Ax, (6.33)

then we obtain

_ N; "/ZJ g - (mh)"?Nj
(t,OlO,t>—7mh e dg_im =1, (6.34)

since detDg = H,’::llmbk. Thus, the functions |v,t,¥,) (6.23) form the Fock basis of
solutions to (5.21).

THEOREM 6.7. Let the symbols of the operators %(t) and V (t,¥) satisfy the condi-
tions of Supposition 2.1. Then, for any v € 7%, the function

¥, (X, t,h) = |v,t), (6.35)

where the functions |v,t) are defined by formula (6.23), is an asymptotic (up to O (h3/2),
h — 0) solution of the Hartree type equation (2.1) with the initial conditions

Yy (X, 1, ) [t=0 = [V, 1) t=0- (6.36)

7. The principal term of the semiclassical asymptotic. The solution of the Cauchy
problem (2.1), (6.36) is a special case of the semiclassically concentrated solutions
of (2.1). However, in the case of arbitrary initial conditions (3.35) belonging to the
class 97’;, the functions |v,t) are not asymptotic solutions of the Hartree type equa-
tion (2.1). This is a fundamental difference between the complex germ method for
the Hartree type equation (2.1), being developed here, and a similar method devel-
oped for linear equations [5, 37]. The coefficients of the Hartree type equation in the
trajectory-coherent approximation (5.21) depend on the initial condition (3.35) since
they are determined by the solutions of the set of Hamilton-Ehrenfest equations. It
follows that among the whole set of solutions to (5.21) only one (satisfying the con-
dition ¥ (X, t,h) ;=0 = Vo (X, h)) will be an asymptotic (up to O (h3/2)) solution of (2.1).
However, the Fock basis (TCS’s) | v, t) makes it possible to construct in explicit form an
asymptotic solution to (2.1), with any degree of accuracy in A'/2, h — 0, which would
satisfy the initial condition (3.35).

We illustrate in more detail the relation of the solutions of an associated linear
Schrodinger equation to the solution of a Hartree type equation. To do this, we
construct the Green function of the Cauchy problem for the zero-order associated
Schrodinger equation. Although the Green function G© (X, ¥,t,s) for quadric quan-
tum systems is well known [15, 16, 34, 44], we give for completeness its explicit form,
as convenient to us. This function will allow us to demonstrate explicitly the nontrivial
dependence of the evolution operator of the associated linear equation on the initial
conditions for the original Hartree type equation.
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By definition,
[ —ihd; + 5o (t,¥) ]GO (X, 7,t,5,%) =0,

Lim G (%, 7,t,5,%) = 6(X - ),

t—s

(7.1)

where the operator f is defined in (5.14). We make use of the simplifying assumption
that

opx (t,20)

detfh,,(s) =0, det‘
rp apOj

‘ + 0. (7.2)

If condition (7.2) is not valid, the solution of the problem can be found follow-
ing the work [15, 16]. For the problem under consideration, exact solutions of the
Schrodinger equation (5.21) are known, these are the functions |v,t,¥,) in (6.23) that
form a complete set of functions. Thus we have

GO (%,5,t,5,Y) = > &, (X,t,h)®} (¥,s,h), (7.3)
|v|=0
where
®, (X,t,h) = |v,t,¥). (7.4)

Details of similar calculations can be found, for instance, in [34]. However, for our
purposes, the following approach seems to be convenient.

We carry out an A~! Fourier transform in (7.1). For the Fourier transformation of
the Green function

~ ax i
©) (5. v _ O (. v Yk
G (p,y:t,s, %) JRH G2 © (x,y,t,s,‘l’o)eXp{ h(x,m}, (7.5)
we obtain
[ - iR + 5o (P, %,1,%) |G (5, 7,t,5,%) =0,
WmC (5.7 5. 1 A (7.6)
m (B, 7,8,s, o)—Wexp{—E(p,yﬂf.

Here, 73 =p, X = ih (0/0p), and the symbols of the operators of (7.1) and (7.6) coincide,
Ho (P, %,t) = Ho(p,X,1). (7.7)

Equation (7.6) coincides up to notations with (5.21) and, hence, admits solutions of
type (6.9),

G(O)(ﬁ,y,t,s,‘l'o)
i e 7.8)
= exp = 1] S0(t,5,9) + (G(t,5,5),48) + 5 (A5,0(t,5,5)8p) ||,
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where Ap = p — P(t,h). Here, the functions So(t,s,y) = So(t), G(t,s,y) = G(t), and
Q(t,s,y) = Q(t) are to be determined and, according to (7.6), satisfy the initial con-
ditions
ltimQ(t,s,y) =0, ltimC(t,s,y) =y, limS(t,s,9) = (po.y). (7.9
) —S —s

Substituting (7.8) into (7.6), we write

G<°)(ﬁ,y‘,t,s,%){—$o<t> (W), Ap®)) + (C(b),P(t,h)) — %(Aﬁ,@(t)Aﬁ)

+(B(t,h),Q(0)AP) - S(t,h) - (B(t,h), (G(t) + Q(H) AF — P(t,h)))
+(X(t,h),Ap)
2 [(CW + QAP Bt 1) B (D (G (D) + QOAF-P(t, )

+{((G() + QAP —P(t,h)), Bxp (DAP) + (AP, Hpp (1) AP)

+ (AP By (1) (G(1) + QUOAF - P(t,))) |
+ %Sp [’bxx(t)Q(t) +ﬁ)xp(t)]} =0.
(7.10)

Equating the terms with the same powers of Ap, we obtain the following set of equa-
tions:

_é = f’px(t)Q"'Qf}Xp(t) +Qﬁ’xx(t)a+f3pp(t) =0, (7.11)
~(G=P(t,h)) + Q1) x (1) (G~ B (£, 1)) + By (1) (G~ B(£,h)) =0, (7.12)
—So+ (X(t,h),ﬁ(t,h)) —S(t,h) + %Sp [Bax (D) Q (1) + Dy (1)]

