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1. Introduction

Let {X,i>1} be a sequence of nonstationary random variables with c.d.f.’s
{F;;i>1} defined on the real line R and assume F;—F as i—oo for some fixed
distribution function F. Also, let F n(z) be the correspondlng empirical distribution

function based on X,..., X, that is, Fn(:c) =n"") 7_qu(z— X,), where
1, x>0
u(z) =
0, elsewhere.

Consider the sequence of perturbed empirical distribution functions given by

n
Fn(z):n_lan(:l:—Xi), n>1, z€eR,
1=1
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where {K} is a sequence of continuous c.d.f.’s converging weakly to the c.d.f. with
unit mass at zero. Such an F can be expressed as the integral (or c.d.f.)

T

P (c)= / 7.(0)dt, z€R,

-0

of a kernel density estimator fn of the type

~ n r—X.
folz) = "_liZlan_lk ( @, l)
suggested by Rosenblatt [16] and [12], where k is a probability density function and
{a,} is a sequence of positive real constants tending to the limit zero. The study of
the asymptotic properties of F was first elucidated by [11]. For related
investigations in this direction we refer to (18, 19, 20] and [22].

Let g(zy,...,2,,), symmetric in its arguments, be a measurable kernel (of degree
m), and let U, be the corresponding U-statistics given by

-1
n
Un: Z g(Xilv'--’Xi ) (1'1)
m Cn m "
where C,, ,, denotes the set of all () combinations of m distinct elements (iy,...,1,,)

from (1,.. )

Now COIlSldel‘ the perturbed empirical distribution Fn evaluated at U, which is
quite useful; e.g., in the estimation of F(£) when F is unknown and £ =
f[ng(acl,...,:cm)]—[f"= 1dF(z;).  As with many problems in probability and

statistics, the study of the asymptotic behavior of f‘n(U ) has previously been
conducted mainly in the i.i.d. case. Thus, under the i.i.d. set-up, [14] proved the
asymptotic normality of F n(U,,), and [10] established the almost sure representation,
a law of iterated logarithm and an invariance principle for F U, ) In recent years,
however, there has been much interest in the cases of dependence in probability and
statistics in general and mixing conditions in particular. The latter represent degrees
of weak dependence in the sense of asymptotic independence of past and distant
future ([6] and [5]). In this connection, recently [17] has proved the asymptotic
normality of F n(U,) for the case where X/’s form an absolutely regular stationary
sequence. R

In this paper we study the asymptotic behavior of F_(U,) in the case where the
sequence {X;i>1} is strong mixing, which is more general then the absolutely
regular case and is about the weakest mixing condition (see, e.g., [3] and [5]). More-
over, we do not assume stationarity. Specifically, we give the almost sure representa-
tion, a law of the iterated logarithm and an invariance principle for F 2(U,). Thus
the results obtained here extend or generalize those of [14], [10] and [17].

We adopt the following notation and general assumptions. Let {X,,n > 1} be a
sequence of random variables on some probability space (€, A, P) satisfying the
strong mixing condition. We will use the mixing coefficients o, (k), defined by

a,(k)y=sup{| P(ANB)—P(A)P(B)|:A€o(X;:1<i<m), (1.2)
Beo(X;m+k<i<nl<m<n—-k)}, k<n-1

a, (k) =0 for k > n.
The coefficient of strong mixing introduced by [15] then can be written as
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a(k) = sup a,,(k) for k € N. (1.3)
neN

2. Basic Lemmas

Let p>1 and 1 <14y,iy <... <1, be arbitrary integers. For any j (1< j<p—1), we
define

ilYiZ"""ip(xl’xz,“‘,xp) = P(le S l’l,Xiz _<_ 172,..., Xip S (L'p). (2.1)

Lemma 2.1: For any integer p>1 and integers (ij,.. .,ip) such that
1<4 <iy<...< L let g be a Borel function such that

146
/ ]g(:cl,...,a:p)] + dFilyizy---,ij(xl"‘"xj)dFij+1,---,ip(xj+ Deen®y) S M
R

for some 6 >0 and some M > 0. Then we have

|[Ré)g(:cl,...,xp)dFil’iT_wip(:cl,...,:cp)
(2.2)
— R/};g(.’l,'l,...,.’Ep)dFil’”.’ij(-'El,...,.'L'j)dFij

+1,...,ip(mj+1""’xp)|

1 [
<AM ¥afij oy —i )t
Moreover, if g is bounded, say Ig(wl,...,:cp)l < M*, then we can replace the
right-hand side of (2.2) by 2M*oz(ij+1 -—ij).

