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A formulation of the dynamics of a collection of connected simple 1-
dimensional Cosserat continua and rigid bodies is presented in terms of
sections of an SO(3) fibration over a 1-dimensional net. A large class of
junction conditions is considered in a unified framework. All the equa-
tions of motion and junction conditions are derived as extrema of a con-
strained variational principle on the net and are analysed perturbatively
for structures with Kirchhoff constitutive properties. The whole discus-
sion is based on the notion of a Cosserat net and its contractions obtained
by taking certain limits that transform Cosserat elements to rigid struc-
tures. Generalisations are briefly discussed within this framework.

1. Introduction

Branched structures abound both in engineering and the natural world.
Alarge class involves elastic members that can be approximated by inter-
connected 1-dimensional rods or strings. These include man-made as-
semblies such as bridges, oil rigs, antennae, and micromachines and
biodynamic structures such as arterial pathways, trees, cobwebs, and
macromolecules. In these, tube-like members may be directly connected
together at nodes in space or to the boundaries of fixed or movable rigid
bodies of arbitrary shape [3, 4, 6, 7, 8, 9, 10, 12, 13, 14, 18, 20, 21]. The
elastodynamics of slender structures is a mature branch of mathemati-
cal physics [2] and is being increasingly recognised as a useful tool in
Engineering and Biology. The simple Cosserat description of an isolated
slender member offers a particularly concise and self-contained elastic
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model that can accommodate bending, shear, flexure, and torsion dis-
placements of any size and can incorporate media of arbitrary constitu-
tive complexity [5, 17]. The equations of motion can be readily discre-
tised and in many cases, where explicit details of cross-sectional stresses
are not required, provide distinct computational advantages over more
complex finite element modelling techniques.

In this paper, we are concerned with a general description of inter-
connected simple 1-dimensional Cosserat structures of arbitrary elastic
type. These 1-dimensional Cosserat structures will be called Cosserat el-
ements. The interconnections or junctions studied herein are one of the
following types:

(i) the ends of two or more Cosserat elements are connected to each
other at a single point. At this point, each element maintains a
fixed angle relative to the others;

(ii) the ends of two or more Cosserat elements are connected to an
idealised material point, which may possess mass, rotary inertia,
or both. Again at this point, each element maintains a fixed angle
relative to the others;

(iii) the ends of two or more Cosserat elements are connected to a sin-
gle extended material rigid body. This means that the endpoint
of an element is not necessarily coincident either with the cen-
troid of the rigid body or any of the other elements connected to
it. The ends of the elements maintain a fixed angle relative to any
frame fixed within the rigid body.

It can be seen that the first case is a specialisation of the second which
in turn is a specialisation of the third. The first case accommodates ele-
ments with sharp bends and those with sudden changes in their physical
properties (density, stiffness, cross-section, etc.). In the same mathemat-
ical framework, we consider a single endpoint of a Cosserat element as
either free or connected to a point mass or an extended rigid body. Al-
though not considered in the paper, we can consider fixing this endpoint
at a particular point in space by letting the mass of the point mass at the
end of that Cosserat element tend to infinity. We can further fix the di-
rection of the element at that point by letting the diagonal components
of the moment of inertia tensor in the rigid body frame tend to infinity.
By letting one or two diagonal components tend to infinity but not the
others, we can constrain the endpoint of the element to rotate in certain
directions. There are other possible junction conditions, some of which
will be discussed in the conclusion.

The entire system of Cosserat elements, point masses, and extended
rigid bodies in space will be called a Cosserat net. The equations of mo-
tion for a Cosserat net are second-order partial differential equations in
two independent variables t and s. In the standard Cosserat theory for a
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FIGURE 1.1. A net for a simple model of a suspension bridge, with 6
nodes labelled v, ...,V and seven lines labelled A4, ..., A;.

single Cosserat element, the spatial variable s typically runs from 0 to L,
the stress-free length of the element. For Cosserat nets, the spatial vari-
able s labels points belonging to a topological space Y which we refer to
as a net. To construct Y, consider a set of compact intervals of the real
line. Identify certain endpoints to create a junction, repeating this pro-
cess to generate an arbitrary number of junctions. The net is connected if
the resulting topological space is connected. The junctions and remain-
ing endpoints are collectively called nodes and the intervals that connect
these nodes are then termed lines. For an example, see Figure 1.1. Such a
netis also called a 1-dimensional variety or a graph and here replaces the
smooth “body manifold” for smooth 3-dimensional elastic bodies. In a
more general setting, one could reformulate our definition of a net in the
language of a “varifold” [1]. In a net, the independent variable s labels
both an internal point of any line as well as any node.

As well as the topology of the net Y, the geometric data for the
Cosserat net also contains a set of matrices and column vectors. For each
node v and line A, which has an endpoint at v, there is a rotation matrix
X(v,1) € SO(3) and a column vector ¢ (v,1) € R3.

There are several dependent variables. These include the position in
space of a point s on an element at time ¢ given by r(t,s), the directors
d,(t,s), d,(t,s), and d,(t,s) describing the internal state of the element,
and a local angular velocity w(t,s). The directors form a frame field on
Y and are generally chosen to be orthonormal with respect to the Eu-
clidean metric on R3. In this paper, we do not assume that the tangent
7' to the instantaneous space-curve r(t,s) is always parallel to d,. Such
dependent variables are all continuous in s on each line but in general
are discontinuous at each node. All such variables are assumed to be
continuous and differentiable in t.

If v is a node in the net and \ is one of the lines connected to v, then
we use the symbol r, (¢,v) to be the position of the endpoint of the line A
at node v. If v includes a rigid body, the symbol r(t,v) (without the sub-
script) is the position of the centroid of the rigid body. (See Figure 1.2.)
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FIGURE 1.2. The map r(t,s) for an extended rigid junction. The node
v has three lines A, 1,, and A3 attached to it. The net on the left is
mapped into the Cosserat net on the right.

If v is a point junction, then r(t,v) = r,(t,v) for all lines A which con-
nect to v. If all the junctions are point junctions, then r(t,s) is a contin-
uous function of s. If v represents an extended junction, then there will
be a difference between r(t,v) and r(t,v) which is given by the vector
¢(t,v,1) such that

r () =rt,v)+4(tv, 1), (1.1)
where
3
S(tv, 1) = D et (v, 0)d,(t,v), (1.2)
i=1

so the components ¢4 (v, 1) are independent of ¢.

The directors are in general discontinuous at the nodes. (See Figure
1.3.) We write d ].| 1(t,v) as the value of the jth director at the endpoint of
line A at v (the vertical bar is used simply to distinguish subscripts). Fur-
thermore, d : (t,v) is the jth member of a rigid body frame at v. If there is
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FIGURE 1.3. The images [d,(t,s),d,(t,s),d;(t,s)] for an extended
rigid junction. The node v has three lines attached A, A, and A3 and
[d,(t,v), d,(t,v), d;(t,v)] is a frame for the rigid body attached at
its centroid. The director frame [d, |, (t,v),d, i, (t,v),d;|y, (t,v)] is the
limit at the contact point of the frame along the element labelled by
line A;. The vectors [e,,e,,e,] constitute a fixed global inertial refer-
ence frame in space.

no rigid body at v, it is still necessary to define the frame d, (t,v), d,(t,v),
and d,(t,v), which can be done by setting 4]. (t,v) = 4]. |, (t,v), where A has
an endpoint at v. The discontinuities in the frame are defined by

3
Zxkj(vl‘/\‘)dk(tlv) = éjh(trv)r (13)
k=1

where X(v,1) is the time independent rotation matrix introduced above.
This constraint comes from the statement that the Cosserat elements
maintain a fixed angle relative to the frame of the rigid body or point
mass. In Section 2.3, it is shown how this condition can be reformulated
in terms of an associated rotation matrix A(¢,s) that is continuous in both
sand fon RxY.

The position r and frame {d ].} associated with an interior point on
a line A within the net at time ¢ are given by the Cosserat equations of
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motion. In nondimensional form, these are given by

pi=n'+f,

: (1.4)
(I(w)) =m'+xr'xn+l,

where p and I are the rescaled mass and rotary inertia variables of A and
f, 1 denote the external force and torque, n and m denote the contact force
and torque which are given by material constitutive relations, and « is
a dimensionless rescaling parameter. The dot and prime denote differ-
entiation with respect to t and s, respectively. The equations describing
the position and orientation of an idealised massive point particle with
rotary inertia at node v and time t are given by

Mvi(trv) = E(t,V) - Z Q(V,J\)EA (tr V), (15)
A

(L,Q(trv))' ZL(t,V) —ZQ(V/)L)m)L(t/V)/ (1.6)
A

where the sum is over all lines A terminating at v.