1. ) (7.13)
+§((G(t) —P(t,h)),Hxx (1) (G(t) = P(t,1))) =0,

with the initial conditions (7.9).
Let B(t) and C(t) be solutions of equations in variations (A.4) with the initial con-
ditions

B(t)lt=s =Bo(s), C()lt=s=0,  BL(s)=By(s), (7.14)

and let the matrix Im By (s) be positive definite.
In view of (7.2), the solution of the Cauchy problem (A.4) and (7.14) will then have
the form

B(t) = A4 (At)By(s), C(t) =-AL(At)By(s), At=t-s, (7.15)
where the matrices A5 (t) and A4 (t) are defined in (A.30). The matrix
Q(t) = C(HB (1) = —ALat) (A;1(AD)" (7.16)

will then satisfy (7.11) with the initial conditions (7.9).
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Provided that (7.2) is valid, from (A.25) and (A.21), it follows that

G(t) = (B (1))"BL(s) (¥ —Xo) + X (t,h) = A; 1 (AL) (¥ — Xo) + X (¢, h). (7.17)
In a similar manner, we obtain, for S,
ih (* ~
So(t,s,h) =S(t,h)—-S(s,h)+ —J AT SP [Hap (T) + Hx (T)Q(T)]
2 Js (7.18)
. .
+%j AT ((G(T) = X(T,1), B (1) (G(T) = X (T,1))) + (0, 7).
In view of (A.25) and Liouville’s lemma (Lemma A.14), we obtain
1 Jf ~ 1 o
5], AT SP [Hap (T) + Hxx (T)Q(T)] = ElndetB (ot
1 detBy(s) 219
_2n<det1§(t)> (719
= f%lndetM(At).

To calculate the integral in (7.19), we use relation (A.29) and, in view of (7.18), we get

t —- — — —
%j A ((G(T) X (T, 1)), B (T) (G (1) — X (1, 1)))
s (7.20)

= (T~ %0) A2 (ADA] (A1) (- o)),

where the matrix A5 (t) is defined in (A.30). Hence,
So(t,s,h) =S(t,h)—-S(s,h) - %ln(det?\;;(At))
1 (7.21)
+5 (7 =X0),A2(AD) AL (AL) (¥ = Xo) ) + (Do, V).

Substituting (7.21), (7.18), and (7.16) into (7.8), we obtain the well-known expression

(see, e.g., [15])
GO (5,7,t,5,¥) = —— !
R (2mrih)n/2 \Jdet A4 (AL)

i
xexp{fﬁ(S(t,h)fS(s,h))

- % (¥ —X0),A2(ADATH(AL) (¥ — Xo))
— (B0, ¥) = 1 (A, X (6 1) = 1 (AP,A; 1 (AD (5~ %0))

+ #(Aﬁ, A;l(At)/\g(At)Aﬁ)}_
(7.22)

Now, we substitute (7.22) into (7.5) and make use of the relation

d;zexp[— %(2,r2>+ ( x)] _ w/(ZW)"detF*exp{w’rz;E)}, (7.23)

R
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in which we put I' = —(i/h)A; 1 (At)As(AL), b=—(i/h)[X(t,h) —X+A7NAD) (P —X0)].
Then we obtain
1

GO (%,9,t,5,%)
~ Jdet(— i2mhas (D)

xexp{ﬁ[S(t,h) _S(s,h) + (B(t,h),A%) — (o, (¥ — %))

1 v % - -
=5 {(7=%0), A (ADATH (AL (7 = %)) (7.24)

- 3(A%,A51 (A0 (5 - %))

1 Von .
—E(Ax,)\gl(At)M(At)Ax)]}.
Here, we used the relations
ALBOAS() = A5 (OA2(E) = I, Az(D)AL() = A4 (D)AS(E) =0, (7.25)

that follow immediately from (A.10), (A.37), and from the definition of matriciant
(A.30).
Consider the limit of expression (7.24) for At =t —s — 0. We obtain

AL(AL) = lpsn +O(AL),  AS(AL) = —H,p ()AL +O((A)?),

Azt(At) = —A—tﬁp;(suo(( 1)), A4(AL) = lyxn + O(AL), (7.26)

Ao (At) = O(AL).
It follows that, for short times (see, e.g., [40])

m GO (% V.t 5. ¥
lim G (%,5,t,5,%)

1
= exp{
JJdet (—i2hALf,, (5)) 2hAt

(X =), () (X - y))+O(AtO)}

(7.27)

Thus we have proved the following theorem.

THEOREM 7.1. Let the symbols of the operators ¥ (t) and V (t,¥) satisfy the condi-
tions of Supposition 2.1. Then the function

YO (x,t,h) = U (t,0,%) Yo, (7.28)
where U9 (t,0,¥,) is the evolution operator of the zero-order associated Schrédinger
equation (5.21) with the kernel G0 (X, v, t,0,¥,), is an asymptotic (up to O (h3/2),h — 0)

solution of the Hartree type equation (2.1) and satisfies the initial condition

YO (%, t,7)|—0 = Yo. (7.29)
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REMARK 7.2. The principal term of the semiclassical asymptotic ¥ (x,t,h) will
not change (to within O (#3/2), i — 0) if the phase function SV (t,#) in the operator
f)o(t,‘lfo) is substituted by its value S2(t,h) for N = 2 and we restrict ourselves to the
first terms in # — O in the phase trajectory Z? (t,h), and in the other expressions
ZWN)(t,h) is changed by Z°(t,h).