Proof: Let P(()p) = Fil i (zy5..2,) and
ey

PSP) = F

..,ij(zl""’xj)Fi xj-l-l""’xp)' (23)

il’i?." j+1"""p(

For fixed j (1 < j < p), put
A={(2g..2,): | 9(2y,..02,) | <M~ Pla(d)]~ P}

where d = ij+1—ij and S =173 Then, it follows from the definition of strong
mixing that

‘/.A./g(xl,...,xp)dP(()p)— /.A./g(ml,...,:cp)dPg-p)

< 2MPla(d)]' ~ P = 2MP[a(d)]PP.

(2.4)

Let A€ be the complement of A. Then we have

z z (p) ~Ba(d))Ps . 2yymz,)| 1T 0dPP)
j [oie [ )i < = 8a@y [ [ 1otarenz,)] S
< M' =P a(d)]P = MP[a(d))?, (i=0,1).

Combining (2.4) and (2.5), we obtain Lemma 2.1.
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We shall take a(n) = p™, 0 < p < 1, in the remainder of this paper.

The following lemma gives the Bernstein-type of inequality for the rv’s satisfying
the strong mixing condition.

Lemma 2.2: Let {Y,,i>1} be a sequence of strong mizing random wvariables
with mean 0. Assume that sup,+,|Y,| <M, and sup,~,|VarY,;|2< M. Then
for any A >0 and m < n, B -

P[n_l any.
1

1=1
Proof: Let {Y7,i> 1} be an independent copy of Y ’s with common df F. That
is, {Y7, i>1} is a sequence of ii.d. rv’s with common df F. Then, from the
Berstein inequality (see [2]), we have for any me Z
2

m
P( Z Y;|>m :L') < 2exp ( = S +%M0mm)’ Vz > 0. (2.7)

i=1
For j =1,2,...,m, let

A\n?
>A|<2m - 2na(m). 2.6
> } < 2m exp ( Ry +§-M0x\mn)+ na(m).  (2.6)

kjm
sV = z:lyjﬂ
1=

where k j=Fk jn is the largest integer for which j+ & jm < n. Let

e : 1, | Titlylzm e
\Y19--0Y, =
7 I+l 0, otherwise.
First, we prove by induction that for £ =1,2,... 041
E(hy(Y 1Y 5 4 e 5 ) < / bW g, 1).H1dF(y,~) +20a(m).(2.8)
1=

R£+1

Clearly, (2.8) is true by Lemma 2.1 when ¢=1. Assuming (2.8) is true for ¢, then
applying Lemma 2.1 again, we have

Bhy o (Y5 Y it ¥ 4 04 1ym) o)
<E / h£+1(y1""’yZ+1’Yj+(ll+1)m)dFj,...,j+Em(yl""’y2+1)
Re+1
+ 2a(m)
41
<2a(m)+ E | 28a(m) + / he+1(y1,...,y2+1,Yj+(e+1)m).H1dF(yi) .
i=

Ré+1
This proves (2.8). Therefore (2.7) and (2.8) imply

k.
J
ZY;+im

1=0

P(ISU)| Zm“lz)SP( Zm“lm)+2kja(m)
(2.10)
2

<2 - £ + 2k .
- exp( 2m2M2(kj + 1)+ %—Mozm> ]a(m)
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Moreover, for kj +1< n,j, 1, we obtain

P( zn:Y,. Z:U)S injp(w(m zm”lm). (2.11)

i=1 j=1
Therefore, (2.6) holds by using (2.10) and replacing z by nA in (2.11).
Next, we provide the following lemma as a generalization of a result of [1].
Lemma 2.3: For some 6 >0, if {F},i > 1} is uniformly bounded in (£ — 6, +9),
let A}, = sup lt—¢] < 6/2An(‘t), where

