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We obtain sufficient and necessary center conditions for the Poincaré system P(2,2n) (n < 5). The
necessity of the condition is derived from the first 2n focal values by symbolic computation with
Maple, and the sufficiency is proved by Volokitin’s method.

1. Introduction

Research on Hilbert’s sixteenth problem [1, 2] in general usually proceeds by the
investigation on specific classes of polynomial systems. Much effort has been devoted in
recent years to the investigation of various systems with cubic or quintic polynomials for
the center problem [3-9]. We are interested in a certain family of polynomial systems of the
form

% =-y+xR(x,y), y=x+yR(x,y), (1.1)

with x = dx/dt, y = dy/dt, and R(x,y) = > Ri(x,y), where R; is a homogeneous
polynomial of degree i. The centers of these systems are called uniformly isochronous centers
[10]. The case in which R(x, y) is of degree i has been investigated in [10, 11].

In the nonhomogeneous case [12], the pioneering studies mainly focus on the systems
with R(x,y) = Ry + Ry [13], R(x,y) = Ry + R3 [14], R(x,y) = R; + R, + R3(R} + R} + R; #0)
[15], R(x,y) = Ri + Ry + R3 + R4 (R4 #0 and only one R; not equal to zero, fori =1,2,3) [16].
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In this paper, we consider the system (1.1) with R(x, y) = Ry + R, (n > 1), where
Ry = apox* + a1 xy + agoy?, ZbZn iy (1.2)

and by, b11, bop,bon-ii (i =0,...,2n) are real constants. We call the systems above as P(2,2n).
In [17, 18], the authors prove that in the system P(2,2n) the uniformly isochronous centers
are time reversible, which was done by imposing the existence of a transversal commutator.
However, for any concrete n, it is difficult to obtain explicit form of the conditions for the
origin to be a center for the system P(2,2n) due to increasing expansion of computation
during the management of large expressions. Sufficient and necessary conditions for the
origin to be a center are obtained in Volokitin [19, 20] for n = 2 and 3 and in Xu and Lu
[21] for n = 4.

In this paper, we shall consider the system P(2,10) and obtain sufficient and necessary
conditions for the origin to be a center. In Section 2, the main result and the basic method
are stated, and the necessary and sufficient center conditions are proved in Sections 3 and
4, respectively. In Section 5, sufficient and necessary center conditions for systems P(2,2n)
(n =2,3 and 4) are given in tight form of polynomial systems.

2. Center Condition

In this section, the technique in [22] is adopted, and a recursive formula for focal values is
obtained.
For n =5, system P(2,2n) takes the form

x=-y+x(Ra(x,y) + Rio(x,y)), y=x+y(Ra(x,v) + Rio(x,y)). (2.1)
In polar coordinate system, system (2.1) can be written as
F=pri+grt!,  0=1, (2.2)

where 7 = dr/d6, p and q are the functions of 9:

10
p = az0c0s’(0) + a11 cos(0) sin(0) + agpsin®(B), g = D bioiicos' " (O)sin'(0).  (2.3)

i=0

Let 7(60, c) be the solution of (2.2) with (0, c) = c. For ¢ > 0 small enough, we write

r(6,c) = Zam(e)c (2.4)
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where a;(0) =1, a,,(0) =0 (m > 1). Substituting (2.4) into (2.2) and equating the coefficients
of ¢, we obtain

am=p Z apaja; +q Z g, s, -+ s,
h+j+l=m S1+8y+e+s11=m (2.5)
h,jl>1 51,82,-+,51121

For (2.5), we can easily obtain a; = 0, as =0 (k =1,2,...). Thus we can deduce

1, m=1,
0, = 0, m=2k (k=1,2,...), (2.6)
0
f ®,d0, m=2k+1(k=1,2,..),
0
where
D, =p Z apaja; +q Z s, As, "+ Ay, -
h+]'+l:m S1+S2+-+s11=m (27)
h,j,lZl S1,Sz,...,51.121
h,jlis odd $1,82,...,511 is odd

The value of ax1(27r) (k=1,2,...) is called the kth focal value. Let Ly = axq (k=1,2,...);
then the origin is a center for system (2.1) if and only if

Dy £ Liy(27) = aprs1(2r) =0, (k=1,2,...). (2.8)
In fact, we have
0
Ly = f Y.do (k=1,2,..)), (2.9)
0
where
Ye=p >, LiLiLi+q >,  LyLg---Ly,
h+j+l=k-1 s1+S2+...+511=k-5 (2-10)
h,j1>0 51,52,--,51120
and Ly = a; = 1.

The main result of the present paper is presented in the following theorem.

Theorem 2.1. The origin is a center for system (2.1) if and only if the following conditions are
satisfied:

0=azxo +aop,

0= 63b0,10 + 3b6,4 + 3b4/6 + 7b8,2 + 7b2/8 + 63b10/0,

0= 126(11,1 b0,10 + 21(12,01?3/7 + 15&2/0[75,5 + 63(12/0171/9 — 189b10/0111/1 + 7a1,1 bz/g