8. Semiclassically concentrated solutions. Now, we construct asymptotic solu-
tions to the Hartree type equation (2.1) with an arbitrary accuracy in powers of v/A.
To do this, we find asymptotic solutions of the associated linear Schrodinger equa-
tion (5.6) with an arbitrary accuracy in powers of /. We present an arbitrary initial
condition ®¢ (¥,h) € P9 as

N
oy (%,h) = > h¥2el (x%,h), (8.1)
k=0
where
o (%,h) €€t (20,50). (8.2)

Then, for the recurrent associated linear equations (5.21), (5.22), and (5.23), we arrive
at a Cauchy problem with initial data

dW |, = (x,h), k=0,N. (8.3)

The solution of these recurrent equations can readily be constructed as its expansion
over the complete set of orthonormal Fock functions |v,t) in (6.20). As a result, we
obtain
0%, t,h) = > |v,1,%)(¥%,0,vIdf (£,h)), (8.4)
[vI=0

[

(X, t,h) = > |v,t,%)(¥o,0,vI®" (¥,h))

. t (8:5)
13 ~ .
- > |v,t,‘I’0)J0 dt (Yo, T,v|H1(t,%) 2V (¥,1,h)),
|v]=0
e (%,t,h) = > |v,1,%)(Yo,0,vI®f (%,h))
|v|=0
. 00 t
_% z |Vlty\P0>I dT<\Ij01T1V|§)l(t!‘yo)¢(l)(fy’ryh)>
[vI=0 0 (8.6)
. o0 t
—% > |v,t,‘I’0)J0 At (Yo, T,v|H2 (t, Y)Y (%, T,h)),
|v]=0

Denote by ™ (¢,¥,) the operator defined by the relation

t
FWN (£, ¥) D (X,t) = J dtUy (t,7,¥) H™N) (T,¥0) D (X, T), (8.7)
0
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where Uy (t,T) is the evolution operator of the associated Schrodinger equation (5.21)
and

Z

HN (£,%) = Z h*2 4 (, ). (8.8)

Thus we have proved the following theorem.

THEOREM 8.1. Let the symbols of the operators Je(t) and V (t,¥) satisfy the condi-
tions of Supposition 2.1. Then the function

N

0 k
N (x,t,h) = Z ;'{—%@(N)(t,‘lfo)} Uo(t,0,¥0) Yo (X, 1), (8.9)

where N = 2, is an asymptotic, up to O (WN*+1/2) solution of (2.1) and satisfies the initial
condition (3.20).

9. The Green function and the nonlinear superposition principle. We show that
in the class of trajectory-concentrated functions for the Hartree type equation (2.1) we
can construct, with any given accuracy in #'/2, the kernel of the evolution operator or
the Green function of the Cauchy problem for (2.1). The explicit form of the semiclas-
sical asymptotics YW (¥, ¢,7) in (8.9) makes it possible to obtain an expression for
the Green function GV (X, y,t,s,¥,) valid on finite time intervals ¢ € [0, T]. Actually,
according to (8.9), for any function @ (¥,h) € #9, the solution of the Cauchy problem
with the initial condition

¢()Zyt1h)|t=0:(p(f!h)i (9-1)

for the associated linear Schrodinger equation (5.12), has the form

e (%,t,h) = RN (¢,¥) I dy GO (x,9,t,0,%) @ (¥, h) + 0 (hNTD/2)
[RTL

9.2)
= [ A6 (5,50, %) @ (k) + O (W),
R"
where
R N1 i k
RN (£,¥) = > —{— —@(N)(t,‘l’o)} , 9.3)
Skl h
and the function G (¥, y,t,s,¥,) is defined in (7.24).
It follows that
G (%,5,t,0,¥) = R™N) (t,¥) G (¥, 7,t,0,¥). (9.4)

Since R™) (0,¥,) = 1, we have, for an arbitrary s < t,

G (%,7,t,5,%) = RN (%) GO (%, 7,t,5,%) (RN (5,%)) ", (9.5)
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which is the Green function of the Cauchy problem (9.1) with s = 0. Obviously, for the
functions GN) (X, y,t,5,¥), the following composition rule is valid:

JdﬁG(N)( ¢ i b7, %) GO (1, 7,75, W0) = GV (£, 9, 8,5, %) + O (RN*D12) . (9.6)

Denoting by U™ (t,0,¥,) the approximate evolution operator of the linear equation
(5.12), then

UM (£,0,¥0) @ (%,h) = jdy‘ GN(%,5,t,0,%) @ (¥,h), 9.7)

we obtain it from (9.5) in the form of the T-ordered Dyson expansion,
A N ik . . .
UM (£,0,%) = > (— ﬁ) Akt (11,8, %) - - - 1 (i, £, %) Uo (£,0,%).  (9.8)
k=0 A

Here, we have used the following notations [40]: the domain of integration is an open
hypertriangle,

A ={tel0tl*lt>T1>T> > Ty > s}, (9.9

the operator $, (T,t,¥) is a perturbation operator in the representation of the inter-
action

By (T,t) = Uy (t,7,%) BN (1,%) Ug (T,t,¥), 9.10)

where H M) (t,¥,) has been defined in (5.13), and Uy (t, s, ¥y) is the evolution operator of
the associated linear Schrodinger equation with the kernel G (X, y,t,s, %)) in (7.24).

In view of Statement 5.2, the action of operator (9.8) on the function @ = ¥y (xX,h)
determines the asymptotic solution of the Cauchy problem (2.1), (3.35) for the Hartree
type equation (2.1)

YN (%, t,h) = UM (£,0,¥) Yo (X,h), Yo(X,h) €P). 9.11)

It follows that the operator (9.8) is an approximate evolution operator for the Hartree
type equation (2.1) in the class of trajectory-concentrated functions.

For the constructed asymptotic solutions, from expression (9.11) immediately fol-
lows the following theorem.