Here, M,,, I, E(t,v), and L(t,v) are, respectively, the mass, moment
of inertia, external force, and torque applied to node v, and n,(t,v) and
m, (t,v) are the limit of the contact force and torque at node v along the
line A. The symbol Q(v, 1) = +1 depends on an arbitrarily specified orien-
tation assigned to line A. (With the convention (v, 1) = 0 if neither end
of line X is at node v, the sums above can be extended to all lines in the
net). If v is an extended rigid junction, then (1.6) is generalised to

(Lw(t,v)) =L(t,v) = > Q,A) (m,(t,v) +x&(t,v,\) xn, (t,)). (1.7)
A

In the case that the number of lines at the junction v is one so that v is
the endpoint of some line A, then the junction condition (1.1) and (1.3)
and the equations of motions of the junction (1.5) and (1.7) reduce to the
case of a single Cosserat element attached to a massive extended body.
Such structures were studied in some detail by Simo et al. [16].

In Section 2, we give the mathematical background for this paper. This
includes the divergence theorem and Euler-Lagrange equations for a net,
a discussion of reference configurations, and the introduction of the ma-
trix A mentioned above.

Variational derivations of the equations of motion for elastic struc-
tures and especially Cosserat elements are well established, see, for ex-
ample, [15] and references therein. Section 3 follows the Lagrangian ap-
proach to derive the equations of motion for a Cosserat net with point
junction conditions (1.5), (1.6) and hyperelastic elements. This serves
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largely to establish the variational notation and tools for the more in-
tricate derivation of the equations of motion for hyperelastic nets that in-
clude extended junctions carried out in Section 4. The variational
method relies on maintaining geometric constraints during the variation
and the extensive use of a global field of SO(3) matrices and their deriva-
tives on the net. The efficacy of using such group elements in variational
calculations has been stressed by a number of authors [15, 19]. We be-
lieve that their implementation in the context of Cosserat nets is new
for both the computation of variational derivatives and the linearisation
of the equations of motion about static stress-free configurations. After
expressing equations in nondimensional form in Section 5, this linearisa-
tion is carried out in Section 6 where the junction conditions are analysed
in order to reduce the system to an eigenproblem for normal modes.
Although our variational formulation is ideally suited to an analysis
of the nonlinear stability [19] of a Cosserat net, we do not pursue this
here since the choice of appropriate norms is beyond the scope of this
article. However, the linear stability analysis about stress-free configu-
rations offers valuable information that can be exploited in numerical
modelling schemes where discretisation of the partial differential equa-
tions of the net can be discretised in a basis of normal modes. Indeed,
practical applications of our linearised analysis has led to the develop-
ment of the Maple computer program LINCOSS [11] which can be used
to estimate the mode spectrum and associated eigenmodes of (in princi-
ple arbitrary) Cosserat nets containing rigid extended structures.
Finally, in Section 7, we show that by making the stiffness of any
Cosserat element in a net tend to infinity, one can generate a new net
where such an element is replaced by an extended rigid body node.

2. Mathematical background
2.1. The structure of nets

As mentioned in the introduction, the net Y consists of a set of nodes
which will be written as AV(Y) = {v1,vy,...,VN. .. }. These are connected
via a set of lines, written as £(Y) = {11, 1y,...,An;,.. }. To simplify nota-
tion, two types of net are not discussed: the first is a single loop with
no nodes on it and the second is any net containing a loop with a single
node on it.

The space Y is given an orientation. Thus for each line A € £(Y), one
associates a direction. This choice of direction is arbitrary. A coordinate
system on Y is a bijective map from each line onto a closed interval of
the real line such that the orientation arrow for each line indicates the
direction of an increasing coordinate. The symbol s, is used to represent
the coordinate on the line \.
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The boundary of Y is given by the set of ordered pairs
oY={(v,A) e N(Y)xL(Y) | node v is at one of the ends of line 1}. (2.1)
Thus the number of ordered pairs in the set 0Y is twice the number of

lines. For example, the boundary of the “bridge” given in Figure 1.1 con-
sists of the ordered pairs

oY = { (vl,)q), (Vz,/\l), (Vz,)tz), (VQ,)%), (Vg,)tz), (Vg,)tg,), <V3,J\5),

(2.2)
(V4,)L3), (V4,)t4), (V4,)L7), (VSIM), (V6,)LS), (Velle), (Véf)w) }
The boundary inherits an orientation from Y. This is the map
Q: MNMY)xL(Y)— {-1,0,+1};
+1 if (v,1) € 0Y and arrow on A points towards v,
Qw,A) =4 -1 if (v,1) €dY and arrow on A points away from v,
0 if (v,A) ¢ 0Y.
(2.3)

Given a function f : Y — R, we define a set of restricted functions

fi= flinea- (24)

If each f is continuous, then f is said to be line continuous. In this case,
the limit

fi) =lim f(s) (25)
exists. For f to be continuous, requires that f is line continuous and that

f) = f2v) (2.6)

is independent of A. If f is not continuous at v, it is useful in some cases
to define f(v) which, in general, will not satisfy (2.6).
We can differentiate f to give f’, where

Fliner = (f1). (2.7)

We note that, in general, if f is continuous, then f’ need only to be line
continuous. The one form df is given by df|iine1 = f ds.. This is only
defined in the interior of Y (i.e., excluding the nodes).



J. Gratus and R. W. Tucker 195

As mentioned in the introduction, there are two independent vari-
ables in the dynamics of Cosserat nets. As above, differentiation with re-
spect to s will be denoted with a prime, and differentiation with respect
to t by a dot. Thus 0r/0s =r', 0r /0t = i, and so forth.

In the Cosserat theory of nets, presented here, all the dependent vari-
ables r(t,s), A(t,s), w(t,s), n(t,s), and m(t,s), etc. are line continuous in
their spatial variable s, and continuous in the temporal variable t. Fur-
thermore, certain dependent variables A(t,s) and w(t,s) are continuous
inbothsandtonY.

The above formalism readily extends the divergence theorem on man-
ifolds to 1-dimensional varieties.

LEmMma 2.1. Let f : Y — R be line continuous. Then

[ar-] 8)
Y oY

where

Ldf: Z J‘nnexdfb fayf: Z H@IRL.A). 29)

AeL(Y) (v,\)eoY

Proof. If line A connects vy and v; with the arrow pointing from vy to v,
then

fhneldf*:fl Dtsr= i) - filn) = 3, QH0). @10

ine 1 451 VEA(Y)

Since Q(v,A) = -1, Q(v1,4) =1, and Q(w, L) = 0 otherwise. Summing
over all lines gives

dfi= Y 3 QA (2.11)

AEL(Y) f line A AEL(Y) veN(Y)

However, since Q(v, 1) = 0 if (v, 1) ¢ 0Y, then we can change the sum on
the left-hand side to complete the proof. O

Euler-Lagrange equations for varieties

In section 3, we derive the Cosserat net equations from a single action.
Although this is a standard application of the variational principle with
Lagrange multipliers to handle the constraints, the proof is quite long. In
order to show the origin of junction conditions from an action principle
on varieties, we execute the process here for a simpler Lagrangian.
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Consider the following action functional on a general 1-dimensional
variety Y:

S=3(x,x") =f L(s,x,x)ds+ > L%(v,x), (2.12)
Y ve N(Y)

where £:Y xR xR+ R is line continuous, £ : A(Y) xR+ R is con-
tinuous, and x : Y — R is continuous. The fact that .2 is not defined at v
is not important since it does not affect the integration.

Varying .S with respect to x and x’ gives

node
68 = f <a—'£6x + a—ﬁ,&c’)ds + > oL 6x. (2.13)
v \ 0x ox vy 0%
Integrating by parts and using (2.8) gives
node
65=[ (5o~ go5 )oxds+ [ Soexe ¥ 2 ox @
y\Ox dsox sy OX ) 0x

Letting 6x have support only on the interior of Y gives the standard
Euler-Lagrange equations. By writing the integral [;, using (2.9), the
natural junction conditions at v € A/(Y) follow as

aﬂnode oL
el >, <@>A(v)g(v,)t) =0. (2.15)

A

The sum }}, may be considered to be over all A or just those which have
an end at node v. These are equivalent since Q(v, ) = 0 otherwise. The
expression (0£/0x"))(v) means evaluate 0.£/0x’ as a function on Y and
then take its limit as s — v along line \.