- 3a1/1b6,4 - 14&1,1 bg,z + 21&2/0b7,3 + 63(12,0179/1,
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2 2 2 2 2 2
0= —4a2,0bg,2 + ambz,g — 108&2,01910,0 — 4a2,0b2,8 + 27a1,1 bl0,0 + 27a1,1b0,10
2 1.2
+ay1bg, —108a,0bo 10 + 3a1,1a20b57 — 3a1,1a20b75 — 18az0a1,1bg 1
+18az0a1,1b19,
— 2 3 2 3 4 3 2 4
0= 72&2,()[11/11?10,0 + 2(11,1 a2,0b7,3 + 16[12,()[11,11?6,4 — 18(12,0[11,1 b3,7 + 3(11,1 a2,0b7,3
+8a5,b73 +96a;5 ,b1 o +9a bo1o — @ bs — 36a3 ,biog + 96a; ,b
2,097,3 2,091,9 1,1%0,10 1,182 1,1¥10,0 2,091
5 3 2 3 2 2 3
+ 86!2,01?3,7 — 156[12’()(11’1171,9 - 366!2,0[11,1179,1 - 228(12/0(11,1170/10
2 3 3 2 4 4
- 12’12,0‘11,1178,2 - 4(11’1 a2,0b6,4 + 9(12,011],1 b1,9 + 64a2,0a1,1b8,2
4 4 4
+ 768a210a1,1 b(),lo + 288(12,()&1,1 bl0,0 + 2701,1 azlobgll,
0 = ab, bgs +45a% by — 3a] a20by 3 — 3643 ;azobg 1 — 284a3 ,at b
= H11Y82 1,1¥10,0 1,1%2,0Y73 1,142,0Y9,1 2,041,1Y0,10
2 4 4 2 2 4 3 .3
+ 16a2,0a1,1b8,2 + 4(11’1 a2,0b6,4 - 148[12,0611,11710,0 + 4(12,0(11,1 b7,3
3 3 3 3 4 2 4 2
+ 76612,0511,1179,1 — 28(1210(11,1 bl,g + 240512’0&1,11710,0 + 240612’0511,1170,10
- 1643 ya11bo1 + 1643 a1 1b1 0 — 64aS by 10 — 64aS \b
2,041,1Y9,1 2,041,1Y1,9 2,0Y0,10 2,0910,0/
0 = -35b1g0a; | +35a20bo 14} | —30a] ;a3 \bs, +350a; a3 b
= 10,047 1 2,009,144 1 1,142,0Y8,2 1,1%2,0Y10,0
6 3 6 3 5 4 5 4
— 340(11,1 a2,0b9/1 + 20611,1 a2,0b7,3 + 280(11,1 a2,0b8,2 - 8(11,1 a2,0b6,4
5 4 4 5 4 5 3 6
— 600(11/1 a2,0b10,0 + 480(11’1 az,obgll - 1766!1,1 a2,0b7,3 + 64(11,1 a2,0b6,4
3 6 3 6 2 7 2 7
—288ay ;a5 ,bsp +800ay a; ,boo + 96a; 1a; b7 5 — 448a5 1a; 4bo 1

+ 128(11,1 ag/obglz - 640&1,1 ag,obm,g + 128(12’0179/1 + 128512/0171,9.

(2.11)

3. The Proof of the Necessity

By simple computation in terms of (2.10) with Maple, we obtain
¥, =pL3,
¥, = 3pLiLy,
Wy = p(3L3Ls +3LoL}),

= p(3L3Ls + 6LoL1Ly + 1),

W, =p(
Y5 p<3L§L4 +6LgL1Ls +3LoL3 + 3L§L2) +qLgt,
W, =p(

p(3L3Ls + 6LoL Ly + 6LoLyLs +3L3Ls + 3L1L§> +11gL{°Ly,
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¥, = p<3L§L4 +6L1LyLs +3LL2 + L3 + 3L2Lg + 6LoL1Ls + 6L0L2L4>
+q(11LYL, + 55L313),
Yy = p<3L§L3 +3L3Ls + 6L LyLs + 6LoL3Lys + 6LoL1Le + 6LoLoLs
431113 +3L3L7 ) + q(11LY°Ls + 110L3L1 L + 165L5L3),
Yy = p<6L0L2L(, +6LoL1Ly +3L3Lg + 6L1L3Ly + 6L Ly Ls + 3L3L4
+3LoL3 +3L7L¢ + 3LoL] + 6L0L3L5>
+q(110L) L1 Ly + 551312 + 495L3 3L, + 330LTLY + 11L{ Ly ),
¥ = p<L§L9 +L3Ls + 2L LoLg + L3L7 + 2LoLoLy + 4LoLsLg + 4Ly L3L4
+2L1 L3 + 4L, L3Ls + 2LgLq L + 4LoLsLs + Lg>
+ q(llOLngLg +110LJL1 Ly + 11L3°Ls + 495L8 L1 L5 + 4951813 L5
+1320L7L3L, + 462L5L),
Y= p<6L0L3L7 +6LoLyLg +3L3L10 +3LoL2 + 6LoLsLs + 3L3L4
+3LyL% + 6LyL3L5 + 3L3Le + 3L3Lg + 6L LyLs + 6L L, L7
+6L1LsLe + 6L0L1L9>
+ q(llL(l)OL6 +110L L1 Ls + 55L)L3 + 110LyLyLy + 495L5L7Ly + 990L§L1 Lo Ls
+165L5 L3 + 1320L) L3 L5 + 1980L7 L3L5 + 2310LSL L, + 462L3L§).
(3.1)

Substituting (3.1) into (2.9), after a simple calculation, we obtain

1 . 1 . 1 1 1 1
L= Eaz,o cos(0) sin(0) — ang cos(0) sin(0) + Eal’l + Eaz,of) - Eamcosz(f)) + §a0,26f
(3.2)

and the first focal value Dy = L1 (27r) = a0 + appor. From (2.8), we can see that
0= azo + ap2 (33)

must be satisfied if the origin is a center for system (2.1).
Following the discussion above, we can compute the first kth focal values recursively
by the following algorithm, which consists of three steps.
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Step 1 (Initialization). Let

Ly=1, k=1,

p(0) = az,ocosz(e) + a1 cos(0) sin(0) — a2,osin2(9), (3.4)
10

q(0) = wa,iliCOSlO_i (Q)Sini ).

i=0

Step 2 (Computation of kth focal value). Ly can be obtained in terms of (2.10) and (3.1) with
Maple. Then the kth focal value Dy can be obtained by simple calculation.

Step 3 (Let k = k + 1, and go to Step 2). Using computer algebra and writing a Maple code
applying the algorithm above, we obtain

D=0 (k=1,2,...,4),

1
‘71'(63170,1() + 3b6,4 + 63b10,0 + 3b4,6 + 7b8,2 + 7b2,8),

Ds = —
>~ 128

D¢ = 117871'(7511,1174,6 + 14a50b73 + 10a0bs 5 + 21b1gpars +21ai1bag
+7a1,1bgp +42a20bg 1 + 5a1,1b64 + 231a1,1bo10 + 14as0bs 7 + 42a50b19),
D; = 5%71‘ (132a2 100 + 583 1bes + 503 b + 20a3 gbos + 3303 1bos +36a% b2
+20a5 )by 6 + 132a1,1a2,0b1 9 + 94] by 6 + 36a20b91a11 + 20a0a1,1b7,3

