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We give some results concerning the orthogonality of the range and the kernel of a gener-
alized derivation modulo the ideal of all compact operators.
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1. Introduction. Let £(%) be the algebra of all bounded operators acting on a com-
plex Hilbert space #. For A and Bin £(%), let 6 4 5 denote the operator on £(#) defined
by 645(X) = AX—XB.If A =B, then §, is called the inner derivation induced by A.
In [1, Theorem 1.7], Anderson showed that if A is normal and commutes with T then,
for all X € £(#),

IT - (AX - XA)|| = |IT]. (1.1)

In [4], we generalized this inequality, we showed that if the pair (A,B) has the
Putnam-Fuglede’s property (in particular if A and B are normal operators) and AT =
TB, then for all X € £(%),

IT - (AX-XB)|| = IIT]. (1.2)

The related inequality (1.1) was obtained by Maher [3, Theorem 3.2] who showed that,
if A is normal and AT = TA, where T € Cp, then ||T — (AX - XA)|l, = [T, for all
X € £(¥), where C,, is the von Neumann-Schatten class, 1 < p < co, and || - ||, its norm.
Here we show that Maher’s result is also true in the case where C,, is replaced by J (%),
the ideal of all compact operators with || - ||« its norm. Which allows to generalize these
results, we prove that if the pair (A, B) has (PF)s ), the Putnam-Fuglede’s property in
H(%),and AT = TB,where T € H (%), then ||T— (AX —XB)||w = || T || forall X € £(%).

2. Normal derivations. In this section, we investigate on the orthogonality of the
range and the kernel of a normal derivation modulo the ideal of all compact operators.
We recall that the pair (A, B) has the property (PF)y s if AT = TB, where T € H(%)
implies A*T = TB*. Before proving this result we need the following lemmas.

LEMMA 2.1. Let N,X € £(#), where N is a diagonal operator. If 5 (X) +S € H(H),
then S € 3 (%) and ||6n (X) +Slle = ISl co-
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PROOF. Let A1, Ay,...,A, be eigenvalues of the diagonal operator N. Then, the op-
erator N can be written under the following matrix form:

Ay O - 0
0 A 2.1)
SO
0 0 An
According to the following decomposition of ¥:
n
9% = Pker (N-A4;). (2.2)

i=1

Let |6;] and |X;j| be the matrix representations of S and X according to the above
decomposition of ¥. Then

NX—-XN = | (A;=Aj)Xi;]. (2.3)

Since S € {N}’ (the commutant of N), we get S;; = 0 for i # j. Consequently

Si1 ok % *
S * *
NX-XN+S§= 2 (2.4)
* ok %
* * ok Sun

Here x stands for some entry.
AsON(X)+S €3 (9),s0 S € J(¥) and the result of Gohberg and Krein [2] guarantee
that [[6n(X) +Slle = 1S le- |

LEMMA 2.2. Let N € £(#) be a normal operator and let ¥, = Vectaccker(N —A).
If S € {N}' and there exists X € L(#) such that 65 (X)+ S € H(HK), then #; reduces S
and the restriction S|y = 0.

PROOF. Since N is a normal operator, #; reduces N and the restriction Ny, is a
diagonal operator, then the Putnam-Fuglede’s theorem guarantees that S* € {N}'.
Hence, %; reduces S. Let

Ny O S1 0 X1 X2
N[o Nz]’ S[o SJ’ X[Xgl X22:| (2.5)
on ¥ = ¥, @ 9, where ¥, = J¢;. The hypothesis oy (X) + S € H (%) would imply
that dn, (X22) +S2 € H(#). The result of Anderson [1] (applied to the Calkin algebra
L(H2) \ H(H2)) guarantees that S» € H(H). Since the normal operator N, is without

eigenvalues and the selfadjoint operator S5 S> is compact and belongs to the commu-
tant of Ny, it results that $3'S, = 0 and thus S, = 0. O
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THEOREM 2.3. Let N € £(#) be a normal operator, S € {N}', and X € L(¥). If
ON(X)+S eI (HK), then S € H(¥) and

[[ON(X) + S]] = [ISllo- (2.6)

PROOF. Since on(X) +S € H (%), it follows from Lemma 2.2 that

Nl 0 Sl 0
V[ 0] sfs 0] o
on ¥ = %6, ® 9¢;, where %€, = Vectaccker(N —A). If
X1 X2
X = 2.8
[X:n Xzz} @8
on ¥ = %, ® ¥, then
on, (X11)+S1  *
6N(X)+S:[ m :) ! *] (2.9)

Since Oy (X) + S € H(¥), it results that oy, (X11) +S1 € H(). As N is a diagonal
operator and S; € {N;}’, it follows from Lemma 2.1 that S; is compact and

108, (X11) + 81| = [[S1]] - (2.10)

Consequently, S is compact and
10N (X) + Sl = [[0n) (X11) + 51| = [IS1]] = IS lleo- (2.11)
O

