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Abstract. This paper derives a functional limit theorem for general nonstationary
fractionally integrated processes having no influence from prehistory. Asymptotic distri-
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1. Introduction

In recent times, there has been increasing interest in discussing the general
fractional process {X;} defined by

(1—B)dXt:ut7 ut:Z’(/JjGt,j, t:172a"'7 (1)
j=0

where d > —1/2 and ¢ are i.i.d. random variables with zero mean and
finite variance. The u; are taken to be summable linear processes, i.e., we
assume 7 [);| < co. B is a backshift operator, and the fractional dif-
ference operator (1 — B)?7 is defined by its Maclaurin series (by its binomial
expansion, if v is an integer):

o0

I(—y+ :
ZF ”Jfl)Bf (2)
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where I'(z) = [ s* te™%ds, if z > 0; I'(2) = o0 if z = 0. If z < 0,

I'(z) is defined by the recursion formula 2I'(z) = I'(z +1). Thus X, can be
expressed as

= T(=d+37) :

;F(—d)F(]—}—l) t—3 Ut, )~y , 1 #07 )~y ) (3)
and

d ) d!

Z(_l)met—J =u, U= 1727"' ’ ifd= 071727”' ) (4)

s ! :

which depends on the “prehistoric influence”:

d

=) I(—d+j) ; dl |

In practice, if we ignore the value of X;, ¢t < 0, by assuming X; = 0,
the process X; defined by (1) is then a special case of the process Z; (see
Appendix 2) defined by

t—1 oo
d
Zy = E C;g ) Ut—k, Uy = E wjetfjﬁ t=1,2,---, (5)
k=0 j=0

where céo) =1, c,(co) =0,k>1; c,(ca) =T(k+a)/{T(a)l'(k+1)}, k> 0and
a#0,-1,---.

Asymptotics of the process Z; were first investigated in Aknom and
Gourieroux [1] with d > 1/2 and u; = €; under the condition E|eg|” <
00, where r > max{2,2/(2d — 1)}. The results of Aknom and Gourier-
oux [1] were extended to the multivariate case by Marinucci and Robin-
son [12] without any improvements in the moment conditions. Recently,
Tanaka [16] discussed weak convergence for more general processes Z; where
the vy, satisfy >~ kx| < co. However, the proof of Tanaka [16] depends
on the functional limit theorem for martingale differences. Unfortunately,
the process Z; itself (even with u; = €;) is not a martingale. Therefore, the
proof of Tanaka [16] is not applicable in this case. In this paper, we give
a different proof of the functional limit theorem for the process Z,,. This
proof shows that the main results given by Tanaka [16] still hold. Further-
more, we establish a similar result for a more general model under the weak
moment condition E|ey|™*{2:2/(2d-1D} < o6, Tt should be pointed out that
the limit process of Z,,/Var'/?(Z,) is different from those established for
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general fractional processes (cf. Wang, Lin and Gulati [17]) because of the
“prehistoric influence”.

There are four sections in this paper. The main results on functional limit
theorem are given in Section 2. The study of the asymptotics of sample
autocovariances and sample autocorrelations based on the process Z; is in
Section 3. These results do not appear in the literature. We conclude in
Section 4. Finally in the Appendices, we give the proof of Theorem 1, and
a complementary proposition which shows that the process X; defined by
(1) with X; =0,¢ <0, is a special case of the process Z; defined by (5).

Throughout this paper, we denote positive constants by C with or with-
out subscript, which might have different values in different places. A “type
IT” fractional Brownian motion By(t),d > 1/2, is defined as

B,4(0) =0, Bd(t):/ot(t—s)dldW(s), 0<t<l,

where W(t) is a standard Brownian motion. Comparison between “type I”
and “type II” fractional Brownian motions can be found in Marinucci and
Robinson [11].

2. Main Results

In this section, a functional limit theorem is presented. Its proof will be
given in Appendix 1. The most interesting part of this section is given in
two corollaries.

Theorem 1 Let Z; satisfy (5) with

Z|1/)j|<oo and bwzzwjyéo. (6)

j=0 j=0
Then, ford > 1,

12 Zipy) = k1(d) Ba(t), 0<t<1, (7)

where k3(d) = biaQ/FQ(d) and By(t) is a “type II” fractional Brownian
motion. If, in addition, Eleo|* 2=V < oo and 372 kx| < oo, then (7)
still holds for 1/2 < d < 1.