A= sup | F(2)=F () =F,(e) +F,(1)], (2.12)
lz—t] <d,

1 1 -
d, ~dn 2(log logn)? as n—oo, for some constant d, F, =LS""_ F, and F'
denotes the density of F;. Then, for any n € (0,%), we have

3
. —ztn
4 *
Jim n A7 =0 as. (2.13)
Proof: Fort€[€—3¢+3), define
B, (z)=F (z)-F (1) F, (2)+ F,(t), z€R, (2.14)

1
and let {c,,n > 1} be a sequence of positive integers such that ¢, ~ n* as n—oo. For

d
a fixed n, we partition the interval [t —d,,,t +d,] by the points b, =1t+ ié—:, 1 =0,
+1,..., ¢, and let

%= Folti 11,0) = Fu(t; )

Since F , and F_ are nondecreasing, it follows from (2.14) that we have for
we[ti,n’ti-}-l,n]

Bn(a") < ‘?pn(ti+l,n) - INnn(t) _Fn(ti,n) +Fn(t)

(2.15)
= Bn(ti+1,n) +qi,n
and
B,(z) > B,(t; ) = i n- (2.16)
From (2.12), (2.15) and (2.16), we have
A)<T, +V, (2.17)
where
_ ‘ _ (21
Tn i=0, i, te, [ Bulti |y Vi i=0,£10., :l:cnq"" (2.18)
Let 4 > 0 be arbitrary; to prove (2.13), we will show that for n € (0,%)
3_
P <n4 TAL >y i.o.) =0. (2.19)

Since {F,i > 1} is uniformly bounded in a neighborhood of ¢, there exist C;; > 0 and
N such that for all n > N,

1
2

-3
V,<Con 4(loglogn)?. (2.20)

Moreover, we have
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P(1B,(t;,) ] 2P)=P (%Xn)

> e(")> (2.21)

where
Y, = ﬂ{(ti,n Aot o,V t]}(Xj) —-E ((n{(ti,n At oV t]}(Xj))

_3
and egl") =yn 4 o
Also, there exists N;> N, such that for j=1,2,...,n and n> Ny,
VarY,; < | F(t; ) — Fo(t)] <Cyd,, where
Cy=  sup | Fi(x)].
z€(£~6,6+6)
Now, applying Lemma 2.2 with m = [n"], we obtain

P(| B,(t; )| > €7 < 2n%exp( - 007) + 2na([n"), (2.22)
where o) _ nz(egn))2

4nt t nczdn + %65:1)”1 +n

and [z] is the integer part of z. From (2.18), (2.21) and (2.22) it follows that there
exists Ny > N, such that for n > N,

P(T,, > ) < (2¢,, + 1)(2n"xp (- 047) + 2na((n"))

ot (2:23)
<n (s+2), for some s > 1.
Hence, there exists an N3 such that for n > N4
-
P(A (1) > 2Dy < n =@ T, (2.24)

1
Now, let &; , = =¢+-2L- j=0,+1,..., +[n2], then from (2.24), for n> N3 and
2\/‘
some C'5, we obtain

p ( max A&, )>2c(")) <Cy n2n (g +) =Cgn ™"

—{/n<i<y/n

Using the triangular inequality, we obtain

A* <3 max A (t: . ). 2.25
RSO g A (225)

Combining (2.24) and (2.25), we have for some Cy,

ZPA*>7n 1 n)<C’Zn 5 < 0. (2.26)
n=Ng n=Ng
This proves (2.19).
We introduce the following two sets of conditions:
(A) (i) {Fli>1} is uniformly bounded in the neighborhood of &.
(it) [P lz]k(z)de < co.
(B) (1) {F;i>1} is twice differentiable with uniformly bounded {F},i>1} in
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the neighborhood of &.
(35) [ zk(z)dzr < oo and there exists a y >0 such that k(z)=k(—z),
lz| <7.
The almost sure representation theorem given in section 4 highly relies on the
following two lemmas.

Lemma 2.4: Suppose {F,,i > 1} and k satisfy (A) and a(n) = p™, for 0 < p < 1.

Then there exists an € > 0 such that
~ ~ 340 1 -1
" 81?? | F (x)=F,(z)]| =o(n * ")+ 0O(na, (log logn) 2) a.s. (2.27)
If {Fz,z >1} and k satzsfy (B), then (2.27) holds with O(n2a (loglogn) 2) replaced
by O(na?(loglogn) ~1).