THEOREM 9.1 (nonlinear superposition principle). Let ¥, (X,t,h, yl(N >(t,h)) be an
asymptotic, up to O (hN*+D/2) solution of the Cauchy problem for the Hartree type
equation (2.1) with the initial condition Yo, (X,h), and let the function ¥,(X,t,h,
yZ(N) (t,h)) be a solution of the same problem with the initial condition Yy, (X,h). Then
the solution of the Cauchy problem with the initial condition

Yo3(X,h) = c1¥p1 (X, h) + c2¥o2(X,h), c1,c2 = const, 9.12)
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has the form

¥s (%,t,h, 03 (7)) = 0N (£,0, ¥o3) Yo3 (%)
=1 UM (t,0,%3) ¥o1 (X) +c2UN (t,0,¥3) Yo (X) (9.13)
=¥ (%, 6,7, 05 (5, 1)) + ¥ (X, 8,0, 05N (£, 7).

Here, y,ﬁN ) (t,h) denotes the solution of the Hamilton-Ehrenfest equations of order N,
N = 2, (4.6), with an initial condition which is determined from the functions Yo, (xX,h),
k = 1,3, respectively.

10. The one-dimensional Hartree type equation with a Gaussian potential. We
illustrate the above scheme for asymptotic solutions construction by the example of
the Hartree type equation with a Gaussian self-action potential

N L c-»211¥o 0" |,
<|—lhat+ o +;¢V0£oo dyexp[— 2y ] TE ¥ =0. (10.1)

Here, y and V|, are parameters of the potential, * is a nonlinear parameter, and p =
—iho/0x, x € R1L.

We will solve the example in two steps. First, we will seek solutions concentrated
on a phase trajectory Z(t) = (P(t),X(t)) that does not depend on #. In this case, a
countable set of semiclassical trajectory-concentrated solutions can be constructed.
Each of these solutions is a squeezed coherent state that is well known in quantum
mechanics (see, e.g., [34]) and is an asymptotic solution of (10.1) with the accuracy
of O(h3/2), h — 0. Provided that, a linear combination of the constructed functions is
not a solution (even not an approximate one), which, however, is natural since we deal
with a nonlinear equation.

At the second step, we solve the problem of constructing an asymptotic solution
for (10.1) under the additional condition: any linear combination (with a modification)
of such solutions is an approximate solution of the equation, too.

It can be found that this problem is solvable if, first, the sought-for functions are
concentrated on the phase trajectory Z(t,h) = (P(t,h),X(t,h)), regularly depends on
VA, that is, they belong to the class @%(S(t,h),Z(t,h)) in (3.1). Second, the functions
(P(t,h) and X (t,h)), that determine the phase trajectory z = Z(t,h), are approximate
solutions of the Hamilton-Ehrenfest system.

In addition, we can clarify a nonlinearity of the generalised superposition principle
for the Hartree type equation. Namely, the constructed solutions depend on the two
parameters ©; and ©; that are determined by the initial condition ¥, € %!. Then, a
linear combination of approximate solutions

G Y (x,t,7,0'",05") + G2 ¥ (x,t,h,0%,08) (10.2)
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is an asymptotic solution too, if the parameters @;f) k,1 = 1,2 are substituted by the
parameters @,((3), respectively, that are calculated by the linear combination at zero
time moment,

Gl\Ilz(X,O,h)-l-Gz\Yz(X,O,h). (10.3)

We seek a solution of (10.1) in the form of the following statement:
Y(x,t,h) = (p(%,t,\/ﬁ) exp [%(S(t,h)+P(t)Ax)]. (10.4)

Here, @ (&,t,~/h) € S is a function in Schwartz space with respect to the variable
€ = Ax/+/h, and depends regularly on v/, h — 0,and Ax = x — X (t). The real functions
S(t,h), Z(t) = (P(t),X(t)) are to be determined.

We expand the exponential in (10.1) in a Taylor series of Ax = x — X(t), Ay =
7y —X(t) and restrict ourselves to the terms of the order of not above four in Ax and
Ay.In view of estimates (3.19), (10.1) will then take the form

2 > 02
{ iha, +P (t) P(t)Ap +Ap
2m m 2m
+5<V0[17$( 2Ax(x (¢, h)+o< )(t, h))
ly (10.5)
+g( —4Ax3 (x Y(t,h) +6Ax> o< 2 (t,h)
—4Axad (t,h) + ot (¢, h))]}v: 0 (n°?),
where Ap = p —P(t), and
1 + 00 . -
o (1) = L AWK ¥, |*dy, k=0,0, (10.6)

are the k-order moments centered about X (t). Equation (10.5) can be simplified if we
make the change

. t 2
¥(x,t,h) =exp{lj [P(t)X(t)—P O v,
hlJo 2m
" . (10.7)
% X Voot h)+8—40<\1,)(t h)]dt}d)(x t,h),
where
Oxx (£, 1) = & (£, 1) = H‘I’IIZJ AYE Y (y,0)|*dy (10.8)

is the variance. The function ®(x,t,h) belongs to the class 9]’; (§(t,h), Z(t)), where

3 t . 2
S(t,h) =S(t,h) —JO [P(t)X(t) - P21(4£)

—2Vy— Voaxx(t h)+ia<4><t,h)]dt,
2y? 8y
(10.9)
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and satisfies the equation

P(t)Ap . Ap?

{—ihat +P(t)X(t) +
2m

—(Ax2—2Axa (t,h))
2y2 ® (10.10)

—(Ax*-4ax3 o (£, h) +6Ax2 o (t,h) - 4Axo<<3)(t,h))]}<1>

+xVy [ -
8y
=0(n*?).
Here, we have made use of
o (t,h) =« (t,n), k=T,N. (10.11)
We will seek the approximate (mod #°/2) solution ®(x,t,#k) to (10.10) in the form

®d(x,t,h) =0 (x,t) +VAdD (x,t) + hdD (x,t) + - - -, (10.12)

where &% (x,t) € €} (S(t,h),Z(t)). Denote by Lo and L; the operators

Lo=—iho; +P(t)X(t) + iP(t)AﬁJr iAﬁz - "—V(’sz;
m 2m 2y?
v (10.13)
L= 8hy°4 [Ax* —4Ax3 il (8, h) +6Ax2 () (t,h) —4ax el (t,h)].