+20a2,0a1,1b5,5 + 132[1%,0190,10 + 36(1%,0!)2,8 + 4291.1% 1b0,10 + 9(1% 1b10]0 + 36[11,1 a2,0b3,7>,

Ds = &Jr (792513,0199,1 +360a; ,b73 + 64354 1bo 10 + 28043 )b 5 + 4543 1 biog
+99a; by +35a; 1 bsy +429a; 1 byg + 36043 \bs 7 + 79243 )by 9
+540a1,1 a5 \bs > + 21042047 by 3 + 2704 | a2,0bo1 + 54045 a1,1b46
+ 514843 ya11,1bo10 + 257402043 (b1 9 + 42045 a1,1b6 4 + 11882 a5 bigpar s
+1188a2 a11bs5 + 270a5083 1 bs 5 + 594a3 @z 0bs 7 + 4503, b )

g = %x(nzoa;@amm +1120a3 ya1,1bs 5 + 1716043 yaj 1 bo10

+1760a; ya11bs7 + 1144aza by + 5720a20a; 1 byo + 176043 ya1,1bg 1
+440a50a; 1 bs 5 + 343245 yaj 1 by + 84043 gaj 1bs +280a; az,0bo,y
+880a; 0byg + 1434 1 by s + 228845 nbo10 + 228843 \b1oo + 354 1 bigp
+55a; 1 bea + 13203 | a3 \bioo + 45764113 yb1 9 + 132043 a3 b6
+280a3  ap0br3 + 1215547 1 bg 10 + 84043, a7 e + 56043 o4 + 3547 1bs

+560a} by c +880ad by + 715a1 b ),
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DlO = %Jf (7b2[8 + 63b0,10 + 63b10[0 + 3b6,4 + 7b8,2 + 3b4,6)
7 3 2 4 3 2 4

+ mn‘(SOSOam a2,0b10,0 + 34320&1,1 a2,0b0,10 + 17160b2/8a1,1 a2,0 + 11440611,1 aZ,ObZ,S
+ 252045 , a3 \bs 2 + 504047 , a; \by 3 + 243104}  azoby g + 6160a,1a3  bs >
+2016a3 \bs 5 + 246443 \bs 7 + 6160a; ya1,1bs 6 + 4290043 b3z
+6160a; a3 \bo1 +2431byga’ | + 616043 yaj bs5 + 11440a1,1a; obio
+ 143[1?/1 b6,4 + 429(1;1 b4,6 + 630[1%/1 le,ob9,1 + 770[1‘11,1 a2,0b7,3
+5040a11a3 \be 4 + 9724043 , a3 ybo10 + 46189a3 1 bo10 + 7743  bs >
+ 457643 \bo1 + 14304 | as0bs 5 + 246443 )by 3 + 1144043 ai b3z

+63a) b1 + 3432047 , a; \br g + 308047 a3 \bes

+5720a3 a3 b + 457643 b ),

D11 .7['2 (7b2,8 + 631910,0 + 3b6,4 + 7b8,2 + 63b(),10 + 3b4/6)

~ 1096
X (7(11,1 bglz + 10175/5(12,0 + 5a1,1b6,4 + 14b7,3a2,0 + 7a1,1 b4,6 + 42b9[1 azo

1
1966080
x (10752a2,0b7,3b3,7 +126a; 1b19obs 7 + 580671ay,1bg10be,1 + 11302241 1b73b0 10
+23667a1,1bo,1b10,0 — 612964, 0b10,0bs,6 + 663a1,1b1,9bs s + 2358720043 yai 1b1 0
+19656000a; ya; , bs 7 + 15872220043 yay 1 bo10 + 7046a5,0bs 5bs 7
+ 762048043 ya1,1b73 + 95256004, yaj 1 bs > — 143332a;,0ba,sb10, — 129948a5,0b4,6bo 10
+9100a11by8b7 3 + 9879ay 1bo 1b6 4 + 50388byg 10a1,1b3 7 — 268736a2,0ba sbo 10
+140ay,1bs 2b3 7 + 23441 1be abs 7 + 952560043 a7 1 be s + 5012280az0a3 b3
+437a1,1be 4bs 5 + 54145a1,1bs 5bo 10 + 1100736043 a1,1bs 7 + 10024560047 ; a5 obo 10
—129168a;,0be4bo 10 + 1375920043 , a7 by + 5733045  bg» + 1228504 1 b4
- 12318ayb3 , + 786240045  bo 10 + 4914az0b3 ; — 3198a,0b; , + 264537045 1 byg
—16354a;,0b3 s — 118564;,0bs,4bs » + 15555a1,1b9,1bs 6 + 7802a5,0b7,3bs 5
+ 343980043 a; 1 be4 + 2948400047 | aj \bag + 78636bj 1 a0 + 3969045 b
+ 254016045 \bs4 — 881790a;,0b 1y + 4176904 by s + 4199a1,1b1 9bs 5
+329bg 51,15 5 + 555527704 1 bo 10 — 12220a5,0bs 6bs 2 + 366912045 \bas
+63a1,1b1,9b10 + 635040043 o] 1 bo 1 +91ay 1bsobr g +476280az0a] by
—2946a;,b; 4 + 195bs,4a1,1b1,9 + 2506140043 a1 by s — 132672a50b10,0bs 2
+11367a1,1by,1bs » + 385a1,1b10,0bs 5 + 43050a,0by,1bs 7 + 14742005043 1bs 5
— 147680;,0bs,6bs 5 + 238140043 yaf 1 by + 21268b1 945 0bs 5 + 762048023 ya1,1bs 5
— 258076a5,0bg 10bs,2 + 30498b1 9@z obs 7 + 1290244, o1 obg 1 + 1302b73a11bs >
+687960a,0a; 1 by3 + 44766a5,b9, 1b7,3 + 309561 a5, 0bs 5 + 949a1,1b46bs 5
+3094a1,1b37b; s + 6683040043 ya; by o + 737100043 o a1 b6

+14b3/7[12/0 + 231[11/1170,10 + 21b2,8a1,1 + 21a1,1b10,0 + 42512,0171/9) +
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+3913a1,1bs 5ba g + 32214b1 9a20b73 — 2867242, 0bg 2ba 5 — 60516a2,0b10,0be 4
+5838a,,0b7 5 + 238140043 a; 1 bioo — 1290240a;,0bo,10b10,0 + 2004a1,1b7,3b10,0
+624a1,1b37bs 6 + 88179a1,1b1,0bo10 + 366912045 \bs > + 2538a1,1b7,3ba e

— 408450a,,0b3, , + 786240043 \bioo + 1375920043 yaj 1 bioo

+9172800a; ,a;  bs5 — 14404a; 0bs gbe 4 + 2560a2,0b3 5 + 50267b2,8b9,1a1,1>.