As a direct consequence of Theorem 1 and the continuous mapping theo-
rem, the following corollary gives the asymptotic distribution of the partial
sum process of the process Z;, which will be useful in discussing the asymp-
totics of sample autocovariances and sample autocorrelations based on the
process Z;.
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Corollary 1 Let Z; satisfy (5), where 1; satisfy (6). Then,

.

s 2.2 = mld+ DBan(t), ford>1/2,  (8)
j=1
1 [nt]
n2d ZZQ = ri(d /Bd Yds, ford>1, (9)
1 n
nd—1/2 > (Zik—Zj) = kri(d) Ba(l), ford>1, (10)
j=1

where 0 <t <1, k1(d) is defined as in Theorem 1 and k is a fized integer.
If, in addition, B|eo|?/ 41 < 0o and Y32, kx| < oo, then (9) and (10)
still hold for 1/2 < d < 1.

Proof: Recalling cg»a) =T+ a)/{T(@I'(G+1)} and T(1+ @) = al'(a),
we have that, for any integer m > 1 and o #0,—1,-2, - -,

an): 1 F(l+m+a)_F(1+a) _ (1+a)
aF(a) I'(1+m) () n
(see Sowell [15]). This equality implies that, for d > 1/2,
[nt] [nt] [nt]—1
ZZ —ZZC kuk—Zuk c[i:d Z C(1+) Umg k- (11)
j=1k=1

By using Theorem 1 with 1 + d, we obtain the desired (8).
To prove (9), we note that (ZW Z2)/n2d = fol(Z[m]/nd_l/Q)st (let
ZEZ] Z; =0 if s < 1/n) and then use the continuous mapping theorem.

Using Theorem 1, the continuous mapping theorem and Z?;lk (Zjyr —

Zi) = 3 k1% — ijl Zj, (10) follows easily. This completes the

proof of Corollary 1.

In the next corollary, we consider the asymptotics for general stationary
and general nonstationary fractionally integrated processes without prehis-
toric influence.

Corollary 2 Let a > —1/2. Consider X, satisfying that (1 — B)*X; =
wg, with ug = > oo Ur€—k fort = 1,2,---; X, = 0, for t < 0, where
Y peo k| < 00 and by, = >3-k # 0. Then, for a >0,

[nt]

1 t
o S X = kala) / (t—s)dW(s), 0<t<1,  (12)
n @ " 0
Jj=1
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where k3(a) = b3,0%/T*(1+ ). If, in addition, Eleo?/ 2+ < oo and
Yoo kltk| < oo, then (12) still holds for —1/2 < a < 0.

Proof: It can be shown (see Appendix 2) that the process X; defined
by Corollary 2 can be rewritten as X; = Zk 0 ck Uy, where c,(f) is
defined as in (5). If & = 0, then X; = u; and the result is obvious by using
Theorem 1 with d = 1. If & # 0 and « > —1/2, similar to (11), we obtain
that 320 X; = S0 el wppg k. Since 1+ > 1/2 when a > —1/2,
the results follow from Theorem 1 with d = 1+ «. This completes the proof
of Corollary 2.

3. Sample Autocovariances and Sample Autocorrelations

Let Zy,---,Z, be a sample drawn from a stationary process {Z;} with
mean u, and define the lag-k autocovariance and autocorrelation by r; =
E(Zy—pu)(Z14k—p) and pp = ri/var(Zy). Usually, r, and py are estimated
through 7, = {Z;:lk(Zt — 2)(Zyyr — 7)}/71 and py, = 7 /70, where Z =
(1/n) >°1, Z; is the sample mean.

In order to gain insight into the dependence of the process {Z;}, the be-
haviours of the sample autocorrelations py have been extensively studied
in the literature under different sets of assumptions, for instance, inference
for pr when the Z; is a linear process with i.i.d. innovations. Particu-
larly, if Z; = Z?io Yie—;, t = 1,2,---, where Z;‘;Ojlﬂq/)? < o0, then
the distributions of the first k£ sample autocorrelations are asymptotically
normal with mean (p1, pa,- - , p) and covariance matrix n =W, where the
(ivj)th element of W' is given by Wi,5 = Ziozl{pﬂri + Pr—i — 2prpi}{pr+j +
pr—j — 2pyp;} (for details, see Hannan and Heyde, [4]). With increasing
generality, for further results on the asymptotics of 7, and p, when the
process Z; is a stationary or a nonstationary fractional process, we refer to
Hasza [7], Newbold and Agiakloglou [13], Hosking [8], Bierens [2] as well
as Hassler [5], [6].