2.2. Vectors, frames, and matrices

In this section, essential notational constructions are presented. One has
to be careful in distinguishing between the manifold = R, which is
the physical space in which the motion of Y takes place, and the space
C =3 of column-3 vectors with entries which represent the components
of the vectors with respect to the different orthonormal bases employed.
Throughout this paper, the following conventions are used:

(i) vectors (belonging to M or T_M) are written as unbold lowercase
letters with an underscore, for example, r and w. Since  is flat,
and T, M = M for any point x € /;
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(ii) (}) tensors on M are written as bold capital letters with an un-
derscore, for example, I and J;

(iii) column-3 vectors are written as bold lowercase letters, for exam-
ple, x and y;

(iv) 3 x 3 matrices are written as bold capital letters, for example, A
and D;

(v) matrices and column vectors with an e superscript, for example,
T¢ and x¢, are the components of the corresponding tensors and
vectors (T and x) in the fixed frame ¢,, e,, e,. See below;

(vi) matrices and column vectors with a d superscript, for example,
T% and x“, are the components of the corresponding tensors and
vectors (T¢ and x“) in the local director frame d,,d,, d,. See be-
low;

(vii) in Section 5, objects with inverted hats (*) on carry dimensions
based on mass, time, and length;

(viii) in Section 6, objects with hats (%) or tildes (*) are perturbations;

(ix) in Section 7, objects with tildes (*) will be explained there.

There are two preferred orthonormal frame fields on . The first is
a fixed (global Euclidean-parallel) basis {e,,e,,e,}. The other is called a
local director basis. Restricted to Y, it is written {d,,d,,d,}, depends on
both time t and s, and is identified with a Cosserat director frame for
elements in the net. At each point in space and at time ¢, these two bases
are related by a local rotation tensor D(t, s),

d;=D(e;), e;=D7'(d,). (2.16)

The components of a general vector x € M, with respect to the fixed
and director basis, are written as column vectors

x-e x-d;
X=[xe |=xee, x'=(xd,)=xde. (2.17)
x-e3 x-dy

The superscript e and d are used to distinguish between the two
frames. Here, {e;} is the natural basis of C = R? given by

1 0 0
e = <O> , e, = <1> , e3 = <0> . (2.18)
0 0 1
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Thus x¢ and x4 are related by the matrix D € SO(3) with entries D;; =
e -d.
=i _]’

x*=Dx%,  x?=DTx°. (2.19)
In _m, (%) tensors, in these bases, become 3 x 3 matrices with entries
d
Tfj =¢; 'I(Ej)/ T;; = 4 I(é;) (2.20)
Thus
T°=DT'D!, T¢=D'T°D. (2.21)

The Lie algebra so(3) of antisymmetric 3 x 3 matrices is isomorphic to
C =IR3 as a vector space and given by the map

X1 0 —X3 X2
A:C+—5s0(3) Al x )= s 0 -x ). (2.22)
X3 —X? X1 0

We list, without proof, the basic results

A(X)y=xxy, [A(X),A(y)] = A(xxy),

Tr (AX)A(y)) =-2x"y, AXA(Y) =yx" —x-y15, 023
(xxy)xz=(x-z)y-(y-z)x, A(Dx)=DA(X)D’, '
xy' —yx" = Ay xx),

where 13 is the unit 3 x 3 matrix. The last equation in (2.23) follows from
the identity Dx x Dy = D(x x y).

2.3. Directors and reference configurations

With respect to s, the matrix D(t, s) is line continuous and D, (¢, v) is the
limit of D at v along A. We set D(t,v) to be the matrix describing the
rigid body frame at v. As mentioned in the introduction, there is a set
of rotation matrices X(v, 1) € SO(3) for each line A such that (1.3) holds.
This is equivalent to

D, (t,v) =D(t,v)X(v,\). (2.24)

Differentiating the matrix D(t,s) with respect to t and s gives the an-
gular velocity w and angular strain u,, respectively. These are given in
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the fixed basis by
A(w®)=DD’,  A(u%)=D'D’, (2.25)

respectively. Note that (2.23) implies that the angular velocity and angu-
lar strain in the director basis are given by A(w?) =DTD and A(udD) =
DTD’ since

A(w?) =A(D"w*) =D"A(w*)D=D'DD'D =D'D. (2.26)

Given a Cosserat element in the net corresponding to a line A, the
Cosserat equations for most physical constitutive relations and no ex-
ternal forces and torques admit a stress-free static solution, given by
r\(t,8) =1,,(s) and Dy (t,s) = Do, (s) modulo Euclidean translations and
rotations. This is used to define u,, for the line A via

A(uf,) =D{,D),. (2.27)

Given u,, for all the lines A, we construct the line continuous vector u,,.
Clearly, uf = uf(s) is independent of time. The relative angular strain
usually appears in the constitutive relations, for example, as in the Kirch-
hoff constitutive relations given in Section 3.1. Note that in general there
does not exist a stress-free static solution for the entire Cosserat net due
to the existence of loops (see below). Also note that the constitutive re-
lations for a general Cosserat element may admit a continuum of stress-
free solutions, for example, the string, or, for nonlinear constitutive re-
lations, several discreet stress-free solutions. In such case, one simply
chooses a particular stress-free solution.
We define the relative angular strain to be

u =up—1u, (2.28)

Zstrain

so that if a solution given by D(t,s) = Dy(s) exists, then it is relative an-
gular strain free.

It is convenient to introduce a line continuous matrix called the reference
configuration,

C:Y—SO(@3), (2.29)
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and node matrices C(v) such that
Ci(v) =C(»)X(v, 1) (2.30)
at each node v and define a change of variables from D to A by
A(t,s) =D(t,s)C(s)". (2.31)

Itis easy to show that A is continuous on Y and A, (¢,v) = A(¢,v). By writ-
ing D as D(t,s) = A(t,v)C(s) with C independent of time, the dynamics
of the director fields is encoded into the matrix A which is continuous
on Y. It also proves to be a useful tool for analysing perturbations about
the static solution, as in Section 6.

In terms of C and A, one has

w=w,, Up=u,+uc:, (2.32)

where (2.25) and A(w4) = AAT, A(u%) = A'AT, and A(ug) = AC'CTAT.
The proof of (2.32) is trivial. Note that u?: given by A(u"cl) =CI'C is inde-
pendent of time. The relative angular strain may be written as

=Uy+ U Uy (2.33)

Estrain

Given X, there is an infinite number of choices for C. For example, one
choice, which is always available, is to use the initial director fieldsin Y,
setting C(s) = D(0,s) in which case A(0,s) = 13.

Another particular useful choice for C which, if it exists, has a physi-
cal interpretation, is given by u = u,. This is called the strain-free reference
configuration since it implies u, . =u ,. Clearly, this is given by the solu-
tions of the ODE C'(s) = C(s)A(ug(s)) subject to the junction conditions
(2.30). Such a solution, if it exists, is unique up to a fixed rotation.

It is not always possible to construct such a C. For example, consider
three straight elements each with uf = 0. Attach them at right angles to
each other in a bent triangle. This requires bending the elements. The
elements must bend since otherwise they will form a triangle with three
right angles. Hence, such a configuration cannot be stress-free.

Although the existence of a strain-free reference configuration is not
always guaranteed, we do have the following two observations.
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LEmMMA 2.2. If there exists a relative angular strain-free configuration (1
0), then there exists a strain-free reference configuration (u. = u).

strain

Proof. Simply, note that if Dy is a relative angular strain-free configura-
tion, then setting C = Dy gives

A(d)=CTC' =DID, = A(ud) = A(uf). (2'345)

We note that this is not true in the reverse; the existence of a strain-free
reference configuration does not imply a relative angular strain-free con-
figuration. For example, consider a single straight element forced into a
loop with the two ends joined at 180°. This is not strain free but has a
strain-free reference configuration given by C = 13.

LemMA 2.3. If the net is simply connected (no loops) and the endpoints are not
constrained, then there exists a strain-free reference configuration.

Proof. We can integrate the differential equation C' = CA(uf) along each
line and construct C globally using (2.30). O

If there exists a stress-free static solution of Cosserat equations with
the appropriate junction conditions given by r(t,s) = r,(s) and D(t,s) =
Dy (s), then by Lemma 2.2 there exists a strain-free reference configura-
tion C(s) = Dy(s). The class of stress-free solutions given by Euclidean
rotations and translations may be expressed by A(t,s) = Ag and r°(t,s) =
Aor{(s) +tk; + ko, where Ay is a constant matrix and ko and k; are con-
stant column vectors. This description will be used for the perturbations
in Section 6.

3. Cosserat equations for nets with point junctions

In this section, we consider nets containing only point junctions. The
configuration of such a net is described by the two maps

‘RxYr— M=R> A :RxY+—S0O(3),

I~

(3.1)

(I

1 (t,8) —r(t,s), A:(t,s)— A(t,s).