(3.5)

Usually Wu’'s method [23] is used to do the triangular sets reduction for the focal values, that
is, Ds, ..., D11. The method provides a standard algorithm [24] to handle the reduction of
polynomials; however, we here just take use the idea of Wu’s method and do the reduction
by substitution method due to the speciality of our case. Thus we can obtain the relations
(2.11). Therefore, the necessary part of Theorem 2.1 is proved.

4. The Proof of the Sufficiency

Case 1 (a1 =0). From (2.11), we have that either
(i) Ao = dzp = 0, 63170/10 + 3b6,4 + 3b4,6 + 7b8,2 + 7b2/8 + 631?10,0 = 0, or

(ii) app+az0 =0, boio+bioo =0, bio+bg1 =0, bog+bgr =0, b37+b73=0, byg+bgs =
0, bss =0.

For Case 1, system (2.1) takes the form
% =-y+xRio(x,y), ¥y =x+yRio(x,vy). (4.1)

The center condition of system (4.1) is fg” Ryo(sin(B), cos(0))dO = 0 (see ([10]). That is,

63b0/10 + 3b6,4 + 3b4/6 + 7b8,2 + 7b2,8 + 63b10[0 =0. (42)

For Case 2, system (2.1) takes the form
x=-y+xT, y=x+yT, (4.3)

where T = aga(y? — x2) + bo1o + (¥ = x19) + byo(xy® — X°y) + bys(x?y® — x¥y?) + by 7 (xPy” -
x7Y%) + byg(x*y® — x°y*)). For system (4.3), the following linear transformation:
1

(x,y) = (u,0) (4.4)

N N
NI = N =

leads to

it =—-v+u*v](u,v), 0 =u+uv’J(u,v), (4.5)
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where J(u,v) = Joo + Jsou® + Jooubv? + Joauto + Joeutv® + Jos08,

Joo = aop,
1
Js,0 = == (3bag + bag + 5bg 10 + 4b1g + 2b37),
256
1
Jo2 = === (24b19 — 4b3 7 + 60bg 10 + 4by g — 4bss),

256

; (4.6)
= ﬁ(—lﬁlbz/g + 126190,10 + 6b4/6),

1
256

Jaa

Jo6 = (4bz 7 — 24b19 + 60bg 10 — 4bs s + 4byg),

1
Jos = 256 (—4b19 + 3byg + by + 5by 19 — 2b3 7).

Obviously, in this case, system (4.5) satisfies the condition of symmetry principle [25, page
135]; thus the origin is a center for the system.

Case 2 (a11 #0, a0 = 0). From (2.11), we have
bioo = bs = bea = bag =brg =bp10 = 0. (4.7)
Thus system (2.1) takes the form
X=-y+ xzy(al,l +5), y=x+ xyZ(al,l +5), (4.8)

where S = by 1x% + by 3x°y? + bssx*y* + by 7x2y® + by 9y®. Obviously, system (4.8) satisfies the
condition of symmetry principle; thus the origin is a center for the system.

Case 3 (a0 #0, a11#0). In this case, (2.11) takes the form

app = —azo,

7 7
byg = —gbz,s —21bg;10 — bes — gbs,z —21byoy,
1
bs5 = _%(_14511,1178,2 +21ay by 3 + 63a20bg1 — 3aq,1bs4 — 189a1,1b10p
+21a2,0b3,7 + 126(11,1 bO,lO + 63612,0171/9 + 7611,1 bz/g),
1
2

2 2
— % (3[11,1 a2,0b3,7 - 186!1,1 [lz,obg,l + ”1,1b8,2 + 27(11,1 bl0,0
—4a;, +aj,

byg = -

2 2 2 2
- 4(12,0178,2 - 108&2,01’)10,0 - 3!11,1 a2,0b7,3 - 108a210b0,10 + 27(11/1 bo/w

+18a1,1 az,ob1,9> ,
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3 (_a.2 2
2a2,0< 4a;  + 9a1,1)

b3y =

4 5 4 5
X <3[11,1 a2,0b7,3 + 9a1/1b0,10 + 16[11/1 a2/0b6,4 — al/lb&z

5 4 2 3 3 2

+ 961.12,0171,9 + 768[11,1 a2,0b0,10 — 36(11,1 a2,0b9,1 - 228/11’1 az,ob(),lo

4 3 2 5 2 3

+ 288(11,1 a2,0b10,0 — 4a1,1 a2,0b6,4 + 8a2,0b7,3 - 156(11,1 a2,0b1,9
3 2 2 3 4 4

- 12[11’1 a2,0b8,2 + 2[11,1 a2,0b7,3 + 91.11,1 a2,0b1,9 + 27(11/1 a2,0b9,1

+72a3 a5 obiop + 64a1,1a5 o bsy + 9645 )bo1 — 3643 b
1,192,00100 T 062a1,14, (bs 2 +764; (b9 1 a; 19100 ),

1

2 4 2 2 4
4a2 (74}, - 60a? a3, + 16a3. )

bo10 =

4 2 3 3 6 4 2 3 3
X (—148511,1 azloblo,o + 76[11/1 a2,0b9,1 + ‘11,1178,2 + 4[11,1 a2/0b6,4 + 4[11’1 a2,0b7,3
28a% a3 b1 g + 16a;11a5 b1 o — 3a 1ar by 3 + 16a’, a? \bg» — 16a; 145 b
— 404y 10,0019 + 1064114, 019 — 54y 1A2007,3 + 164y 145 (b2 — 1641145 09,1

5 2 4 6 6
—36a1,1 ambg,l + 240&1,1 a2,0b10,0 + 45(11,11?10,0 — 64a2/0b10,0>,

5 4 6 3 4 5
b1,9 <—280a1,1 azrobglz - 20(11,1 a2/0b7,3 - 480(11/1 azlobgll

" 12843,
- 64(1‘;’/1 ag,ob(,/; - 80051%[1 ag/oblolo - 1286!1,1 ag,obg/z - 96(1%’1 aZ/Ong
+ 176[1‘11/1 ag/0b7l3 - 35(1?1 a2,0b9,1 + 3011;1 a%]ob&z + 8(1?,1 a§,0b6,4
—128a3 )by +448a7 a] \bo +288a; | a5 \bs s + 34045 | a3 gbo

8 5 4 9 7 2
+640a1,1 a2,0b10,0 + 600(11,1 a2,0b10,0 + 35a1,1 bl0,0 - 350(11’1 a2,0b10,0> .