In this section, we investigate the asymptotics of 7y and pp when the
process is Z; defined by (5).



260 Q. WANG, Y-X LIN AND C. GULATI

Theorem 2 Let Z, satisfy (5), where d > 1 and the ¢; satisfy (6). Then,

n'=2 7 = k3(d) Ba(1); (13)
n,_ 1 (BI,(1) 1 2\ .
o = _2792(1){ o (Ba) = B () Lz,
]_ 2
= —m{Bﬁﬂ(l) + (Bd(l) - Bd+1(1)>
1 o2y
WE(Z%) },zfd:l, (14)

for any fized integer number k, where k1(d) is defined as in Theorem 1 and
. 1 2 2 2
Ba(1) = fo B (t)dt — Bd+1(1)/d :

Theorem 3 Let Z; satisfy (5). Assume that E|eo|?/ 241 < 0o, 372 k[
< oo and by = Y i ok # 0. Then, for any fized integer number k and
1/2 <d <1, (13) still holds and

Iy,

n71+2d(ﬁk - 1) = -,
253(d) Ba(1)

(15)

where k1(d), By(1) are defined as in Theorem 2, cl(d) isasin (5) (let c§.d) =0
if j < 0) and I = B(X2 (¢4 — D) S8 wy )2

By noting that Z?:_lk(Zt — Z)(Zy41, — Z) can be expressed as

n—k n—k n—k
Y 2 Zek = 2) = Z Y (Zesk = Z) + Y _(Zi = D),
t=1 t=1 t=1

the proofs of Theorems 2- 3 follow easily from Corollary 1, the continuous
mapping theorem and the following proposition. We omit details.

Proposition 1 Let Z, satisfy (5), where ¢; satisfy (6). Then,

1 n—k
o2 Gk — Z) =Ty = op(1), for1/2<d<1; (16)
j=1
1 n—k k 2
- (Zj"rk - Zj)2 —a.s. E ZU/]‘ s fO?” d= 17
n = =
1 n—k
2
——ivea 2 Ziwe =25 = op(l), ford>1.
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for any fixed integer number k, where Iy, is defined as in Theorem 3.

Proof: Z,.i — Z; can be rewritten as

jt+k

k k
Z Cj+k lul—&—z ]Jrk . cj l)u —I( )—I—IQ(J), say. (17)
l=5+1

It is readily seen that Il(?) =2 i S ey This, together with
Holder’s inequality, implies that, for d > 1/2,

2
E( ff>) < Z\wzl Z|%|E<ch el )
1=0
2 k-1 )
< <Z|¢z|> (cl(d)) Eeg < Clmax{2d-1,0} (18)
1=0 1=0

Similarly, we have that, for d > 1/2,

0o 2
(1)) < (ZIM—I) S (A ) B < om0 )
=0

=0

where the last inequality follows from that, for any fixed k,
D, — Y < Cck i 1=1,2,--- . (20)
It follows from (17)-(19) that, for d > 1/2,

n—k

ST E(Zpn -2, <2 Z {& (1 ) + B (14} >) } < 0 pmet2i-2),

Jj=1

This implies (16) by Markov’s inequality and noting 2d — 1 > 1 for d > 1.
Ifd=1,then Z;; 1, —Z; = Zf’zl Ui+j,J > 1, is a stationary linear process.
(16) follows easily from the stationary ergodic theorem.
The proof of (16) is more laborious. Write ¢ = cl(d) cl(d)pl > 0 for
convenience. By noting 1/2 < d < 1 and ¢ = 1, |¢f| < CI972,1 > 1 from
(20), we have that, for every t > 1,

Zm Blusi| < (1+ € 3°172) S [ Elea] < oo,

=1 k=0
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and hence Zl ~o ¢ ui—; is well defined. Therefore, letting c =0if 5 <0,
simple algebra gives that Z; 1 — Z; is equal to

k oo k 0
* * k
DN Guiria =Y > ui = 19(, )+LE ), sy, (21)
i=1 1=0 i=1 I=j+i
By Holder’s inequality, as in (18), it can be shown that