In the proceeding section, it is shown that A is continuous in s. This
implies that the local angular velocity vector w(t,s) is continuous on
Y. Since all junctions here are point junctions, then r is also continuous
in s. Since all maps are assumed differentiable in time, the dependent
variables 7, #, and w are all continuous.
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The nondimensional Cosserat equations for an interior point s on a
line A within the net at a time ¢ are

pi=n'+f, (32)

(I(w)) =m'+xr' xn+1, (3.3)

where y is mass-density parameter and I is given in the director basis as

Im I O
F=|Ih I, 0 (3.4)
0 0 Iz

with In3 = I + I11. In general, ¢ and the components of I are dependent
on s. The contact force and torque acting on elements of the net are de-
noted by n and m, respectively, and external forces and torques are f and

1, respectively. The junction conditions are given by

Mvi(trv) = E(t,V) - Z Q(V,J\)EA (tr V), (35)
A

(lvﬂ(tr V)) =L(tv)- Z Q(V/)L)m)t(t/ V). (3.6)
A

THEOREM 3.1. If the contact forces and torques are hyperelastic and the external
forces and torques are conservative, then (3.2), (3.3), (3.5), and (3.6) follow as
stationary points of the action functional

5= (1ut-t+11<-@-1@>—v<vd,u%>—<p<gA>)dtds
RxY 2 2

. (3.7)

11
p> IR<§M”1‘Z+§" ﬂ'lv(@—wv(z,A))dt
veA(Y)

under constrained variations which preserve (2.25) and v¥ = DTr*', where the
external forces and torques are derived from the potentials ¢ and ¢,

e _ a(p e _ -1 a()o T
f ——&, 1° =2kA <ﬁA >,

e _ a‘PV e _ -1 a(pv T
F ——are, L =2kA <ﬁA >,

(3.8)
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and the contact forces and torques are derived from the hyperelastic potential U

d av d = 716_0

=° , 3.9
] (3.9)

When differentiating a scalar by a column vector or matrix, we use
the notation

op _ Op op  0p
x a—xiez ’ 3A - Kiielej‘ (3.10)

Before proving this theorem, some preliminary variations with respect

to A are derived.

LemMA 3.2. If A is varied alone by the operator 6 such that 6C =0, 619 =0,
owe=0,6a=0,and 6p =0, then

6(a-A(AAT)) = (a-6a) - (@+ax AT (AAT)) - 6a, (3.11)
65(p-A'(D'D')) = (DB-6a) - (DB)’ - 6a, (3.12)
5(we-I°'w®) =T°w® x w* - 6a, (3.13)
5p(A) =2A7" <§—ZAT> -ba, (3.14)

where A(6a) = SAAT, D = AC, and I° = DIYD’.

Proof. Since SAAT + AGAT =0 and A’AT + AAT' =0,

5(a- AT (AAT))

=a A" (6AAT) +a- AT (AGAT)

=(a- A (6AAT)) —a - AV (6AAT) —a- AT (6AAT) +a- AT (ASAT)
=(a-6a) —a-6a-a-AN"'(A(6a)AAT) —a- A" (AATA(6a))

=(a-6a) —a-6a+a- A (A(Ga)A(A(AAT)) - A(AT(AAT))A(6a))

= (a-6a)'—éc-6a+a-6axA’1(AAT).
(3.15)
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Since 6D = 6AC, A(6a) = 6DDT. Furthermore, sDDT + D6D' =0 and
D'D” + DD =0, so
6(p-A"(D'D'))
=p-A(D"(6D)') +p-A(6D'D)
= (p-A"(D'6D))' - p - A" (D'6D)
-p-A"(D"'6D) +p- A (6D"D')
= (DB-A'(DD’6DD")) -Dp' - A" (DD"6DD’)
~-Dp-A"(DD”'6DDT) + DB- A (D6D'D'DT)
= (Dp-A"'A(6a)) -Dp - A'A(6a)
-DB-A(DD"'sDD") + DB- A1 (D6D"D'D") (3.16)
= (DB-6a)' -Dp'-6a+Dp- A" (D'D'6DD")
-Dp-A'(6DD'D'D')
= (DB-6a)' -Dp -6a+Dp- A (A(A(D'D"))A(6a)
- A(6a)A(ATY(D'D")))
= (DB-6a)' -Dp'-6a+Dp- A" (D'D’) x 6a
= (DB-6a)' - (DB + A (D'D") x DB) - 6a
= (DB-6a) - (DB +D'B) - a.

Hence (3.12) is obtained. For (3.13),

6(w - I°w®) = %(we -6DI'D"w* + w® - DI“6D" w*)

= %((we x 6a) - I°w® + wa-I°(w® x 6a)) (3.17)
=I°w® x w® - fa.
For (3.14), note first that A(x);;A(y);; = 2x-y. Thus
op oy
6(P(A) = aTijéAl] = aAij A(Sa)lkAk]
(3.18)

a((3)

and the result follows. O
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Proof of Theorem 3.1. To effect the required variations, we differentiate
with respect to the components of vectors and use the fixed frame for
r¢,1¢,1¢’, w® and the director frame for udD,vd. Using the Lagrange multi-
pliers &, B, 7, and alN for the constraints, the action functional to be var-
ied is given by

S=8(,i1,A, A A, W, uf v, a, By, aV)
=.[ <1W oW T (W) ~O(v ) g (,A)

RxY 2 2
+a- (W —=A(DD")) + B (uf - A (D'D'))
iy (V- DTre')>dtds (3.19)

+ Z lMi'e i€+ lelwe IS (W) — g, (1°,A)
R 2 2 v 2% ’
veN(Y)

ra . (W oA (DDT))>dt.

After applying the divergence theorem to the total variation, one has

op
68 = ((———'f"+(D )')-6r“’
RxY ore T
+ <2A1 (a—‘pAT) +x IPwWe x we
0A
+a+ax A (AAT) + (DP) - Dy x r‘”) -6a

+ (k'TPWE + ) - 6W° + <— :thji +ﬁ> -6uf)
D

+ <—%+r> -6v! +6a- (wf -~ AH(DD'))

+6p- (ud - A (D'D')) + 67 - (v -DTre')>dtds

+f <—Dy-6re—Dﬂ-6a>dt
RxdY

a(PV e e
UA(C ok
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0
+ <2A1 <£AT> + K IEWe x wh

+aN +alV xwe> ba+ (k'Ewe +al) - 6w?

v6aN - (we - A" (DDT))>dt.
(3.20)

As well as generating the constraints w® = A™(DDT), uf, = A™(D'D’),
and v¥ = DTr?/, the Lagrange multipliers evaluate to a = —x~'1°w®, a =
—x1IEw?, B =00/0ud =x'm?, and y=0U/0v? =n”. Substituting these
into the coefficient of 61° gives (3.2). Substituting these into the coeffi-
cient of 6a gives

0 . )
247! <%AT> k1 (I'w®) +x1(Dm?) -Dn x ¥ =0,  (3.21)
hence (3.3). The junction conditions (3.5) and (3.6) follow by decompos-
ing [,y as in Section 2.1. O

3.1. Kirchhoff constitutive relations

For a net composed of rods, wires, or slender beams undergoing small
displacements from a reference configuration, the Kirchhoff constitutive
relations provide an adequate description of elastic properties in terms
of a few elastic moduli. The contact forces and torques are then given as

n=K(v-d;), m=]J(up-u) (3.22)
withv =7/,
In Lo O x 00
J'=Rj(In Im 0 ), K'=Rg(s)(0 y 0}, (323
0 0 Iz 0 0 1
_ Epo _ EA(s) e
J= F’P’ Rk(s) = EoAp = E (3.24)

Here, E and G are the Young’s and shear moduli of elasticity, p is the
density, and A(s) is the cross sectional area of the slender elastic com-
ponents of the net. The quantities Ey, Ao, and py are rescaling constants,
defined in Section 5.
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These constitutive relations follow from the hyperelastic potential
1 1
v(v,uf) = 5 (vl —e3) K (vl -e3) + 5 (uf, —u?) 1% (ud —ud). (3.25)

4. Cosserat nets with extended junctions

In this section, the variational approach is generalised to Cosserat nets
containing extended junctions. As before the configuration of such a
Cosserat net is encoded into the maps

‘RxYr—R?, A:RxY+—SO(3),

(4.1)
1 (t,s)—r(t,s), A:(t,s)— A(t,s),

NI

with the map A is continuous, so that w(¢,s) is continuous. However,
as mentioned in the introduction, with extended junctions, the map r is
only line continuous with the discontinuities at the nodes given by (1.1)

Z)l(t/v) = I(t/ V) + é(t/ V,./\), (42)

where gd(v,)u) is independent of t. The dynamic equations for this
Cosserat net are (3.2) and (3.3) together with the junction conditions