(4.9)
Substituting (4.9) into (2.1), we get

X=-y+ x<a2,0x2 +axy — a2,0y2>H(x,y),
(4.10)

y=x+ y<a2,0x2 +a1xy — a2,0y2>H(x,y),
where

1
H(x,y) = T (12843, +128b1g0a8 x® + (~128b100a1,1a]  + 128bo1a5 )y

+ (12842 1brooal , — 128a1,1b9,1a3 + 128b1o0al, +128a8 b ) y*x°

+ (12843 bo,1a5 , +128bo1a5,) ~ 256b100a1,1% ) — 12841171000l
+128a8)by3 ~ 128a] ya11by )y

+ (~256a1,1bo17, — 128431 bo1 3, + 384a3,bioal , +128a8a? s,

+128a 1 biopas , + 12845 bs, + 12810045 + 12845 b4 — 128ag,0a1,1b7,3>y4x4
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+ <—880L1411,1 b9,1 aé/o - 512[1:1",1 blo,oago + 1281?9,1 ag/o - 256(1;0 ai bg/z
+880a; ,bioa; , +768a; ya) by + 384a; by 1al ) + 12845 by 3
—544[13/0 ail b7,3 - 384b10,0 a El;’o + 256(1;]0 an b6,4> y5 .X'3
+ (1924503 b4 ~ 8003, bo,1 a3, + 832a] by 1], + 688ad a1 by
— 384611,1 bg/l [1;/0 + 192[1;/0 ai b7,3 + 800(1?[1 bl0,0 a%/o — 464(1;,0 ail b7/3 + 128&3[01?8,2
+128b1,0a5 , — 10404 1 bio a3, + 768a; bioal ) — 512ag,0a%,1b8,2>y6x2
+ (~384a%  bo1a) — 160a3 at bz +240a:0°a bs s +96a5a2 by
+64a;3 1] b — 25643 ] b, — 480a; 1 biooa3 ) — 512b1g0a1,1a5
+ 12811;0 an bgrz + 280(1{1 bl0,0 azo + 400(1‘11,1 b9,1 a%lo
~280a,by1a3 + 640a] ,bioad, + 128bg,a5 ) )y x
+ (16&;0 ail b7,3 — 80(1?/1 bg/l [l;/o + 60(1&1-)11 b9,1 a;[o + 1206141{1 bl0,0 a%/o
— 20a;,0 ail b7,3 — 7061?/1 b10,0 a%/o + 30(1%/0 a?/l bg/z + 32&3/0 ail bg/z
- 16011%[1 bl0,0 ag_,o - 35[1{/1 b9,1 ao + 8[1;{0 a‘llll b6,4 + 128b10]0 llg,o
+64a1,1 b9,1 [1;/0 - 40[1%/0 llzllrl bg/z + 35[121;,1 b10,0> y8> .

(4.11)

For system (4.10), we consider the following linear transformation:

t -1
(xy) = (u,v)< >, (4.12)

1t

where the diagonal elements of the transformation matrix satisfy the equation arot? — ap t —
axo = 0. Applying the transformation (4.12) to (4.10), we obtain

i =-v+u?oM-1(u,v), o =u+uv’M-I(u,v), (4.13)
where M = (4(12,0t—[11,1 +ai tz) /128[13 o I(u, ’U) = 10,0+Ig,0u8+16,2u6’02+14,4u4v4+12,6uzv6+IO,808/
and Ioo, Iso, Is2, 144, Ir6, Lo g are given in the appendix.

Obviously, system (4.13) satisfies the conditions of symmetry principle, thus the origin
is a center for the system. Therefore, the sufficient part of Theorem 2.1 is proved.

5. Center Conditions of P(2,2n) for n =2,3 and 4

By similar steps discussed above, we can obtain the following theorem.

Theorem 5.1. The origin is a center for system P(2,8) if and only if the following conditions are
satisfied:

0=aso+aopp,

0= 5b6,2 + 35b0/8 + 5b2/6 + 3174/4 + 35bg/0,
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0=ai,1bos +3asobss + 14a11bog + 7a20b1,7 + 3ar0bs 5 — ai,1bs 2 + 7az by — 14ay,1bg),
0= 7(12/0171,7611,1 - 14&2/0(11/1 b7,1 - 3a2,0a1,1 b5,3 + ail b6,2 + 21b8,()ail

2 2 2 2 2
+ 7(11,1170,8 - 2(12,01?6,2 - 56[12/0170,8 - 2a2,0b2,6 - 56(12,01?8,0,
0=-3a%,ay0bs3 — 48a11a2 bso + 18a> .bso — 11a% ,arob71 + a° b,
= 1,142,0Y53 1,145 0Y8,0 1,1Y8,0 1,142,0Y7,1 1,176,2
— 64a2 a1 1byg — 4ay 102 beo + 10a> by g + 10a% , az oby 7 — 4a3 by 7 — 4as b
2,091,100,8 1,145 (V6,2 a; 1003 aj 1a2,091,7 a;ob17 as 07,1,
_ .3 .3 4 2 5 6 6
0= 8(12’0111,11?7,1 + 16a2,0a1,1 bg/o - 5a1,1 a2,0b7,1 + 5a1,1bg,0 — 16!12,0198,0

6 2 4 3 3 5 4 2 2 4
- 16a2,0b0,g + 4&2/0[11,1b6,2 - 2a2,0a1,1b5,3 - 86!2,0[11/11?7/1 - 4a2,0a1,1b6,2 - 10(12/0(11111?8/0.

(5.1)

The relations above give a complete set of relations in the sense given in [21], that is,
this set of relations cover all the cases of the conditions which are sufficient and necessary for
the system to be of center type.