Earlier we have shown that Lo = O (k) and L, = O(h). In (10.10), we equate the terms
having the same estimate in /& in the sense of (3.19). Then,

[io N %Axa;g)]@w —0, forhl; (10.14)
[L0+ y—Axa(b(o)](b(“ = fZ%AxRe (@O Ax|dMYe O for h3/?; (10.15)
[i0+ %Am;g)]qﬁ ) = —’;—V‘)Ax{[ZRe (@01ax10@) + o), [o©
+2Re (@ [Ax|0M)e V| ~1,6©,  for h?.
(10.16)
The function
& (x,t) = (Czt))l/zexp{;l (P(t)Ax+?%A )} (10.17)

is a solution of (10.14). Here, we have made use of the fact that X(f) and P(t) are
solutions of the ordinary differential equations

P=0, X== (10.18)

P
m
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and C(t) denotes the complex function satisfying the equations
B="5C, C=—. (10.19)

Equations (10.18) are Hamiltonian equations with the Hamiltonian #(p,x,t) =
p?/(2m) and their solution is

P(t)=po, X(t)= %on. (10.20)

Similarly, (10.19) are Hamiltonian equations for a harmonic oscillator with frequency

o= AVl (10.21)
my

C(t)=c1exp<— Mt)+czexp( Krll‘;()'t) C1,C> = const,

and their solution is

2

my? (10.22)
B(t) =mC(t).
For the initial conditions (6.18)
c) =1, B(0)=b, Imb >0, (10.23)

two cases are possible,

ch(Qt) + é sh(Qt), 2Vy >0,
C(t) = b (10.24)
cos(Qt) + a sin(Qt), %Vy <O0.

In the linear case (% = 0), the frequency Q = 0 and (10.19) become equations in varia-
tions for (10.18). In view of (10.19), N, = (mImb/mh)!/* and we find the variance of
the coordinate x in explicit form,

_/mImb ("% Ax? m, , Imb 3 ) |°h
O-XX(t,h)— h -Jloo ’C(t)| exp[—FAx W]dx—m (1025)

Then,

. 2 z t

0) _ i|l(pry . h&Vy J 2 0

A (x,t,h)—exp{hK—Zm %VO)tJriZm-Imb 0|C(t)| dt | @y (x,t,h).
(10.26)

It can readily be noticed that a% (t,h) = a;‘z&)) (t,h). Hence, from (10.24) and (10.25),
it can be inferred that for %V, < 0 the variance (xsz(g) (t,n) is limited in t, that is,
|oxx (t)| < M, M = const, while for xV > 0 it increases exponentially. In the limit of
y — 0 and with Vg = (2my)~1/2, (10.10) becomes a nonlinear Schrédinger equation,

while in the case where %V, < 0 (%#V, > 0), it corresponds to the condition of existence
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(nonexistence) of solitons. Note that, if (xq)(o) (t,h) = 0, the equation for the function
& takes the form

Lo®® =0, (10.27)

becoming a Schrodinger equation with a quadric Hamiltonian. We will find the solution
to (10.27) satisfying an additional condition cxfpl(z)) (t,h) = 0. To do this, we denote

A(t) = Na(C(£)AP —B(t)Ax). (10.28)

If C(t) and B(t) are solutions of (10.19), the operator d(t) commutates with the op-
erator Lo. So the function

1.
o0 = E(a*(t))"cbg(” (10.29)
will also be a solution of the Schrédinger equation (10.10). Commuting the operators

at* (t) with the function q> )(x t,h), we obtain the Fock basis of solutions for linear
equation (10.27)

o (x,t) =

k
0 2mImb
X Ax}

1
_Ngfb(m D (=DK[C*(t k[h__
o (e, ) (=D)*[C*(t)] ox  |cw)?

(10.30)
k

L Nko® EPN TP hmlmb) H(A mlmb)
k'N (6, ) (=) [C* (1) ] (7|C(t)\ AN

where H, (&) are Hermite polynomials. Determining N, from the condition [d(t),
at(t)] =1 and representing the solution of the equations in variations as

C(t) = |C(t)|exp{iarg[C(t)]}, (10.31)

we get

k
) 1 g . 1 mImb 30
O (0,0 = 5 (=0) exp { 1karg[C(t>]}<—ﬁ> Hk(Ax|C(t)Nﬁ> (x,1).
(10.32)

Using the properties of Hermite polynomials, we can obtain that the mean 0(;)1;(2)) (t,h) =

0, k =0, . Then,
¥ (x.t.h) = expd L ”—(2)—~v t—"—vo @ (t,h) | Lol (x,t,h) (10.33)
k L) = exp h m 2y? <I>(0 k ,L,n). .

Similarly, we find

h|C(t)| 2v+1)
2mlImb

(20)(t h) = J Ax2 |0 (x,t) | *dx , (10.34)

2vy 'f
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and for the functions ‘I’,io) (t,h)

(0) &_~ %V() h(2k+1) Jt 2 0)
Yo (x,t,h) —exp{h [(2m xVo)t 2y2 2mimb )y [C(T)|dT | ;®,” (x,t,h).
(10.35)

The functions (10.35) are approximate, up to O(h3/2), solutions of the Hartree type
equation (10.1). However, since, for the linear combination

®(x,t) = 10 (x,1) + 20" (x,1), (10.36)

the condition (x(l)(t,h) = 0 is not fulfilled, ®(x,t) is not a solution of (10.14) and,
hence, the linear superposition principle is invalid for the functions (10.35) even in the
class of asymptotic solutions QPh(S(t h),P(t),X(t)) up to O(h3/?). Thus, the presence
of the term (xq)(o) (t,h) in (10.14) violates the linear superposition principle (10.36).