M,#(t,v) = E(t,v) = >, Q(v,\)n, (t,v), (4.3)
A

Lw(t,v)) =L(t,v) = > Q1) (m,(t,v) +x&(t,v,\) x 1, (£,)).  (4.4)
A

Here, F(t,v) is the total external force on the rigid body at node v and
L(t,v) the total external torque on node v about the centre of mass r(t,v).
For example, if one is given the external forces and torques at the line
ends, say, F,(t,v) and L, (t,v), respectively, then

E(tlv) = Z E,\ (t,V),
A

(4.5)
L(t,V) = ZL}. (t,V) + Q(t/ v, )L) X E)L(t/ V).
A

Once the motion and rotation of the centroid r(¢,v), and A(t,v) are cal-
culated, one can use (4.2) to derive the motions of the endpoints r, (¢,v).
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THEOREM 4.1. If the constitutive relations are hyperelastic and the external
forces and torques are conservative, then (4.3) and (4.4) can be derived from the
variations of the action

5= (%g g w0 1) - O (v, uh) _<P<ZMA)>dtds
RxY

. (4.6)

+ > f <§Mviv'i,,+%K‘ly-lv@)—%(zv,ADdt,
veN(Y)7 R

that maintain the constraints (2.25), v =DTr*, and (4.2), where r,()=r(t,v).
The external forces and torques and contact forces and torques are given by (3.8)
and (3.9).

Proof. The proof of this theorem is an extension to the proof of Theorem
3.1. As well as the Lagrange multipliers «, §, y,aN , we introduce another
0, for the constraint (4.2) and write gf, V= ¢%(v,1). Thus the complete
action becomes

.5 = 5(1,6, ri/ ri’l rqe;/ rje)/ ri’/ A/A/ A,/weludD/Vd/alp’ r’ aN, ev,)t)
- f <lfi B + Ltwe. (W) =0 (v, up) - (15, A)
RxY 2 2
ta- (we _ A—l (DDT)) + ﬂ . (udD - A_l (DTD’))

+y-(vi- DTrE'))dtds
: : (4.7)
- e e —.—lo.e e e\ _ e

+ > IR<2Mr oKW I5(wf) -y (r°,A)

ve N(Y)
raN . (W oA (DDT))>dt

+ Z f 0, (1§ —15 - Agf/)l)dt.
(vL)eay’ R
Applying the divergence theorem to the total variation yields
0
63 = <<— LA (Dr)’) .61
RxY or i
Oy
-1 2 AT -lye,e e
+<2A <6AA >+1c IF'w® xw’ +a

+ax A (AAT) + (DB) - Dy r;'> .6a



J. Gratus and R. W. Tucker 209
+ (k7w + ) - 6w+ <— :Tz; +ﬁ> -5ut
D

4 d e _ A-1(DDOT
+(-—+7)-6v*+6a- (w'-A"'(DD"))

v
+6p- (uf, - A (D'D")) +6y- (v -D'r¢’ >dtds

+f (-Dy-6r{ -Dp-6a)dt
Rx0Y

a‘pV e e
o 5 (g m) o
veN(Y)

0Py
N <2A‘1 <£AT) W x we N a x we> 6a

+ (W + alY) - 6w+ 6N - (W - A (DDT))> dt

+ 0y f ) 50y, (15 —15— A0 ) +0,,, - (615 — 615 - 5ALY ) dt.

(v,1)edY
(4.8)
From the 61§ variation at node v, one obtains the multiplier
0,,=Q(v,A)Dy = Q(v,/\)an =Q(v,1)nf(v). (4.9)
The 61§ variation therefore gives
—MfE—%—Zekzo (4.10)
viy ar]e) J\ v, 7 M

hence (4.3) follows.
The 6a variation gives

o,
0= ;Q(V,A)(—Dﬁ) +2A"! <aiAAT> W x we - aN +a xowe

d
- Z (:v,,\ X 6v,)t
A

=L° - (I'w®) - ZQ(V,)L) (m° +K§§,)L xn°),
! (4.11)
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TABLE 5.1
Quantity Symbol Dimensions
Reference time To (time)
Reference length L (length)
Reference area Ay (length)?

Reference density Po (mass) (length)™
Reference torque Go (mass) (length)?(time) 2
TABLE 5.2

Quantity Symbol = Definition Dimensions
Reference Young’s modulus  Ej = LgTO’ 2po (mass) (length) ! (time)
Scaling factor xk=EyAoLo/Go 1

Scale free mass per length u(s) = pA(s)/poAo 1

Scaling factor Ry =Epo/Eop 1

Scaling factor Rx(s)=EA(s)/EyAy 1

where we have used
0, 6ALS | =0, - A(6a)ALS, =0, -6ax¢l, =24 x0,,-6a (4.12)

and hence (4.4). O

5. Nondimensionalisation

To recover the fully dimensioned form of the Cosserat net equations
with Kirchhoff constitutive relations, one needs to effect a number of
rescalings.

Reference scalars with dimensions are chosen as shown in Table 5.1.
These are used to define the quantities shown in Table 5.2.

The following variables are rescaled according to

F=tTo, v=0, K=KEA,,
§=sLy, w=w/T, M, = M, poAoLy,
F=rLy, Z: f EoAo/ Lo, I,=1,T;Go, 51)
i=nEAy,  I1=1Go/Ly, E=FEyA,, '
m=mGy, 1=1T2Go/Lo, L=LG,,
iy =up/ L, J=JGoLo, &=¢Lo.
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Thus for any line 1 labelling an element of the net with stress-free length
Lphys, the material coordinate s runs from sf\“i“ to 1" in the chosen orien-
tation where s'™ — sf‘m = Lphys/ Lo. Note that « is no more than a conve-
nient rescaling parameter and does not necessarily give any information
about the relative flexibility of any element. Such information is encoded
in the other parameters.

In terms of variables with physical dimensions, the general Cosserat

net equations become

v

PA(ai)zfzaéﬁJrf, Op(fw) = s+ v x i +1,
n=K(0 9 =Y(11— 1 VI y
E_K(g_é:‘,)r m_l(ﬂ_ﬂo)r Mvag__E_ZA:Q(v/)‘)ﬂ,\/ (52)
Op(Ly) = L= 3, Q(v, ) (s, (t,v) + &(t,v,4) x 1, (1,))
1
with
5 1?11 1:12 0
I=| I, I» 0 |,
0 0 I
5 51:11/P EI:lZ/P 0
12 EIlz/p Elzz/p 0 , (5.3)
0 0 Gl /p

GA 0 0
K=( 0 GA 0 ).
0 0 EA

6. Linearised Cosserat nets

In this section, equations for linearised perturbations of a Cosserat net
about a static strain-free solution are derived and the resulting system
is reduced to an algebraic eigenproblem for its normal modes. We as-
sume that the Cosserat net has Kirchhoff constitutive relations and a
static stress-free solution given by r(t,s) =r,(s) and D(t,s) = Dy(s). Let
C(s) = Dy(s) be the strain-free reference configuration. Let € be a small
perturbation parameter, and set

r(t,s) =ry(s)+ep(t,s),  A(ts)=Ts+eA(a(ts),  (6.1)
where & are the components of the vector 4 in the fixed basis. This vector

represents the direction of the rotation of the unperturbed frame to give
a perturbed frame.
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The components of # and & with respect to the e; and d, frames are
given, as usual by (2.17), so that

#=Ct"+0(e), 4a°=Ca%+0(e). (6.2)

Note that # represents the perturbed r in the d, frame, not the perturba-
tion of r# which is given by

11=CTr8+e(CT#° - CTa" x C'x). (6.3)
THEOREM 6.1. The equations for the above perturbation are given by
pr=up xK(P —axcy) + K" —up x#' =& x g+ (up, xa) xcy), (6.4)
1(@) = up xJ @) +) (8" ~up x 2) +xe; xK(P' ~axcy),  (65)
where c, =1, and rj = Ces.