Theorem 5.2. The origin is a center for system P(2,6) if and only if the following conditions are
satisfied:

0=axo+ap,

0= 5b0/6 + b2,4 + b4,2 + 5b6,0,

0 =3a0bs3 — a1,1bs + 5a1,1bos + 5az by 5 + 5a20bs1 — 10a1,1be,
2 2 2 2 (52)
0= aj 1bos + bepai, —4a;boe — 4a5,beo + az0a11b15 — azpa1,1bs1,

— 2 3 3 2 4 5
0= 18&2,0111,1196,0 - 16a2/0a1,1 b5,1 - 24612,0(11,11’)6,0 - 3a1,1b6,0

4 5 5 3 2 4
+ 3611,1 a2,0b5,1 + 8[12,01?1/5 + 8(12,0175/1 - 2a1,1 a2,0b4,2 + 8a1,1 a2,0b4,2.

The relations above is another form as the result of paper [20].

Theorem 5.3. The origin is a center for system P(2,4) if and only if the following conditions are
satisfied:

0=axo+ap,
0= 3190,4 + bz/z + 3b4,(),
(5.3)

0= ai1boa + arobi3 + arobs1 — ai1bsyo,

2 2 2
0= —2a2,0b0,4 —ai a2,0b3,1 + a1/1b4,0 - 2a2,0b4,0.

The relations above is another form of center condition for the system P(2,4), which
has been discussed by Volokitin in paper [19].
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Appendix

IO,OI 18,0/ I6,2/ 14,4/ 12,6/ 10,8

Ino = 128a; ,,
18,0 = 1281710/0113 Ots + <128a; Obmloalll - 128&3 0b9/1>i’7
+ (12845 ,a? bioo + 128b1goas , — 128a; 1by 1a? , + 12848 \bg» ) t°
2,041,1Y10,0 10,0%2 o 1,199,145 o 2,082
2564’ ,b —128a8 by + 12843 ja° . bioo — 12845 ,a? , b
+ a;0910,041,1 a; 09,1 + 1204, 1Ay 1010,0 a091,1991
—1284a8 b7 3 + 12847 (a1 1bg, )1
2,073 2,041,1U8,2
6 2 b b 8 _ b 7 4 4 b _ 7 b
+ 3841.12,0111,1 10,0+128 10[0(12,0 256(11,1 9,1a2,0+128a2,0a1,1 10,0 128112,0111,1 73
8 6 2 8 5 3 4
+128a3 )by > +128a5 a3 by + 12845 by — 12843 a3 o, )
+ (-2564a’ a1 1b s — 88043 \bigoas , — 128a8 by 3 + 51245 ya> b
2,041,1%6,4 1,110,020 2,073 2,041,1710,0
- 38445 ,a% bo1 — 76843 ,a> \bg> — 128a8 \bo 1 + 2564} a1 1b
2,041,199,1 041,982 a; 0091 + 2964, 11,1082
+384[1; 0b10,0 a+ 880[1;l 1b9,1 aé ot 54-4(12 Oa‘i' 1b7,3> t3
+ (800a2 a8 bro o +128a3 b > — 800a3 4] b1 — 51245 a? s,
+1924a% ya11b7 3 + 83243 ya> by 1 + 768aS ,a® b 128b1gpad , — 464a3 ,a° . b
a0a1,1073 + 0524, 54y 1091 + a; 01,0100 + 10,04 — 2024, (d; 1073
7 4 4 6 2 4 4 2
—384[11/1179,1 a2,0 + 688612,0611,1178/2 + 192“2/0‘11,1176,4 — 104Oa2/0a1,1b10,0>t
+ (-1284a% ya11bsy — 6445 ja \bes — 640a3 1a’ ,bigo — 2804’ b
2,041,108 a3,091 1064 a041,1910,0 a; 1910,042,0
—128a8 \bg1 + 5124} \biggar1 — 24043 ,a> by, + 16042 jat b
2,0%9,1 2,0Y10,041,1 2,0%1,1Y8.2 2,0411Y73
4 4 5 3 6 2
— 400(11,1179,1 a2,0 + 480611,11710,0612,0 - 96a210a1,1 b7,3
6 2 5 3 6 2
+384a8 ya3 b1 + 256433 by +280a by a )t
+ 30&%,0 a?/l bg/z - 20a§/0a‘;’,1 b7,3 + 1281710,0 ag/o
4 4 2 6 7 4 4
+ 81.12,0111,1 b6,4 - 70[12,0(11,1b10,0 — 35(11,1 bg,l azo — 40[1210(11,1 bg,z
3 5 5 3 4 4 5 3
+ 60a2,0a1,1 bg/l - 80&2,0611,1179,1 + 120&2,0(11’11710,0 + 16(12’0611,1177/3

7 6 2 8 6 2
+ 64(11,1 bg,l 112/0 - 160612,0&1,11710/0 + 35&1,1b10/0 + 3232,0‘11,1178,2/

(A1)

16,2 = <128ag/0ai1b10,0 + 1281?10,0!1;/0 - 128!11,11?9,1 a;O + 128&2,08b8,2>t8
+ <—384a§/0b7,3 + 384a§/0a‘;’,1b10,0 + 384&;001,1 bg/z - 128[1;]01710,()(11,1
~384a8,,a2 1 bo + 51245 ybo )7

6 2 4 4 5 3 8
+ (768a5 a3 bro +768ak gat buog — 768433 1 bo + 76845 ybe s
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+2816b10,0a5 ) + 76845 a] bs 2 — 76845 \bs 2 768a;,0a1,1b7,3>t6

+ (192048 a3 o, — 20484 by, +5440a5 a3 by 5
+640a} ya11bs — 880043 ,bioa; o +2688a] \biooai 1 — 768043 a3 b
+8800a;  by,1 a5 ) — 25604 o a1,1b6,4 + 64045 by 5 + 320043, ailblolo> £

+ (14528113106131 bo;y — 1200043 ya3 1 bo,y — 9728a$ a7  bs, — 204845  be 4
+12000a3 ya$ 1 bioo + 729645 gaj 1bioo +4928a] yay 173 + 1792b1p0a5
+10320a3 oy 1 bs > — 1764843 ay 1bioo — 3584a1,1bo1a] o + 179245 bs >
~6960a3 a3, by + 2880a5 a3 1 b )

