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ABSTRACT. This note shows that conjectures proposed by G. Das and P.C. Mohapatra [1]]
on inclusion relations between two generalized Harmonic-Cesaro methods of summability,

are true.
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1. INTRODUCTION

For any real numbers o and B, let

(1 - z)_a_l(log I f z)B =n§0 Anu’B zn.
Then A. Zygmund !2: p. 192] shows that
a 0B T,(Tni—T)(log P ifa % -1,-2,... . (1.1
The (Z,a,B) mean ca’B of a sequence {sn} is defined as the Norlund mean of the
sequence {sn}, associated with the sequence {Ana_l’B}: that is,
a,B n a-1,8 a,B
%n =z An—k Sk/An

k=0

This summability (Z,o,B8) was introduced by A. Zygmund [3] and was studied recently,
by G. Das and P.C. Mohapatra [1]. They have named it the generalized Harmonic-Cesaro

summability, and have proposed the following conjectures in the’r paper [1; p.431:

(I) If a < -1 and « < o', then there exists a sequence which is summable
(Z,ax,B8) but not summable (Z,a',B').

(II) If -1 < a' and B < 0, then there exists a sequence which is summable
(z,-1,8) but not summable (Z,a',B').

The purpose of this note is to prove that the above conjectures are true. For
the proof we need the following lemma.

LEMMA 1. For any o,B,a' and B',
v_ 1 ar_g @B a,8, a',B'
o' 8" g a'-0-1,8 BAk Gk

/An
n T k=20 An—k

9

This is Lemma 1 of G. Das and P.C. Mohapatra [1].
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2. PROOF OF CONJECTURES

PROOF OF (I). Suppose that a sequence {sn} summable (Z,a,R) is also summable
(Z,0',B"): that is,

(1',8'

a .
g LN s implies o > s
n

Then we have by Lemma 1 and the Toeplitz Theorem [4; Theorem 21,

n 1 1 ~ 1 1
a'-a=1,8"-3, a,B,,a",B = - o
kio |An_k Ak /An | =0(1) as n .

Hence

a'-a-1,8'-8 , a,B,, o',B' _ y .
An A0 /An = 0(1) asn . (2.1)

On the other hand, by (1,1) there exists a constant c¢ > 0 such tlat

A P y - ]
u'=-a-1,8 BA a B/A B

(X',B'l > ¢ a
n 0 n

| P L. -
n* ¢ 1(1og n)B B.n

al -
|A (log n)

=c n-a_l(log n)-6+ © as n > o,

This contradicts (2.1) and the proof is complete.

PROOF OF (II). The method of the proof is similar to that of (I). If we suppose

that a sequence summable (Z,-1,8) is also summable (Z,a',B'), then, as before, we have

a',B'—B _1,
An A0

But, using (1.1) there exists a constant c > 0 such that

1] \]
B/An" B2 0(1) as n > . (2.2)

[ - [ ' " . et
|Ana 8 BA0 1,8/, @'»8 | ¢ n® (log n)B B.n ¢ (log n) 8

v

/A,

¢ (log n)-B > ® as n > ®,

This contradicts (2.2) and the proof is complete.
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