ZE<I£§)>2 ? Z Z |Cl+]| Z |Clﬂ\ Eu? “
=1 j=1 1=0 1=0

C i (i 14— 2) = 0 (n2-1), (22)

IN

IN

where we have used the bound: Eu? = Y ;7 ¢?Eel < oo. Similarly, we
get that

zn:E(Ig?))z < kQZn:(i|c2‘|>2Eu3:O(n). (23)
j=1 1 1=0

In terms of (22), (23) and (Zj1r, — Z;)° — (I1Y)* = 1} (21§§> + Li?), it

follows easily that
2

k
ZE’ J+k — ) - (I?()j))
1/2 1/2
n 2 n 2
< (Y E (Ii?) SE (2135;?) + Iif)) = 0(n?) (24)
j=1 j=1

Recalling 1/2 < d < 1, (24) implies that (1/n) Z;,:lk[(zﬂk —Z,)? -
(Iig?))ﬂ = op(1). Now (16) follows if

n

_ IS 2
L) e (S 5 ) o) &

i=1 1=0

Recalling that w;,t = 0,%1,---, is a stationary ergodic linear process,
I:g?), j > 1, still has the same properties as those of the process u;. There-
fore, (25) follows from the stationary ergodic theorem. This completes the
proof of Proposition 1.



NONSTATIONARY FRACTIONALLY INTEGRATED PROCESSES 263

4. Conclusion

This paper derives a functional limit theorem for general nonstationary
fractionally integrated processes having no influence from prehistory. The
results extend those given in Aknom and Gourieroux [1], Marinucci and
Robinson [11] as well as Tanaka [16] to a more general model under weak
conditions. By using established results, asymptotic distributions of sample
autocovariances and sample autocorrelations based on these processes are
also investigated. We mention that proofs of the main results in this paper
are totally different from those in the literature, and the problem arises
naturally in discussing fractionally integrated processes when the processes
start at a given initial date.
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Appendix 1: Proof of Theorem 1.

(d)

For convenience, we always assume c;
recall that ng) =T +d)/{T(dT( + 1)}, for j > 0, and ¢; are iid.
random variables with Eeg = 0 and 0? = Fe3 < oo. The following facts
(a) and (b) are well-known. The fact (c) can be found in Akonom and
Gourieroux [1].

(a) If Eleg|* < oo, where a > 2, then max_,<j<n ;| = op(n!/®).

(b) If d > 1/2, then, c;d) - {F(d)}_ljd_l} < Cj%2% for j > 1 and

Z 0 |C(d) (dJI‘ < Onmax{dfl,o}’ for n > 1.
(7 ) Assume that n; are independent N (0, 1) random variables. Then, for
d>1/2,

= 0, if 7 < 0. Furthermore, we

[nt]

p 1
i 1/2 Zc% S = = Ba(t), 0<t<1. (26)

Using these facts, it can be shown that if F|eg|™{22/(2d=D} < o0 then,
[nt]

dD LBt 0<t<1, ford>1/2. (27
nd— 1/2 Cnt)—j I'(d) a(t), <t<1, for /2. (27)

Indeed, by applying Komlés, Major and Tusnddy [9], [10], on a rich enough
probability space, there exists a sequence of random variables n;,j > 1,
which are iid N(0,1) such that, for d > 1/2,

R - min{(2d—1)/2,1/2}
 nax Zej o an op (n ) . (28)
j=

It follows from (c) that, for d > 1/2, n'/2~ dzgml [m] _m = AT(d)} " Ba(t),

0 <t < 1. On the other hand, supy<;<; ’Z["t] (Zz] € Z[nt (2] i
is bounded by 77~ |c(d) -_1\ maxi<m<n | Y peq (€x — ong)|, which is

op (n4=1/2) by using the fact (b) and (28). Therefore, (27) follows from a
classical result (cf. Theorem 4.2 of Billingsley [3]).
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After these prelimilaries, we now give the proof of Theorem 1.
First it is shown that (7) holds for d > 1. Let C(B,l) = ZL:O Y B*

and C*(B,l) = Y\20 (ZZ:Z-H ¢k> B', where B is a backshift operator.
From Lemma 2.1 in Phillips and Solo ( [14]), we have that C(B,l) =
C(1,1) — C*(B,1)(1 — B). This implies that, for all m > 1 and [ > 1,

l m

icggljzwkej_k = chg)ﬂ» C(B,l)e
j=1 k=0 j=1

C(1,1) ZM — C*(B,1) Zc<dlj(€j —€_1). (29)