+ <—1344ag,0ai1b6,4 +640a5 \b75 — 1984043 ya; 1 bio + 3840a] ya11be4
—21600a] by, a3, + 12544a5 (a7 1boy — 5248a} ya11bs
+3360a; 3 1b73 + 1689643 aj 1 bs — 204845 )b,y
—5880a 1 b100a2,0 — 1017645 a3 by 3 + 23280a; biooa;
+7552a] )bio o 1 +5880a  by,1a3, — 5040a3 4] 1 bs )

+ <—11560a§,0a?,1b10,0 +840a3 yaj 1 bs + 98043 1 bioo + 2816b10 a5,
—-560a; ,a; by +7808a5 a7 1 bs s + 16608aj ya 1 biog + 601643 yai by
+4864a11by 1 a) ) + 22443 ya} bes — 230445 (a7t b — 1299243 (a1 bo 1
+768a5,0%be,4 — 113924 a7 1 bio + 1128043 yaf by, — 937645 yaf  bs
~980a] b, az0 — 76845 ,bs2 - 3072a§/0a1,1b7,3>t2

+ <5440a‘f,1b9,1a§/0 +448a3 (a7 1 be s +1680a; ] b — 112043 yat by
+6016a; a1 bioo — 384045 yaj 1bo1 — 600043 biooa; , + 51245 by
— 38445 \b73 + 196047 | biopazg — 4096a; (a1 b — 196045 by 1a3
~768a} ya1,1bes — 2432a] \bioa1 1 + 230445 a3 by 3 + 166445 ya11 b8,2>t

+800a3 a1 bioo + 12845 bs» — 800a3 ya; 1 by1 — 51245 a7 1bs,

+192a] ya11b73 + 83243 yaj 1 by, + 76845 a7 1 biog + 128b1gas

— 46443 a3 |by3 — 384a1,1bo;a) , + 68845 ay 1bsy + 19245 yaj 1bes

- 104043 a3 1 bioo,

(A.2)

14,4 = (128b10,0ag’0 + 128a§,0b6,4 - 12861;0611,1177,3 + 128&%[01141111 bl0,0
+128a8 yaj 1 bs» + 38445 yaj 1 bioo — 256a1,1b91a ) + 12845 bs.»

~128a3 4] 1 bo1 ) *
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+ (64011;0111,1178,2 — 128045 yaj 1bo;1 — 384043 a; 1bs — 1280a] ya1,1be 4
— 44004 1 bio0a; o +1920a3 a3 1bioo + 640a] biooar 1 +4400a] by ay
+2720a5,a3 b7 )

+ (14528ag,0a1,13b9,1 —12000a; ya3 1bo; — 972845y a7 1 bs +12000a3 ,as 1 bio
— 204845 \be 4 + 729645 yaj 1 bioo + 492845 ya1,1b73 + 1032045 gt b
+1792by9 Oaz 0 17648(12 0a1, 1b10 o —3584a11bg 1a2 0= 6960(12 0a; 11773
+1792a5 by > + 2880 a3 b1 ) 1°

+ (9800a§ 1bo,1a5 ) — 98007  biopazg — 19680a3 yaj 1 bys +9600aj \boear
+21120a5 a7 1 bo;y +43200a; ,bioa; o — 33920a; yaj 1 bioo — 840043 ya; 1 b
+5600a3 a1 br3 — 8320a] ya11bs, — 404004} by 1 a5 o +32000a; y a3 , bs >
224003 )3 b4 + 7680a§/0u1,1b6,4> £

+ (—434884152'0 a3 1bo1 + 1968043 a3 by 3 + 460845 \be 4 + 2732845 (a7 1bs
+560a; ay 1bes — 140043 a; by 3 + 12288b1g a3, — 563245 s >
+ 245045, biog — 3690043 yal | bioo — 12288a] yai1,1by 3 + 15744a; 1bo 1),
—2450a] by, ar — 768045 yaj 1be s — 3321645 ya 1 bioo + 5460843 yay 1bio
+36200a3 a5 by, — 30320a3 4}, b + 2100a2 g by )

+ (19680ag,0ailb7,3 +2240a; , a3  be + 9800a; | biopar — 560043 yaf b7
—9600a] \bio a1 + 832043 ya1,1bs > — 98004 by aj , + 840043 ya; b
- 4:3200[11 1b10, 0a2 0 7680[12 0a1,1bea + 33920[12 0‘11 1b1oo + 4:04:00[11 1bo, 1[12 0
~21120a8 43 1 bo1 — 32000a3 4 a1,1bs )P

+ (14528ag/0a‘1’,1b9,1 - 1200043 a3 1bo,y — 972845 yaj 1 bs > + 1200043 yal  bioo
— 204845 \be4 + 729645 yaj 1 bioo + 492845 ya1,1b7 3 + 1032043 i b
+1792byoa3 , — 1764843 1 a1 1 bioo — 3584a1 1bo,1a}, — 6960a; ya; by 3
+1792a5 by » + 288045 % b )

+ (3840a§0a:’; 1bsp +1280a] ya11b4 + 128045y a7 by — 640a] ya11bs
+ 440047 ,bioay o — 640a]  biogar 1 — 272045 jaj 1by 3 — 4400a; by a5,
—1920a2,0a1/1b10,0>t +128b100a5 ) + 12845 1be 4 — 1284 ya1,1b73

+128a; ay 1 bioo + 12845 a7 bs» + 38445 a3 1bioo — 256a1,1b91a]

+128a5 \bs — 12843 a3 1 bo 1,

(A.3)
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Lo = (12845 ybs > +128bigal , +768a5a? broo +832a3 4] 1 boy
5 3 2 6 6 2 4 4
- 464a210a1,1b7,3 + 800112,0111,1 bl0,0 - 512a2/0a1/1b8,2 + 688a2,0a1,1b8,2
— 104043 ya; 1bioo — 800a; yaj 1boy + 19245 ya7 1 be s + 192a] a1 1b7