Proof: Suppose {F; I >1} and k satisfy (A) and let 6§ >0 be such that
{F},i>1} is uniformly bounded on (£ -4, £+6) that is, there exists M, such that
|Fo(x—t)—F, (z)| <M |t]| for |¢| < and |z—¢€| <2 Then, for any z with
|z —€| <&6/2, we have

Fu@)-Fole)| = | [ (Foo—0-F @0t

<[ IRG-0-F@-Fe-0+F@) kol @2)
lt] <d,

+ [ kwder [ (R e-0-F @ k0

el >d, lt] <d,
where k(1) = 51;/6 Et;)
For large n, the last term of (2.28) is bounded by
o0

M1/ | t]k,(t)dt = O(a,) (2.29)
— 00
and the second term of (2.28) is bounded by
1 -1 1 -1
n2a,(loglogn) 2/ | t] k(t)dt = O(nzan(log log n) 2). (2.30)
dn
ltl>q-

Therefore, (2.27) holds by applying Lemma 2.3, (2.29) and (2.30). For {F},i>1}
and k satisfying (B), using the Taylor expansion in the last term of (2.28), we obtain

IFn(x_' t) - Fn(x) | kn(t)dt
[t] <d,

F! (z)a t+——(—t—) 242\ k, (t)dt (2.31)

n n 2

<diMm, / t2k(t)dt = O(a2)

e e}
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where z, lies between z — ¢ and z and sup,, . (E—6,6+6) | Fi(z)| < M,.
Similar to (2.30), the second term of (2.28) can be bounded by

na(loglogn) ~! / t2k(t)dt = O(na?(loglogn) ~ ). (2.32)

d
t] >52
Jt] a.

Combining (2.31) and (2.32), and applying Lemma 2.3, we complete the proof.
Lemma 2.5: Suppose {F,,i > 1} and k satisfy (A) and a(n) = p", for 0 < p < 1.
Then we have

3
sup | F (z)—F (§)—F (2)+F (¢)| = O(n-z+n) +0(a,) a.s.  (2.33)
lz-¢| <d,

If{F;i>1} and k satisfy (B), then (2.33) holds with O(a,,) replaced by O(a2).
Proof: Let ¢ > 0; for |z —¢&| <d,, we have

<[ 1Fe-0-F-0-F a0+ F -0 k0d (234)
[t] <e
+2 / k. (O)dt+2  sup |F,(c— 1) F,(z) | k,(1)dt.
ot <
8] > n el <

The proof is completed by applying Lemma 2.3 and similar reasons as in (2.29)-
(2.32).

Remark 2.1: It is true that under the following global conditions (z) [F,,i > 1} is
twice differentiable on the real line with bounded second derivative {FY,7 > 1} and
(45) [®, zk(z)dz = 0 and [*° _z2k(z)dz < co (instead of local condition (B)),
the second parts of Lemma 2.4 and Lemma 2.5 remain true.

Since we do not assume stationarity, we will need to introduce some new
notations for the U-statistics to obtain the following lemma, which generalizes the
result of [21].

For every p(1<p<m)and n>m,let 1 <i; #...# i, < n be arbitrary integers

and put
U, o(@gea@y) = Y M@y @ iy 4 15-emrig (2.35)
(ip+1,...,im)el
where
.
A(ml,...,:cp;zp+1,...,zm):/ g(:cl,...,:cm)H dF; (z;)
R™—P i=p+1 7
and

I={(ipyprenim) 1<i, 0 F o F i <ny 5@ (i, p+1<j <m}.

Also, denote

Up(zys--0Tp) = Z / g(ml,...,xm)ﬁ dFij(""j) (2.36)

(i emipy) €1 R™ j=1

where Iy = {(i1,...%,,), 1 <4y #...# i, <n}. Forevery p(1 <p<m),set
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P
ngp) =n" (m] / cup n(xl’ xp)H d I[X <z ] ——Fi (IL']) ’
?él <n j=1 ‘i J ’