Proof. Since n® = ACK4(CTAT (') —e3),

n’ =ng +ef®

(14 eA(3))CKH(CT (1 - eA () (i + ) —e5). 00

Since r,,(s) and Dy(s) = C(s) yield a static stress-free solution, then n§ = 0
and so 1§ = Ce; and

¢ = CKICT (#' - A(a°)r%) = CKICT (#' - a° x cf). (6.7)
Differentiating gives

= AU CKUCT (- ¢ x ) - CKICT A u.) (-4 x )
+CKICT (7" - 4% x ¢§ — 4% x A(ul)c)
=ul x CKYCT (' - a° x ¢f)

d~T ~el ~ell ~el e c Y4 e
+CK C' (—ug x 8+ -4 x ¢§ + (ul x &%) x cj),

(6.8)

where A(ug) = C'CT. Now, A =13+ O(e) hence CKCT = K¢ + O(e). One
also has

A(u$) =D'D" = A'AT + ACCTAT = A(ul) + O(e), (6.9)
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SO

A% = uf, x K°(#' - &° x c§) (6.10)
+KO(3" —uf, x 1" - 8% x ¢§ + (uf, x &%) x ¢f). )

Hence (6.4) follows. For (6.5), note that A(w®) = AAT = eA(4°) + O(?).
Hence we = €4° + O(e?). Also I¢ = CI“CT + O(e), hence (I¢)" =0 + O(e).
The left-hand side of (3.3) is given by (I°w¢) = el¢(a°). For the right-
hand side, we have

¥ xn’ = er§ x i° + O (%) = et x K¢ (¥ —a° x c§) + O(€?). (6.11)

Since we are perturbing about a static strain-free solution C(s) = Dy(s),
then A(u) =Dy’ Dy’ = CTC’ = A(u), so u. = u,. From (2.32), we have
up =u, +u,and from (3.22), m =J(up, - uy) = u,. Now, A(uf) = A'AT =
eA(a%)(1 - A(a%)) gives u = €a® + O(e?). Thus m® = J*(a%) + O(e?).
Differentiating yields

m® = eul. xJ¢(a%) —eJ° (u& x a%') + €] (a°") + O(€?) (6.12)
and putting this all together gives (6.5). O

For simplicity, assume that the unstrained state of each Cosserat ele-
ment is straight, so that C is constant along each Cosserat element, and
u-=0.Thus

pE=K("-a' xcy),

. (6.13)
L(a) =J(@") +xey x K(F —axcy).

To analyse these equations, suppose there exist mode functions 7(s) and
a(s) such that

7(t,s) = sin(wt)7(s), a(t,s) = sin(wt)a(s). (6.14)
Then

—wut =K(#"' - xc3),
(6.15)

~w?1(@) =J(@") + key x K(r' —axcy).
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To solve these equations, we express them in the director frame. Using

(6.2) gives

—wzyfd _ Kd(~dl/ ﬁ x e3)

-w*14(a) = ]d(ad”)+Ke3de(r -a%xe3),

(6.16)

since CTcg = e3 + O(e). With I4 diagonal, J¥ and K are also diagonal and

considerable simplification ensues

Zﬂf({l+1<1 (rdu ~d/

_ ., 2, =d ~dn . ~di
0=w’puis + Kpp (5" +a7"),

0= wzyi‘g + K33f§”,
21 zd =dn
0=w Inal +]11a1 —KKzz(I'Z +a1)

2 zd =dn =dr _ xd
0=w Izzaz +]22a2 +KK11 (I’l —a2),

0= w2133a3 +]33ad".
For w?I1; > kK and w?I, > kK71, these gives

= B{‘ cos (a1s) + Bé‘ sin (a15) + Bé‘ cos (azs) + Bi‘ sin (azs),
i = B} cos (a3s) + Bl sin (a3s) + By cos (ass) + By sin (ass),
= BS‘ cos (ass)) + B{‘O sin (ass)),

2 2
wp— Kpaj

af = Kootts (B2 sin (azs) - Bg‘ cos (a3s))
2., K 2

+ % (B;L sin (ass) — Bg‘ cos (as5)),
<d w’p— Kll“% Ao 1
a5 = ——— (B;sin(as) — By cos (15))

K1
wzﬂ_Kll‘)‘% Ao 1
+ “Kim (Bysin (ays) — By cos (azs)),

ﬁgl = B{‘l cos (cx6s)l) + B{‘z sin (%SA)r

(6.17)

(6.18)
(6.19)
(6.20)

(6.21)

(6.22)

(6.23)
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where
> 4 2 1/2
= (E) (T (B ) )
Gz, By (2o LYy 2B (e
M 2<]22 K 4 \J» Kn J2 (624)
G- () (L LYY
27 2 \Jn Kn 4 \J» Kn J2 ’
> 4 2 1/2
= o) (T (&) %)
2= (L B (e NPl I 6.26
3 2(11 K> 4 \Ju Kpn Jn (6:26)
> 4 2 1/2
= Gerke) (5 -&) )
2= (T By (O By 2 6.27
4 2<11 K> 4 \Ju Kxn Jn (627)
>
2 _WH
R 6.28
(X5 KBSI ( )
2
w2=2 L3 | (6.29)
J33

If however Inw? < kKj1, then replace (6.18), (6.22), and (6.25) by

Tf = Bf cos (a1s) + Bé‘ sin (a15) + Bé‘ cosh (azs) + Bi‘ sinh (azs),

2
~ wp—Kna

~§ = Ko (B{‘ sin (as) - Bﬁ' cos (a1s)) (6.30)
2y + Kqpa
M (Bé‘ sinh (zxzs) + Bi‘ cosh (lsz)),
Kyap
where

I w* /T 2 A
2 offin M > < < n M ) > ‘u>
=- =Z+——)+(—(=-=—) +w'— . 6.31
T2 =W <]22 Ky 4 \J» Kp I (6.31)
If Ipw? = kK71, then replace (6.18) and (6.22) by

i/ = B} cos (a;5) + B)sin (a;s) + B3,

y wp—Kupad ) \ Byw’u \ (6.32)
aj = “Kom (B;sin (a;5) — By cos (azs)) + e s+B;.

If I;;w? < kK5, then replace (6.19), (6.21), and (6.27) by

i) = B} cos (a3s) + B} sin (a3s) + By cosh (aus) + By sinh (aus),

a Wn-Kpay A
af = T Kom (B sin (a3s) — By cos (a3s)) (6.33)

2u+ K 2
% (B} sinh (ass) + By cosh (aus) ),
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where

I wt /1 2 xu\ V2
2 ofin M > < < n M ) ) ,u)
ar=—w | —+—)+(—(——-——— ) +tw— . 6.34
¢ <]11 Ky 4 \Jnu Kxn Iy (6:34)
If I1w?* = kK, then replace (6.19) and (6.21) by

fg = Bé‘ cos (azs) + Bé‘ sin (a3s) + B%,
ey (6.35)

2 2
4w p— Kypaz .
=—— s .
Ky 8

a; =

Kts (B3 sin (ass) - Bg‘ cos (a3s)) +

It follows that the solution on each line in the net is determined by
twelve coefficients {B{‘,...,B{‘z} giving a total of 12Njines coefficients to
be fixed for each mode. Let node v have N/ lines attached to it. The
continuity of 4 at v will give 3(Ny,_ . —1) linear equations. Equation (4.2)
becomes

#(v) = (v) +3°(v) x ¢ (v,1) (6.36)
and writing it in the form
B () - (v) =a°(v) x (¢ (v, 1) =& (v,42)) (6.37)

gives rise to a further 3(N}

tions (4.3) and (4.4) become

—1) linear equations. The dynamic equa-

WM, (¥ -2 x ¢ (v, 1)) + D QW VK (¥ -4 x ¢§;) =0
A

WL (8) + 3, Qv 1) (J§ (&) + w8 (v, 1) x K5 (8] - x ¢§3)) =0
A
(6.38)

and will give a further two vector equations. Thus each node will specify
Iines €quations. It is easy to show that >, N, fi’nes = 2Njjines, hence in total
there are 12Njines linear equations in 12Njines unknowns. These can be

written as the matrix equation
M(w)B =0, (6.39)

where M(w) is a 12Njines X 12Njines matrix and B is a 12Njjpes column
vector containing the unknown coefficients.
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Clearly, if M(w) is invertible, then B = 0. The (eigen) solutions follow
from solutions of det M (w) = 0 with corresponding eigenvectors giving
the associated mode shapes.

As stated in the introduction, these equations have been encoded into
a Maple computer program LINCOSS [11] which can be used to esti-
mate the mode spectrum and associated eigenmodes of (in principle ar-
bitrary) Cosserat nets containing rigid extended structures.

7. Rigid bodies as limits of Cosserat elements

In this section, we show that, by letting the Young and shear moduli
E,G — oo of a Kirchhoff-Cosserat element, element becomes a rigid body.
Then the element and the two nodes it connects can be replaced by a
single extended node, thereby generating a new contracted Cosserat net.

THEOREM 7.1. Let line A. connect the distinct nodes v, and vy, in the net Y.
Let the Cosserat element represented by the line A have Kirchhoff constitutive
relations, and let E,G — oo. If the total energy of any solution of the Cosserat
equations is to remain finite in this limit, then this Cosserat element becomes a
rigid body. A new contracted net Y exists, obtained by collapsing the nodes v,
and vy, and the line \. into a single node v, such that the junction conditions
(2.24), (4.2), (4.3), and (4.4) at v are satisfied.