—384[11,1 b9,1 LZZ’()) t8

+ (384048 % by, - 6016a3 a3 bio — 51243 4bo,

+4096a; (aj |bso — 44843 1 a7 1 be s + 112043yt by 3 — 544047 1 by 15

+384a5 by 3 +2432a] \bropar1 — 166450 a11bs — 168043 yaj  bs >

— 230445y a3 1by 3 + 196045 by 1 a5, — 196047 | biopazg + 7685 ,a11be4

+6000a; ,brooal )’

+ (76845 ybo s — 768a3 ybs > +11280a3 4 bo,

— 1139245y a3 1 bioo — 980a7 by, az + 16608a3 yaj 1bioo — 30724 yai,1b73
— 230445y a7 1 be s + 4864a1,1bg 1 a) ) — 12992a2°a] by 1 — 56043 a3 by 3

+980a | bioo + 22445 ya} 1be s + 601643 a3 by 3 +2816b1g04a5 ),
+780843 yaj bs > + 840a3 yal | bs, — 1156043 ya$ ,bioo — 937643 yas b8,2>t6
+ (5248a;0a1,1b8,2 +21600a} by 1 a3, — 7552a] sbropar 1 + 134443 1) 1 bes
— 3840a 1 a1,1be 4 — 2328043 1 bioa; o — 640a5 by 3 + 1017645, a7 by
- 588048 by, a3, — 1254445 (a7 1 bo,y — 336043 yat b3 — 168%6a; yaj  bs
+5040a; a3  bs > + 1984043 ya3  bioo + 5880a] 1biooazo + 2048a§,0b9,1)t5
+ <—2048a§,0b6,4 - 6960a; ya; 1 by;3 —12000a; ya3  boy
+7296a5 y a7 1bioo — 972845 yaj 1bs + 179245 \bs > +12000a3 443  bioo
+14528a5 1 a3 1 bo; + 288045y a7 1 bes — 3584a1,1by 1 a) o+ 1792b1as
+10320a3 yaf  bs — 1764843 yaf 1 bioo + 4928ag,0a1,1b7,3>t4
- <—64Oa;0a1,1 bs > + 204845 \bo,y — 64045 \by3 — 544043 yaj by 3
- 320043 ya1,1°bio — 88004} by 13, + 7680a; yaj  bs» — 268843 1biooai 1
+1920a5 a3 b1 + 88003, bro0a, + 256047 a1 1bes )
+ (—768a5 a’ (b1 —768a5 \bs» + 768a$ ,a> b + 2816b1gas
2,071,175, 2,070, 2,071,1 G V2,0
47685 b1 + 768a5,a3 by — 768a% ,a11by + 768a3 ga 1 biog )
+ <384a§/0b7,3 - 3840;0 ai b&z - 38461;/0 ail bm/o
+384ag,0ai1b9,1 - 512[152;/0179,1 + 128(1;01’)10,0111,1>t
+ 128[13[011%,11910,0 + 1281?10,0112,0 - 1281.11,1179,1 aéo + 128[13,0198,2,

(A.4)
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5 3 7 4 4 8 4 4
Io/g = <16a2,0a1,1b7,3 - 35[11,1b9,1 ao + 120112,01.11,1 bl0,0 + 35[11/11710,0 - 40(12,0111,11?8,2
6 2 8 2 6 2 6 6 2
+ 32‘12,0[11,1178,2 + 128b10,0a2,0 - 70a2/0a1/1b10,0 + 30(12,0(11,1 bg,z - 1605[2,0[11,11710,0
5 3 3 5 3 5 7 4 4 8
—80(12,0111,1179,1 —20a 2,0a1/1b7,3 + 60(12,0[11’1179,1 + 64(11,1b9,1 112’0 + 8a2,0a1,1b6,4>t
3 5 7 5 3 5 3
+ (240a3 a3 b + 12847 a1 1bs > — 256a3 43, b + 640a3a] 1brog
8 4 4 5 3 6 2
+ 128[12/0199,1 - 160(12,0111,1 b7,3 - 480(11,11710,0112,0 + 96a2/0a1/1b7,3
+ 400[1411,1b9,1 a‘io — 5126!;01710,06!1,1 — 28061?[1 bg/l [1%/0 + 280&111710/0[12/0
5 3 6 2 7
+64a3a3 by — 38445 ya% by, )1
+ (12848 bs, + 128b1gpas , + 768a5 a2 ,biop + 83245 ,a3 b
2,082 10,0%2,0 2,0%1,1710,0 2,0%1,1791
5 3 2 6 6 2 4 4
- 464[1210111,1177,3 + 800[12’01.11’11710,0 - 512(12,0111,1 bg/z + 688(12,0111’11?8,2
3
— 104043 ya3 1bioo — 800az0 “aj | b1 +192a5 a7 b +192a] yar1b7 3
7 6
—384[11,1 b9,1 a, O)t
5 3 6 2 7
+ (—512a2,0a1,1 b10,0 + 384a2,0a1,1 bg,l - 256612’001/1178,2
+128a8 by 5 — 54445 ;a2 by 5 + 76845 ,a3 ,bs .y + 25645 ,a11be 4 + 128a5 b
2,0Y7,3 2,0411Y73 2,0%1,1Y82 2,0%1,1Y,4 2,0Y9,1
5 3 7 4 4 5
+880a1,1b10,0a2,0 - 384612101710,06!1,1 - 8806!1,1199/1 [12/0>t
128a$ ,a3 ,bs o + 128byg a5, — 256a1 1bg1aj o + 128a (b 4 + 12843 yai ;b
+ 001,082 + 100830 = 220a1,109,10; o + 1264, 406 4 + 1204, a1 10100
8 6 2 7 5 3 4
+128a2,0b8,2 + 384612,0611,11710/0 - 128a2,0a1,1b7,3 — 128&2,0(11,1 b9,1>t
5 3 7 6 2
+ <—128a2,0a1’1 bl0,0 - 256a2,0b10,0a1,1 + 128&2,0111,1 bg/l
+128a8 \bo 1 + 12845 by 3 — 12845 a1 1bsy )2
2,099,1 2,097,3 a;0a1,1082
12845 ,a* b 128bygpad , — 128ay,1bo1 a5, + 128a5 b )t
+ a; 04110100 + 10,0479 ai1,109,1a, 5 + a;ob82

+ <128[1§,0b9,1 - 128aZ’0b10,0a1,1>t + 1281710,0113,0.

(A.5)
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