We seek the solution to (10.1) in the class @h (S(t,h),Z(t,h)), thatis, we localize the
solution asymptotically in the neighborhood of the trajectory z = Z(t,h) depending
explicitly on parameter A. With that, the estimates (3.19) remain valid. We take the
dependence of Z(t,h) on the parameter h — 0 such that the equation for the function
& (x,t,h) is linear. For doing this, we subject the functions X (t,h) and P(t,h) to
the equations

p= ’;‘g‘) ( o (8,7) t5a o (8, h)) X-= %, (10.37)
and the functions C(t) and B(t) to the equations
B= X‘ZOC S @ wme, =2, (10.38)
y 4y? m
The function @ (x,t,7) will then satisfy the equation
Ly2? =0. (10.39)

In contrast to (10.14), (10.18), (10.19), equations (10.37), (10.38), and (10.39) are de-
pendent. Note that, within the accuracy under consideration, the principal term of the
asymptotic will not change if (10.37) and (10.38) are solved accurate to O (h3/?) and
O (h), respectively. Then (10.37) become

Y% .

=Tr G, X = 2 (10.40)
and (10.38) coincide with (10.19) and their solution has the form (10.24). Equation
(10.39) is linear and its general solution can be represented as an expansion over a
complete set of orthonormal functions <I>k 9 (x,t,h),

o (x,t,h) = > k@ (x,t,h). (10.41)
k=0
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Here, d),io) (x,t) is determined by expression (10.32), where X (t) and P (t) ought to be
replaced by X (t,h) and P(t,h), respectively. Substitute (10.41) into (10.24). In view of
the properties of Hermite polynomials,

j EH, (£)H)(E)e & dE = j €[ 3Hni1 (8)+ nHa1(8) [ Hu(Ere € d

(10.42)
§5n+1,l+n5n—1,la
we obtain
VRlCH)| < (1
@(m(t h) = m| ®] > (—5n+1l+n5n 11)Cncl*
n=0
® (10.43)
_Jalc)|
"~ mlImb 2. (2 Cne1 T M-y JCn-
n=0
Equations (10.40) will then take the form
P=+vho,|Ct)|, X-= %, (10.44)
where
zV, o (1
0, = T(I)nb z ( cko +nck 1)0 (10.45)
Integration of the above equations, (10.44) yields
P(t,h) = mX(t,h),
(10.46)

0 (' ’ Po
X(t,h)=vh— | dt| |C(s)|ds+=t+xo.
m Jo 0 m

As a result, the principal term of the asymptotic can be represented in the form

: t
YO (x,t,h) = exp{% Uo <%X2(T,h) —#Vo—hO, | C(T) |2>d'r} }@‘0) (x,t,h),

(10.47)
where
A o [1 * ( l) * 2 % ]
*7 2mImb go gCne2 (5 e+ (n°=njen | cn. (10.48)
It follows that the function (10.47) depends on ®; and ©, as on parameters:
YO (x,t,h) =¥ (x,t,h,01,0,). (10.49)

Here, ®; and O, are determined by the sets of (10.45) and (10.48), respectively.
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Consider the Cauchy problem for (10.1)

Yilioo = Yio(x), Yo li_o = Y20 (x),

t (10.50)
Y3 | = Y30(x) = G1¥10(x) + G2 W20 (x), Yi(x) € Py,

where Gy = const. Denote by ¥ (x, t,h, ®<’<>,®§’<>) the principal term of the asymptotic

solution of (10.1), satisfying the initial conditions (10.50). Then, from the explicit form
of function (10.35) the following equation follows:

Y3 (x,t,h,0 0%) = G ¥, (x,t,h,0%,05) + G. ¥ (x,£,1,0 ,0%).  (10.51)

The relation (10.51) represents the nonlinear superposition principle for the asymp-
totic solutions of (10.1) in the class @% (S(t,h),Z(t,h)).

Appendix

The set of equations in variations. We already mentioned that to construct so-
lutions to (5.21) in the class %!, it is necessary to find solutions to the equations in
variations (6.7) and to the Riccati type matrix equation (6.13). We show that the solu-
tions of the Riccati type matrix equation can be completely expressed in terms of the
solutions of the equations in variations a(t).

We present the 2n-space vector a(t) in the form

a(t,¥o) = (W(t,¥),Z(t,¥)), (A1)

where the n-space vector W (t) = W (t, ¥p) is the “momentum” part and Z (t) = Z (t, ¥o)
is the “coordinate” part of the solution of the equations in variations. Thus we can
write the latter as

W = _f)xp(t,‘yo)w_ﬁxx(ta\yo)zv
: . . (A.2)
Z =Dpp (1, Y)W + 5, (t,%) Z.

The set of (A.2) is called a set of equations in variations in vector form. Denote by B(t)

and C(t) the n xXn matrices composed of the “momentum” and “coordinate” parts of
the solution of the equations in variations:

B(t) = (Wi (1), Wa(t),...,Wn(t)),  C(t) = (Zi(t),Za(t),..., Zn(1)). (A3)
The matrices B(t) and C(t) satisfy the set of equations

B =~y (t,Y)B—Hxx (t,%)C,

) (A.4)
C =y (£,%)B+Hpx (1)C,

which is called a set of equations in variations (6.7) in matrix form.
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Consider some properties of the solutions of this set of equations, which deter-
mine the explicit form of the asymptotic solution of the Hartree type equation and its
approximate evolution operator.

REMARK A.1. The set of equations in variations (6.7) is a set of linear Hamiltonian

equations with the Hamiltonian function

H(a,t) = ={(a,h,.(t)a), aeC™ (A.5)

N | —

The complex number {ai,a»} = (a1,Ja») is called a skew-scalar product of the
vectors a; and ap, ax € C2".
Obviously, the skew-scalar product is antisymmetric

{ai,a2} = —{az,a1}. (A.6)

STATEMENT A.2. The skew-scalar product {a;(t),a.(t)} of the solutions a; (t) and
a;(t) of the equations in variations (6.7) is invariable in time, that is,

{ai1(t),a2(t)} = {a1(0),a2(0)} = const, (A7)

{ai(t),a3 ()} ={a1(0),a¥(0)} = const. (A.8)

This statement can be checked immediately by differentiating the skew-scalar prod-
uct {a, (t),a»(t)} with respect to t,

a ) .
E{al(t),QZ(t)} ={(ai(t),Jax(t)) +{ai(t),Jax(t))
= (Jhzz(H)ar (t),Jaz (D) + (a1 (t), TPz (Daz (1)) (A.9)
= ((l] (t)vﬁ’zz(t)QZ(t)) - <a2(t)af)zz(t)a2(t)> =0.
Here, we have made use of the fact that J2 = —lox2, and J¢ = —J. Relation (A.8)
follows from (A.8) since a3 (t) is also a solution of the equations in variations in view
of the fact that these equations are real and linear.