Proof. Let s. be the coordinate running along the line A, which takes
values s% < s. < sP. Let the endpoints of line . be at v, and v, where the
orientation points form v, to vj.

Configuration space. We construct the new net Y as follows: the nodes
of Y consist of all the nodes of Y excluding {v,,v} and including v..
Thatis, A(Y") = {v.JUA(Y) = {va, v }. The lines of Y are all the lines in Y
excluding A, that is, Z(Y') = £(Y) — {\A.}. If v is a node in Y not equal to
v, and v}, then it has the same connections in Y. If  is connected to v,
or v, in Y, then A is connected to v, in Y. See Figure 7.1.

The configuration of the new Cosserat net is encoded into the maps

‘RxY+—R?, D:RxY+—SO(3),

. ~ (7.1)
1 (t,5)—r(t,s), D: (t,5)— D(t,5s).

I~ =

So we have not yet chosen a reference configuration. If s is on a line other
than A, or at a node other than v, or vy, then we define

F(t,s)=r(ts), D(t,s) =D(t,s). (7.2)
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g(tr Va, /\1) é(t, Va, )‘2)

R Line A,
/Z/DN
&(t,ve, M) / -
&t va, he) S e
R(t,va) | 4
R, (tv) ———\ | -

R(t,s.)

Line Aq

FIGURE 7.1. A Cosserat net with a rigid element at A3 = A.. Two al-
ternative nets are shown: Y (where the element is considered at the
image of the line A;) and the contacted net Y (where the element and
the rigid bodies at nodes v, and v, are replaced by a single rigid body
at v.). The dashed line represents the domain of an equivalent rigid
body at v..

For the new node v, € Y, then #(t,v.) will be the position of the centroid
of the rigid body combining v,, v, and the line .. We will be free to
choose D(t,v.).

Energy considerations. The energy of this Cosserat element is defined by

b

e[ (i g 1) (- dy) K - )

. (7.3)
i) (up — 1) 'I(ED - 1) +‘I’(L]~3)>dtd5c~

As E,G — oo, then the scaling parameters Rg, R; — oo. It is easy to see,
by looking at (3.23), that the diagonal components of K and the diago-
nalized J¢, all become infinite. This is true even if x — 0 since, for exam-
ple, K% = yRx = GA/EyAg — 0. By looking at the hyperelastic potential
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terms above, in order for & to remain bounded, it requires
up—u, =0, r'-d,=0 (7.4)

in the limit. The requirement v, # v, means that both ends of the Cosserat
element not to terminate on the rigid body so there are solutions in which
(7.4) hold.

Proof of discontinuity equation for D. Let C be a reference configuration
on Y which restricted to A. obeys C' = CA(ug), with Cy_(vs) = X(vg, Ae).
From (2.30), it follows that C(v;) = 13. From (7.4), we have u,(s;) =0
and hence A is constant along A.. Thus write A.(t) = A(t,s;). From the
continuity of A, A.(t) = A(t,vs) = A(t,v). Now, D(t,v,) = A (t)C(v,), so

D, (t,va) Dy, (t,v) = Ci,(va) Ci.(m) = Z, (7.5)

where we observe that the matrix Z depends only on the function uf (s.)
that is independent of the choice of C. Thus

Dy (t,m) = Dy (t,v2)X(va, 1) ZX (v, 1) " (7.6)
We choose D(t,v.) = D(t,v,) then if \ is a line connected to v,
X(A,va) if A is connected to v, in'Y,

X(Ac,va)ZX(AC,vb)TX()u,vb) if A is connected to v, in Y.
7.7)

X -{

Thus (2.24) follows for the contracted net Y.
Proof of discontinuity equation in 7. Let 7(t,v.) be the centroid of the line
Ac and the masses at the endpoints v, and v;,. This is given by

b

M, #(t,v¢) = My, r(t,v5) + My, r(t,v) +I u(se)r(t,sc)dse,  (7.8)

where

sb

MVC = MVu + va + f /’l(sc) dsc (79)

s

is the mass of the new node v..
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We can integrate r’ = d, to give

# () = Ac(h) f &5 (s1)ds, + 5 (1,5%), (7.10)
Stl
where c3(s.) = C(s.)es. Then

r°(t,va) = —AC(t)C(va)gd (Va,Ae) +1f (t,5%),

o (7.11)
c3(sp)ds. +1§ (t,57).

¥ () = ~Ac()C ()2 (v, 1) +f

s

Substituting these into (7.8) and dividing by M,,_ gives

f(t/vc) = Ac(t) ]\71L < - Mvac(va)gd (Va/)tc)

Ve

S

st
+ va < - édC(Vb) (vb, )LC> + J‘ C3 (Slc)dSIC>
st S¢
+ f u(se) J‘ s (s'c)ds’cdsc> +1{ (,8%).
s4 5%
(7.12)
Substituting into (7.10) gives
1] (tsc) = Ac(t)Rfc (sc) +E(t,ve), (7.13)

where

Ry (s0) = |

S

Sc
c3(s;)ds;
a

N A; <—MvaC(vu)gd(vu,)Lc)

’ o (7.14)
+M,, < - C(Vb)éd(vb,/\c) + f Cg,(s’c)ds’c)

s
st EA

e c3<sz>ds';ds;>.
54 s4

Since Ri (sc) is independent of ¢, it defines a point on a rigid body with
body frame {d : }. Writing Rf (s) = Rf (s.), we extend the definition of R?
to a function on the subnet of Y given by v,, v, and A., where s is the
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coordinate of the point s, so that Rfc (va) = Rfc (s?) and Ri (vp) = Rf‘ (sb).
Further, define

Ri (s) if 5 is an interior point in A,
R(s) = Ri (va) - C(va)gd(va,)uc) if s=v,,

Rfc (vp) — C(vb)gd (vo,Ae) if s=w,
(7.15)

so R%(v,) is the centroid of the rigid body at v, with respect to the cen-
troid of the combined body. As before, define the column vector and
vector

R(t,s) = Ac(OR%(s),  R(t,s) =R°(4,5) -eje;. (7.16)
Thus 7 obeys the discontinuity condition (4.2) at v, with

R¥(v,) + & (va,A) if X is connected to v, in Y,

) (7.17)
R (v) +¢%(wp,\) if A is connected to v, in Y.

& (ve,d) = {

Proof of ¥ equation. For the rest of this proof, we drop the explicit ¢ in all
arguments. Although the entries in K? and J¢ are infinite, the limits n? =
K?%(v? — e3) and m? = ]d(udD —u,) are well defined and not necessarily
zero. Differentiating (7.8) twice with respect to t gives

b

f prdsc = MVCE(VC) - Mvai(va) - Mw;i(vb)
b

= f:u (n' +£(t,sc))dsc

=n, (w)-m (va) +E, -EF, - F

—va =W’

(7.18)

where F MOE [f(t,sc)dsc+F v, T E,, is the total force along the element
and at its endpoints. The junction equations for # (4.3) may be written as

My, #(va) = E,, = 3, Q(va )y (t,va) + 1, (£ va),
AL

M, 7 () =E,, = >, Qv \)n, (Ev) =, ().
A#A,

(7.19)
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Adding these together gives

M, F(ve) =F, = > Qva, V)n (t,va) = >, Q(ve, M1, (£, ), (7.20)
A#A, £

the extended rigid node equation (4.3) for node v, in the configuration
space Y.

Proof of IVC (@)’ equation. Let LC be the total moment of inertia of the ele-
ment about its centroid, given in the director frame by

b

I = [ (s + (5 MR (52)) s,

+I¢ + %M, M(R?(v,)) + 1% +xM,, M(R%()),

(7.21)

where M(x) is the matrix M(x) = ||x||13 = xxT so that M(x)y = x x (y x X).
Similarly, define the (}) tensor M(x). In order to integrate (3.3), we need
the following;:

b b b

f r’Xﬂdsc=f B’Xﬂdsc=[an]ZZ—f Rxn'ds,

s s s

=R, (w)xn, (m)-R, (va) (7.22)

xn,y (Va) —LBX (ui = f) dsc.

b ~
In the last term, [, R x f ds. contributes to the overall torque L, . Whilst

sb
- | uR(s) <o ds

= —fs uR(sc) x R(s.) dsc - fs uR(sc) x #(vc) dsc (7.23)

b b

- [ woa(e )@y s ([ it as ) xioo)

S s
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since Rx R=(Rx R) = (Rx (@ x R))" = (M(R)@)" and
R(t,5) = A, ()R (s) = A(WE(t)) A (H)R(s) = Wo(t) x R°(t,s).  (7.24)

Now,
- < [ @(sc)dsc) <F ()
= (MVRB<vﬂ> + vaB(Vb)) X i(vc)
= My, R(va) x (va) = My, R(va) x B(Va)
+ My, R(wp) x (%) = My, R(wp) x R(v) (7.25)
= =M, (M(R(va))@) — My, (M(R(v)) @)’

+R(va) x E(va) =R(va) ;Q(vmi)m(tﬂ’a)

+R(wp) x E(vp)—R(p) x ;Q(Vb,l)ﬁ)t(t,Vb).