COROLLARY 2.4. Let N,M,S € £(¥) such that N and M are normal operators and
NS =SM. If X € £(#) such that 6np(X)+S € X (H), then S € H(¥) and

[6nm(X) + S| = 1Sl co- (2.12)

PROOF. Consider the operators L, T, and Y defined on # = % & % by

N O 0 S 0 X
o O R A R A R

then L is normal, T € {L}" and

(2.14)

_ 0 5N,M(X)+S
5L(Y)+T—|:0 0 :|

Then Theorem 2.3 would imply that T is compact and

160 (Y)+ T = 1T, (2.15)
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consequently, S is compact and

168 (X) + S| = 1Sl o (2.16)
O

3. Generalized derivations. In this section, we generalize the above results to a
large class of operators. We show that if the pair (A, B) has the property (PF)y ), and
AS =SB such that Oy u(X) +S € H(%), then S € H(¥) and

1648(X) +S| = ISlle, VX €ZL(H). (3.1

Before proving this result, we need the following lemma.

LEMMA 3.1. Let A,B € $£(%). The following statements are equivalent:

(1) the pair (A,B) has the property (PF)sye);

(2) if AT = TB, where T € H(#), then R(T) reduces A, ker(T)* reduces B, and
Algry and Blyer(r)+ are normal operators.

PROOF. (1)=(2). Since () is a bilateral ideal and T € J(#), then AT € H ().
Hence, as AT = TB and (A, B) satisfies (PF)sy ), A*T = TB* and R(T), and ker(T)* are
reducing subspaces for A and B, respectively. Since A(AT) = (AT)B implies
A*(AT) = (AT)B* by (PF)y ), and the identity A*T = TB* implies that A*AT =
AA*T, thus we see that A|g7yis normal. Clearly, (B*, A*) satisfies (PF)y ) and B*T* =
T*A*. Therefore, it follows from the above argument that B* g%y = Blker(r)+ is nor-
mal.

(2)=(1). Let T € J(9) such that AT = TB. Taking the two decompositions of ,
%, =% =R(T)®R(T) and %, = % = ker(T)* @ker T. Then we can write A and B on
€1 into >, respectively,

A O By O
A—[O AJ, B—[O Bz]’ (3.2)
where A; and B; are normal operators. Also we can write T and X on ¥ into %
T, O X7 Xo
o -

It follows from AT = TB that A;T; = T1B;. Since Aj;and B; are normal operators,
then, by applying the Fuglede-Putnam’s theorem, we obtain A} T, = T;B, that is,
A*T = TB*. O

THEOREM 3.2. Let A,B € £(3) satisfying (PF)y ) and AS = SB. If X € £(%) such
that 64 3(X) +S € (%), then S € H(F) and

[[64,8(X)+S]| = 1S]le- (3.4)
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PROOF. Since the pair (A, B) satisfies the property (PF)y ), it follows by Lemma 3.1
that R(S) reduces A, ker(S)* reduces B, and A|zsy and Blyer(s)+ are normal operators.

Let %, = R(S)®R(S)" and %> = ker(S)* @ kerS. Then

A 0 _[B1 0
A‘[o AJ’ B_[o Bz]’

(3.5)
S I R
It follows from
AS - SB = [Alsl —5iB 0} =0 (3.6)
0 0
that A1S; = S1B; and we have
IS — (AX - XB)||, = H [51 - (Al)il ~XiBy) :] 3.7)

Since A; and B; are two normal operators, then it results from Corollary 2.4 that S,
is compact and

[1S1 = (A1 X1 = X1B1) || = [[S1]], (3.8)

SO
[|S—(AX = XB)||, = |S1 — (A1X1 = X1BD)||w = [|S1lle = 1S ]| 0. (3.9)
O

COROLLARY 3.3. Let A,B € £(¥) satisfying (PF)y ) and AS = SB. If X € £(3) such
that 6, 3(X) +S € (%), then S € H () and

IS +AX —XBllo = 1S e (3.10)

in each of the following cases:
(1) if A,B € £(3€) such that ||Ax|| = || x| = ||Bx]|| for all x € ¥;
(2) if A is invertible and B such that ||A~1||||B|| < 1.

PROOF. (1) The result of Tong [5, Lemma 1] guarantees that the above condition
implies that for all T € ker(d43 | #(3)), R(T) reduces A, ker(T)* reduces B, and
Algry and Blyer(r)+ are unitary operators. Hence, it results from Lemma 3.1 that the
pair (A, B) has the property (PF)s ) and the result holds by Theorem 3.2.

Inequality (3.10) holds in particular if A = B isisometric; in other words, ||Ax|| = ||x]|
for all x € #.

(2) In this case, it suffices to take A; = ||B||"'A and B; = ||B||"!B, then ||A; x| =
x| = ||B1 x|l and the result holds by (1) for all x € . O
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