1< zl £..
(2.37)
where n [ = (n(n=1)... (n—m+1))~L
Lemma 2.6: If there exists a positive number 6 such that
446
sup max / g(zq,... dF, (z;) < My<oo (2.38
n (ipeeniy) €C, ml (@10 2m) | ]I_I1 ( 3 S My (2.38)
sup max  E(lg(X;,...X; )|*T8) < Mj<oo, (2-39)
('1’ : ’1m) n,m 1 m
and for some §' (0 < é' < 6), a(n) = O(n_3(4 +89/(2+6 )), then we have
EUD) =0on=3-7) (2.40)
where vy =6(6—6")/(4+6)(2+6") >0 and
EUPHY =0(m=3), 3<p<m. (2.41)

Proof: We proceed as in Lemma 3 of [21]. Since

4
EWPY ="~ N Iy gy, iaa)s (g gy (igg iag))

.7=11£1]~1,Zj25n

(2.42)
where
J((ill’ i12)’ (i21’ i22)’ (i31’ i32)’ (i41’ i44))
(2.43)
{]l:_[l /2%2 n(€1:@jo)d (I[X <z Fijl(xj1)> d (I[xiﬂ <ol Fijz(sz))}
R

where U, ,n(:cﬂ, Z o) is defined as in (2.35).
Now, let 7 (< n) (y=1,2,3,4,k = 1,2) be mutually different and reorder ¢,
asl<lc<k‘< . < kg < n, then, we have

I ((i11y12)) (ig11899), (31, i32): (ig1,142)) = El9(gys -+ X gg)]: (2.44)
Since
g(ml,...,:cs)dPgB) = 0, j = 1,7
RB
where P(jp ) is defined as in (2.3). Applying Lemma 2.1 we obtain
Al ! el
Elg(Xpyr-- 0 Xpg)l < < (n— 1)) Mla(kg — k)] 0, if kg—k, = ) (2.4.5)
and
nlml O\ 2te
Blg(X s X)) << = )> Mla(ky— k) TS, if ky—ky = d), (2.46)

where d(¥) is the kth largest difference among (k'j 17 lcj), j=1,...,,7. Therefore,

Eg(Xkl,...,XkS)
1Sk1<"'<k8§n

1 1
kS—k7=d( )or k2—k1=d( )
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[m] \* 10t
n 4 3 4 + 6
<y (A ) m ]Z_jl(] +1)°a ()] (2.47)
Also, for some j; (2 < j; <6,1 <i<4),
kjoy1—k;, =4 (1<i<4).
Then applying again Lemmia 2.1 we obtam

aml s
Eg(Xp o X )<( (n——l)) z::[a(lcji_i_l—lcji)] (2.48)

and
Eg(Xkl,...,st)
1<ky<...<kg<n
J+1 ~k; —d(’),15i54
[m) ! s
n 4 3 T+35
<4 (a5 ) Mo J}_jl<a+1>[ ) (249)

Hence, 2+6

) Eg(Xkl,...,st)gM(n(n ) Z(J+1)3(a(1))4+6

1<k <...<kg<nm j=1

=0 (ntm=3-7) (2.50)

where M > 0 is some constant.

A similar method can be used to estimate the sums in the other cases and thus
obtain (2.40). The proof of (2.41), which is analogous, is omitted.

Lemma 2.7: Under the conditions of Lemma 2.6, we have

A mUD + R, (2.51)
where R, = O(n~(loglogn)?) a.s. as n—oco.

Proof: The proof of the lemma follows by applying Lemma 2.6 and the approach
of Theorem 1 of [21].

Lemma 2.8: Let {Y ;1 <i<n,n>1} be a sequence of strong mizing random
variables with mean 0. Suppose for any n, m such that m > m and any J C {1,...,n}

with CardJ = m 2

E < ZJYM.) = mo?(1 + o(1)) (2.52)
JE

for some 0?>0. Then, the process {Y,n1<i<nn>1} obeys the law of the

iterated logarithm if the following conditions are satisfied for some 6 and ¢' such that

sup max E|Y_; 2t =M <0 (2.53)
n>1 1<i<n
and - s
> {a()}? Y < co. (2.54)
n=1

Proof: The lemma was proved by [7], Lemma 5.6 for a sequence of random
variables satisfying the strong mixing condition with mean zero.