Therefore, we can write that, for all m > 1,

m m ! -
chlijchn j (Z%/Jkej kTt Z Prej— k>+011 ZC( =i
k=0

Jj=1 Jj=1 k=1+1 j=1
BT ) SN IRIRIS S S P
j=1 k=141  j=1
Z L€+ Ri(m, 1) + Ra(m, 1),  say. (30)

Since C(1,1) — by, as | — oo, by using (27) and Theorem 4.2 of Billings-
ley [3], it suffices to show, for d > 1,

lim lim P( sup |R;([nt],1)| > nd_1/2> =0, j=12. (31)
l—oon—00 0<t<1

It can be shown that, for all m > 1, Ry(m,1) = Z (Zk i1 d)k) s
where Yy, ; = c( ) _i—c(d) e_i—f—Z;":_ll (c(d) _ D )€j—i. Noting that

m—1 m—j m—j—1
maxi<m<n |Ym,i| < (2 + 27:_11 |c§-d) — cg-djl\) maxi<;<n |€j—q|, it follows
from the facts (b) and (a) with a = 2 that, as n — oo,

sup |Ri([nt],1)] < Cn%' max e Z Z l| = op(nd1/2). (32)

_i<j<n
Ost<l i=0 k=i+1
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This proves (31) for j = 1. To prove (31) for j = 2, note that, for all k > 1,

m m
d d
FE max E cgn)_,ej_k = F max E cfn)_lej
1<m<n |4 J 1<m<n |4 J

Jj=1 Jj=1

n J
d d _
< g c(})fc(»_)l FE max E 6l < Cn? 1/2,

; J J 1<j<n |4
j=1 =1

where the last inequality follows from the fact (b) and the well-known

< Cn'/2. Hence, Markov’s inequality implies

result: F maxi<j<p ‘Zzzl €
that

P ( sup |Ra((ntl, )] > n/)
0<t<1

1 (o] m d [e.¢]
< —mim O Il B omax (37D e <C Y7kl (33)
j=1

1<m<n
k=l+1 k=Il+1

Let n — oo and then | — oo, we get (31) for j = 2. The proof of (7), for
d > 1, is now complete.

Next, the proof of (7), for 1/2 < d < 1, is given. We still use (30), but here
we choose | = n. Recalling 1/2 < d < 1 and E|eg|*/ 4= < oo, it follows
from the facts (b) and (a) with a = 2/(2d —1) that >°7_, |c§-d) - c§‘i)l| <C,
and max_, <<y |e;| = op(n?=1/2)
(32), we have that

. By noting Y, _, k|¢x| < oo, similar to

n—1 n
sup |Ry([nt],n)| < C max e[ Y > [ =op (nd71/2).

—n<j<n
ost<l =I= i=0 k=it1

On the other hand, similar to (33), we get that

P( sup [Ry(fnt],n)] = n?12) < Cnl ot S Ju
ost=1 k=n+1
< C Y Kl =o(1). (34)
k=n+1

These facts, together with (27) and Theorem 4.2 of Billingsley [3], imply
(7) for 1/2 < d < 1. This also completes the proof of Theorem 1.
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Appendix 2: A complementary proposition

This proposition is used to show that the process X; defined by (1) with
X: =0,t <0, is a special case of the process Z; defined by (5).

Proposition 2 Letd > —1/2,
(1_B)dZt:Ut7t:172a"';Zt:Oat§07 (35)
where v, t > 1 is an arbitrary well-defined process, B is a Backshift op-

erator and the fractional difference operator (1 — B)" is defined as in (2).
Then, we have that Z; =0, t <0, and

ch Vg,  t=1,2,---, (36)

where céo) = 1,0,20) =0,k>1, and c,(ca) =T(k+a)/{T(a)T(k+1)},k >0,
fora #0,-1,

Proof: At first, we assume that d > —1/2 and d # 0, 1,2, ---. Under this
assumption, we first show that

Zcid)k o —4) t=1,2,---. (37)

Recalling F(z—|—1) = zI'(z) (for all z # 0, —1, - - -, by definition), it is obvious
that
@ _ Il +d) (-a) _ (1 —d)

e e A LA G
° TTare v " T IdrE)
Hence, (37) holds for ¢ = 1. We next assume that (37) holds for t = n, i.e.,

= —d.