For the set of equations in variations in matrix form, Statement A.2 will be as fol-
lows.

STATEMENT A.3. The matrices
Dy = %[C*(t)B(t)—B*(t)C(t)], (A.10)
Do = CH(t)B(t) —BH(t)C(1), (A.11)

where the matrices B(t) and C(t) are arbitrary solutions of the set of equations in
variations (A.4), are invariable in time, and so we have

Do — 1
O~ (20)[C*(0)B(0)—B*(0)C(0)]’

Do = CH(0)B(0) —Bt(0)C(0). (A.12)

The relation of the matrices B(t) and C(t) to the matrix Q (t) and, in view of (6.9),
to the function ¢ (t) yields the following statement.
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STATEMENT A.4. Let the n xn matrices B(t) and C(t) be solutions to equations in
variations (6.7). Then, if det C(t) # 0, t € [0, T], the matrix Q (t) = B(t)C~!(t) satisfies
the Riccati matrix equation (6.13).

Actually, in view of
Cl't)y=-Cc')C)Cc 1 (p), (A.13)

and since from C~1(t)C(t) =1 it follows that C~1(t)C(t) + C 1 (t)C(t) = 0, we have
Q=BWM)C ) +BMHC () =BOCH(H) -QMHCWHC(D)
= [=Dxp()B=xx (1) C]C' = Q[pp (1) B+ Hpx (1) C]C! (A.14)
= —Dxp (1) Q = Hxx (1) = Qpp (1) Q — Qpx (1).
A similar property is also valid for the matrix Q ~!(t)
Q7T+ Q D (DQ T+ Ppx ()Q T+ Q sy (1) + Dy (2) = 0. (A.15)

STATEMENT A.5. If at the time zero the matrix Q (t) is symmetric (Q (0) = Q*(0) at
t = 0), it is symmetric at any time t € [0,T] (i.e., Q(t) = Q(t)). Here, A! denotes the
transpose to the matrix A.

Actually, from (6.13) it follows that
Q'+ 5L, (1) + 5, () Q' +Q' B, (1) + Q' Hy, ()Q' =0, (A.16)
since
Brx =0by,  Dpp =04, Dpx =5, (A.17)

Hence, the matrix Q!(t) satisfies (6.13) with the same initial conditions as the matrix
Q(t), since, as agreed, the matrix Q (0) is symmetric. The validity of the statement
follows from the uniqueness of the solution of the Cauchy problem.

STATEMENT A.6. The imaginary parts of the matrices Q (t) and Q' (t) can be rep-
resented in the form

ImQ(t) = (C*(¢)) 'DyC (1), (A.18)
ImQ ' (t) = —(B~'(t)) "DoB~1(t). (A.19)
Here, the matrix Dy is defined by relation (A.10).

Actually, by definition,

mQ() = 5 [Q° () -QM)] = SBOC O] ~BOIC (1)
- %[CWt)]*[BWt)C(t)—C+<t>B<t>]c-1<t> (A.20)
—[c* ()] 'DoC (1),

Similarly, relation (A.19) can be proved.
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STATEMENT A.7. Let the matrix Q(t) be definite and symmetric and the compo-
nents of the vector 37;. (t), j = 1,7, be the row elements of the matrix C~!(t) in (A.45).
Then the vectors 37; (t) satisfy the set of equations

V= =Hoep ()7 = Q1) Hpp (1) . (A.21)
Actually, we have
cl=-ctcct, (A.22)
and hence,
C7l = =C7 [y (D Q) + Hprc ()] (A.23)

Transposing relation (A.23) for the vectors Y (t) (A.45), we obtain (A.21).
REMARK A.8. If the matrix
Q') =C®B(b) (A.24)
is definite and symmetric, the matrix B~! satisfies the equation
B = B [#ox ()Q (1) + W (). (A.25)
The proof is similar to that of Statement A.7.

STATEMENT A.9. If the matrix Dy (A.10) is positive definite, the relation
-1 -1 t_d —1p+ t -1
2iB71 (1) Hxx (1) (B71(1)) =E[D0 B (1) (B'(1)) ] (A.26)

is valid.

Actually, from (A.19) it follows that

B (1)%xx (1) (B71 (1))
- %D613+(t)[Q‘1(t)— (Q*(t))'l]%xx(t)(B‘l(t))t
_ %Dal[B*l(t)(%xxu)cu)B*l(t) —Hx (0)CT(£) (BT (1)) ™ + Ty (H)B(1)B (1)

3 (DB* (D) (B (1)) (2imQ (1) B* (D" ||

- %Dal[B’l(t)B(t)B’l(t)B*(t) —B’l(t)B*(t)]t

_ 1 -1 i -1 * :|t
ZDO [dtB (t)B*(t) | .