Hence,

Sb
r'xnds.
sﬂ

sb

=~ | HOUR)D) dsc= M, (M(R(0))E) - Mo (M(R()2)

b

o[ R s RO x EGo) + ROy x EG)

s

+R(v,) % % Q(va, M)n, (t,va) + R(vp) x )#ZA Q(wvp, M)n, (t, ).
E ‘ (7.26)

Integrating (3.3) along the element gives

b

st ' s
<I l(sc)y“dsc> =I (m' +xr' xn+1)ds,

st st

=m, () -m, (va) +KI r xﬂd5c+f lds..

’ (7.27)
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The two junction conditions (4.4) may be written as
(L, @) = L(va) = >, Qva, 1) (1, (va) +x¢(va, L) x 11, (va))
A#

+m, (va) +Kk¢(Va, Ae) x 1y (Va),

(L, @) =L(w) - % Q(vp, L) (1, (vp) + x5 (v, A) x 1) (V6))

(7.28)

—my (vp) =xG(vb,Ac) x 1, (Vo).

Adding all three equations together gives

b

(I, @) =L(va) +L(w) + f lds,

S

b

+KJ'S Rx f ds, + KR(va) x E(vs) + kR(v) x E()

3 Q) (v) + 3 Qe V), ()

A#Ac A£de

+% > Qva, )¢ (va, ) x 1, (va)
L
+xkR(va) x D Q(va, M1, (t,v4)
AFde (7.29)
+x > Q(vp, 1)¢ (v, L) x 1 (vp)

AEXe

+KR(v) x D Q(vp, \)m, (£,7)
A#A,

= ch + Z Q(va, A\)m, (va) + Z Q(vp, A)m, (vp)
MEN A#de

+% > Q(va, M) é(ve, L) x 11, (va)

AEXe

+x Z Q(vb,)u)g(vb,)t) x1, (vp),
i

where ch is the total torque about the centroid. Hence, (4.4) is satisfied

for v.in Y.
O
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8. Conclusion and discussion

In this paper we have formulated the dynamics of a collection of con-
nected simple 1-dimensional Cosserat structures and rigid bodies in
terms of sections of an SO(3) fibration over a 1-dimensional net. The
junction conditions considered have been restricted to maintain certain
rigidity constraints throughout the dynamic evolution of the Cosserat
net. The equations of motion and junction conditions have been derived
as extrema of a constrained variational principle on the net. The exis-
tence of such an action makes possible approximation schemes for the
determination of the dynamic history of the net given initial conditions,
constitutive data for the members of the net, and the applied external
forces and torques. For perturbations about a stress-free configuration of
a Kirchhoff-Cosserat net, we have outlined a normal mode analysis for
such a history. Limits have been discussed that effect transformations of
Cosserat elements to rigid bodies thereby contracting the Cosserat net.

Although the class of junction considered explicitly here is large, there
is a host of generalisations that can be accommodated within this frame-
work. One may relax certain of the rigidity conditions at various junc-
tions and consider frictional forces and torques where sliding is permit-
ted. Thus one might consider junctions with a universal joint with or
without friction or restoring torques. These could be analysed by allow-
ing A to be discontinuous at such nodes with restoring torques depen-
dent of Ay (t,v)A(t,v)T. (In this paper, this is the identity matrix at each
node corresponding to the prohibition of angular motion at the junc-
tion.) Alternatively, constrained rotary motion at a junction can be con-
sidered by restricting the angular freedom of the direction of contact,
that is, Ay (t,v)A(t,v)7 is restricted to some subset of SO(3).

Another generalisation would be to consider the dynamics of nets
with mobile nodes. Examples include the motion of a ring on a wire,
a wire sliding over a fixed or moving point in space, or two wires in
intermittent contact. These and other applications of the Cosserat net
description of connected slender structures will be discussed elsewhere.

References

[1] FE J. Almgren Jr., Plateau’s Problem: An Invitation to Varifold Geometry, W. A.
Benjamin, New York, 1966.

[2] S.S. Antman, Nonlinear Problems of Elasticity, Applied Mathematical Sciences,
vol. 107, Springer-Verlag, New York, 1995.

[3] R. Beccu, C. M. Wu, and B. Lundberg, Reflection and transmission of the energy
of transient elastic extensional waves in a bent bar, J. Sound Vibration 191
(1996), no. 2, 261-272.

[4] A.Bermudez and ]. M. Viafio, Une justification des équations de la thermoélastic-
ité des poutres a section variable par des méthodes asymptotiques [A justification



226

(6]

[7]

The dynamics of Cosserat nets

of thermoelastic equations for variable-section beams by asymptotic methods],
RAIRO Anal. Numér. 18 (1984), no. 4, 347-376 (French).

D. Q. Cao, R. W. Tucker, and C. H. T. Wang, Cosserat aeroelastic stability of
cable-stayed bridges, Proceedings of the 4th International Symposium on
Cable Dynamics, Montreal, Canada, 2001.

P. G. Ciarlet, H. Le Dret, and R. Nzengwa, Junctions between three-dimensional
and two-dimensional linearly elastic structures, J. Math. Pures Appl. (9) 68
(1989), no. 3, 261-295.

A. Cimetiére, G. Geymonat, H. Le Dret, A. Raoult, and Z. Tutek, Asymptotic
theory and analysis for displacements and stress distribution in nonlinear elastic
straight slender rods, J. Elasticity 19 (1988), no. 2, 111-161.

P. Desmond, Theoretical and experimental investigation of stress waves at a junc-
tion, J. Appl. Mech. 48 (1981), 148-154.

J. F. Doyle and S. Kamle, An experimental study of the reflection and transmission
of flexural at an arbitrary T-joint, J. Appl. Mech. 54 (1987), 136-140.

S. Gaudet, C. Gauthier, and V. G. LeBlanc, On the vibrations of an N-string, ].
Sound Vibration 238 (2000), no. 1, 147-169.

J. G. Gratus and R. W. Tucker, LINCOSS, a Maple program for the mode analysis
of Cosserat nets, Lancaster University, Lancaster, 2002.

H. Le Dret, Modeling of the junction between two rods, ]. Math. Pures Appl. (9)
68 (1989), no. 3, 365-397.

J. P. Lee and H. Kolsky, The generation of stress pulses at the junction of two
noncollinear rods, ]. Appl. Math. Mech. 39 (1972), 809-813.

E.J. P. G. Schmidt, On the modelling and exact controllability of networks of vi-
brating strings, SIAM ]. Control Optim. 30 (1992), no. 1, 229-245.

J. C.Simo, J. E. Marsden, and P. S. Krishnaprasad, The Hamiltonian structure of
nonlinear elasticity: the material and convective representations of solids, rods,
and plates, Arch. Rational Mech. Anal. 104 (1988), no. 2, 125-183.

J. C. Simo, T. A. Posbergh, and J. E. Marsden, Stability of coupled rigid body
and geometrically exact rods: block diagonalization and the energy-momentum
method, Phys. Rep. 193 (1990), no. 6, 279-360.

R. W. Tucker and C. H. T. Wang, An integrated model for drill-string dynamics,
J. Sound Vibration 224 (1999), no. 1, 123-165.

Z. Tutek and 1. Aganovié, A justification of the one-dimensional linear model of
elastic beam, Math. Methods Appl. Sci. 8 (1986), no. 4, 502-515.

P. C. Varadi, Conditions for stability of rotating elastic rods, R. Soc. Lond. Proc.
Ser. A Math. Phys. Eng. Sci. 457 (2001), no. 2011, 1701-1720.

C.M. Wu and B. Lundberg, Reflection and transmission of the energy of harmonic
elastic waves in a bent bar, J. Sound Vibration 190 (1996), no. 4, 645-659.

K. H. Yong and K. J. Atkins, Generation of elastic stress waves at a T-junction of
square rods, J. Sound Vibration 88 (1983), no. 4, 431-436.

J. Gratus and R. W. Tucker: Department of Physics, Lancaster University, Bail-
rigg, Lancaster, LA 4YB, UK