Zcid)k c,;d , t=1,2,---,n. (38)

By induction, it suﬂ"lces to show that

d - d d
n+1 chw)a k 02 ZC( ) f’L-‘rl)—k' (39)

To prove (39), by summing each term of (38), we obtain that

D S Y R L)
t=1 t=1 k=1

n n—k n—1

k
S Z cé_d) ng) = — Z cgl_jg Z cgd). (40)

k=1 t=0 k=0 t=0
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By using (10) and the definition of c,(f), it can be easily shown that, for all
k>land a#0,-1,-2,---,

a k+1 e

S =t = A (41)

=0
In terms of (40) (d) =1 and (41) with @ = d, it follows that, for d > —1/2

and d # 0,1

n+1 (4 1n—1 d 1 d d
L o LSl LSt
k=0 k=1

On the other hand, (38) also implies that (recalling c(() ) = c( D = =1)

t
Z ng)k Ckid = Z Cl(cd) CE:Z)’ t=1,2,---,n. (43)
k=1

By summing each term of (43), it follows that

n n n—~k
—ch_d) = Z c}cd) ch_d). (44)
t=1 k=1 t=0

In terms of (44), ¢ ( 9 =1 and (41) with @ = —d, we obtain that, for
d>—-1/2 andd#0,1,2,---,

n+1 (_q 1 < d d
p $L+1)+1—* (k—n—1 )Cl(c) §z+1)k (45)

k=1

U

Now (39) follows immediately from summing the two sides of (42) and (45).
This gives (37) by induction.

Because of (37), we can give the proof of Proposition 2 for d > —1/2
and d # 0,1,2,---. Clearly, we only need to consider the case of t > 1.
Recalling the definition of the fractional difference operator (1 — B)7 (see
(3)) and Z; = 0,¢ < 0, we rewrite (35) as

S Zi =, =12, (46)
j=0

It follows from (46) that, if ¢ = 1, then Z; = vy, i.e., (36) holds for ¢ = 1.
Next we assume that (36) holds for t =2,--- | n, ie.,

ch viik,  j=1,2,---,n. (47)
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By induction, it suffices to show that (47) also holds for j = n+ 1. To
do this, we use (46) with ¢ = n + 1. In this case, recalling (47), (37) and

c(()_d) =1, we have that

n—j
} : (=d) 2 : } : (d)
Zn+1 = Un+1 — C; n+1 —j = Un41 — C; Cr "Un41—j—k

n k=0
}:(d)E: E: E:(d)
= Un41 — c Ck ]Un+1 k= Un+1 — Un+1—k Cp. j j
n k— =1
—vn+1 E ck Y ops1n = E ck Vg1 k- (48)

k=1

This implies that (47) holds for j = n+1 and hence the proof of Proposition
2 is complete for d > —1/2 and d # 0,1,2,---.

Next we show that Proposition 2 holds for d = 0,1,2,--- . Recalling
definition of C(O) k > 0, Proposition 2 is obvious for d = 0. In the following,
we assume that Proposition 2 holds for d = m. We will prove that (35) for
d=m+1, ie.,

A1-B)"™""Z =v, t=1,2,---; Z; =0, t<0. (49)

It implies that Z; 35, c;m+ Jvi_g, t = 1,2,---, and then Proposition 2
follows by induction. To do this, let Y; = 0, ¢t < 0, and ¥; = (1 — B)Z,
t =1,2,---. It can be easily checked that Z; = 25:1 Y; and, by using
(49), (1 — B)™Y; = (1 - B)™"'Z, = v, t = 1,2,---. This implies that Y,
satisfies (35) for d = m. By using the assumption that Proposition 2 holds

for d = m, we obtain Y; = k 0 cl(C )vt,;€7 t=1,2,---, and therefore,

t t J
2D DT D)WL 3) g

t k
Z (m) (m) _ Z (m+1)
= Vg Cj—k = Vi—k Cj Vt—kCy, y
k=1 j=k k=0 Jj=0

~+
I
[y

-+, where we have used the well-known equality: for all m > 1,
) = c,(cmH), k=0,1,2,--- . The proof of Proposition 2, for d =
2,---, is now complete.