(A.27)
STATEMENT A.10. If for the equations in variations (A.4) the Cauchy problem is

formulated as

B(t)|t—s =By, C(t)lt=s=0, B =B, (A.28)



THE TRAJECTORY-COHERENT APPROXIMATION ... 365

then the relation
t
J BT Hun () (B (1)) dT = (By ") Aa (AL, Yo)A; 1 (AL, ¥) (By 1) (A.29)

is valid. Here, Ax(At,¥y), k = 1,4, denote the n x n matrices being blocks of the ma-
triciant of the set of equations in variations (6.7),

At Y,) = Ay
(£, ¥0) = AL(E,Y)  AL(E, o)

) ’ A(O:\I]O) = lonxon. (A.30)

Consider an auxiliary Cauchy problem formulated as
B(t,€)li=s = Bo, C(t,€)l=s =€, 1=kl nxn- (A.31)
Obviously, we have

lin(i)B(t,e) = B(1), hrrOIC(t,e) =C),
‘ ¢ (A.32)
D = —(Bo—Bj).
o(€) 2i( 0 0 )
We assume that the matrix Dy (€) is symmetric and positive definite for € + 0. Hence,
we may use relationship (A.26) and then obtain

1(Bo—Bg)*leT,e)(B—l(T,e))t\Z. (A.33)

t
J B N(T,€)¥xx (T) (B (T,€)) dT = -

In view of (A.30), we have

B(t,e) = AL (At)By —eAb(Al), (A.34)
and, hence,
Bl (t,e) = (1+€By  (A;1(AD) AL(AL)) By L (A (A1) +O(€2). (A.35)
Then we obtain
125}%3%7,6) (B (t.0)" |

t
- [leizr(}[B‘](t,E)B*(t,E) —BSIBJ]] (A.36)
t

_ 1398%{35133 By (A1 (AD) AL (A) (1— By 'BY) — By 'Bi +0(€2))}
= —(Bo—Bg) (ByM) A2 (At)A; (AL (By ).

Substitution of the obtained expression into (A.33) yields (A.29).
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STATEMENT A.11. If the matrix Dy in (A.10) is positive definite and, symmetric,
and the matrix Dy (A.11) is zero, the following relationships are valid:

C*(t)Dy'B (t) = C(t)Dy'B* (t) = B(t)Dy C* (t) — B*(t)Dy ' Ct(t) = 2ilpyxn, (A.37)
C*(£)Dy'CtH(t) — C(t)Dy ' C* (t) = B(t)Dy'B* (t) = B* (£)Dg Bt (t) = Opsn.  (A.38)

Consider an auxiliary matrix T'(t) of dimension 2n x2n,

1 (Dy'*Ct(t) -Dy'"*B(t)
Tt =—7| "1, Z12 , (A.39)
V2 \Dytrct(t)y -Dy'*B*(t)
and find its inverse matrix. Direct checking makes us convinced that
i ; —(B(t)Da”z)* B(t)Dal/z i)
Ne _(C(t)Dal/Z)* C(l’)Dal/Z. .

Actually, we have

T)T ()
i (-lCH OB -B MDD [CHHB®) —B (DD
— 2\ -[er BT -Br Ot ](Dg) [CHBB() - BT (DC(D]DG!
i(—Dol/z(ZiDo)*(Dol/z)* D01/2D~0D01/2) |
2 7D61/2D3(D51/2)* iDal/ZDODal/Z 2nx2n-
(A.41)
From the uniqueness of the inverse matrix follows,

TOT L) =T ()T () = lanxon, (A.42)

that is,

'(—(BDol)*Ct+BD01C+ (BDy')*B' + BDy'B*
2\ -

2
THT () =-=
(CDyY)*ct+cpglct (CDgl)*Bt+CD513+) (A.43)

= l2nxon.

However, as assigned, we have Dé = Dy, and from definition (A.10) it follows that

D§ =—2il_(C+B—B+C)+ :—%,(B*C—C*B) = D,. (A.44)
We then have D = Dy and, hence, (Dy')* = Dy'. Then from (A.43) we obtain (A.37)
and (A.38).

The following properties of the solutions to the set of equations in variations are
dramatically important for the construction of semiclassical asymptotics in the class
of functions ®! (Z(t,h),S(t,h)).
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LEMMA A.12. Let the matrix Dy be diagonal and positive definite and detC(t) + 0.
The matrix Im Q (t) will then be positive definite as well.

PROOF. Let Dy = diag(«,...,&xn), & > 0, j = 1,n. Denote by 37; the rows of the
matrix C~1(t),

yi(t)
PL(t)

C ) = ) . (A.45)
yh(t)

Then for an arbitrary complex vector |pg| # 0, we obtain
n n
(P ImQ)F =D (F,5;(1) o (¥ (1),p) Z (5, yj(D)]°>0.  (A46)
J=1 j=1

Inequality (A.46) is true since |¥;(t)| # 0 and «; > 0, j = 1,n. From this inequality,
in view of the arbitrariness of the vector p € C", |p| + 0, it follows that the lemma is
true. O

LEMMA A.13. The matrix C(t) is nondegenerate, detC(t) + 0, if the matrix Dy =
(21)~1(C*(0)B(0) —B*(0)C(0)) is positive definite.

PROOF. Assume that, for some t;, detC(t;) = 0. Then a vector I€, IIEI + 0, exists,
such that

C(t))-k=0, (k*C*(t;)=0). (A.47)
Since relation (A.11) is valid for any t, then
K*Dok = E*{%[B*(tl)C(tl) _ct (tl)B(tl)]}k - 0. (A.48)

As agreed, the matrix Dy is positive definite, and, hence, the above equality holds
only for |k| = 0. The obtained contradiction proves the lemma. O

LEMMA A.14 (Liouville’s lemma). If the matrix Q(t) is continuous, the relation

t
exp{—%fo Sp[mwu)Q(t)me(t)]dt} =,/‘ii—gi?; (A49)

is valid.

PROOF. From (A.4) it follows that

C=[Dpp()Q(L) +Hpx (1)]C, (A.50)
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where the matrix Q (t) is a solution of (6.13), and the matrices f,, (t) and f, (t) are
continuous. Then for the matrix C(t) the Jacobi identity,

t
detC(t) = [detC(O)]expL SP [Bpp (1) Q (1) + by (1) ]dt (A.51)

is valid. Raising the left and right parts of the equality to the power —1/2 yields (A.49).
O
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