Lemma 2.9: Let [Y,;,1<i<n,n>1} be a sequence of random wvariables
satisfying the strong mizing condition with coefficient «(n). Let X be
o(Y, 1 <i<j<n) measurable and Y be o(Y ;< j+m <i<n) measurable. If
E|X12+'y < oo and E|Y |21 7 < oo, where 7 is a positive number. Then
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1 Yy
| Cov(X,Y)| <10(E| X |2t M2FYE|Y |2+ (a(m)P 7. (2.55)

Proof: This is Proposition 2.8 of [4]. Also, see [9].

Lemma 2.10: Let [X,,n > 1} be a sequence of random variables satisfying the
strong mizing condition. Also, assume EX =0 and EX2 < oo for all neN, and
there exists B > 2 with

2

sup B| X, [P <00, > [a(k)] P<oo

neN keN
If

E'Si/n———>02 for some o >0, as n—oo
then
W, 2W on (c[0,1),d) (2.56)
1

where S, =37 _1X; W, (tw)= Stn t(w)/anz te[0,1], we, d is a uniform

metric, and W is a standard Wiener process on [0,1].
Proof: This is Theorem 0 of [8]. A similar theorem is also proved by [5], p. 46,
Theorem 1, for stationary, strong mixing random variables.

3. A Law of the Iterated Logarithm for U,,

Let {F},n>1} be any sequence of continuous cumulative distribution functions on
R? with marglnals F', and denote

)= [ Pz []are)-¢ (31)

R™ i=1

p(i) =2 / (25 2,92, S 0o )AF (2,2, N 1)
R2m

HdF )H dF(z;) - 52} Vi > 2.

n=2 k=m+2

Let F; ; be the distribution function of (X;,X;), 1<i<j. We have the following
law of the iterated logarithm for the nonstationary U-statistics. Such a result
generalizes the result of [21], who proved a similar theorem for the stationary U-
statistic under a strong mixing set-up.

Theorem 3.1: Suppose the sequence {X;i>1} is strongly mizing with o(n)
satisfying a(n) = p", 0< p < 1. Furthermore, assume that for any n>1, there
exists a continuous d.f. F) on R? with marginals F such that

1F; -1l =0 (ppa=D) 1<icy, (3.3)

for some 0 < py <1, where || || denotes the total variation. Suppose also,
conditions (2.38) and (2.39) are satisfied. Then, if

p(1) +2 Z p(i)
exists and is finite, we have ) i=2

(U —
lim sup— nUn—9) I
n—oo —_

22mao(loglog n)?

= +1 a.s. (3.4)
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Proof: From Lemma 2.7, it suffices to prove that

) n_ 1 n lX
lim sup— =
n—oo

= *1as. (3.5)
22mo (loglog n)2

X5i= n=lm=1l (cu‘l,n(Xi)_ /cul,n(””)dFi(z))
R

and U, , (z) is defined as in (2.35).

We will apply Lemma 2.8 to prove (3.5). That is, we have to verify that the
sequence {X}.., 1 <i<n, n> 1} satisfies conditions (2.52)-(2.54).

It is clear that conditions (2.53) follows from (2.38), and condition (2.54) follows
from the assumption that a(n)=p", 0 < p <1. Therefore, we have only to show
that {X7,1<i<mn, n>1} satisfies (2.52). That is, for any n,m such that n>m
and J D {1,...,n} with CardJ =m

2
E(ZX;,.) = mo?(1 +o(1)). (3.6)
1eJ
Let us consider first the case when CardJ = n; the case when CardJ <n has a
similar proof.
Now, it is easy to see that

where

n 2
5E (,;X:;i) — 02| = |Ln = tm =117 Z Z (i, §) - le(z (3.7)
<|Yntm -1 Z_j (i, J) ——,%Z (n—4)p(i)
1=0 g=1 =
+ Z | p(3) | +2 Z | p(k)| = Zlm
i=n+1 i=1 k=1 i=1
where
; p(iyi) = Var[U,; (X)), i>1, (3.8)
¢(i, 5) = 2Cov(Uy (X)), Uy (X)), i< 7, (3.9)

U; ,(z) being defined as in (2.35).

From condition (3.3), we have |I ;| =o(1). From condition (2.38), we deduce that
8 _2

| p(3)| < (af(i))? +6'M(2)+6‘; by assumption a(n)=p", 0<p <1, we obtain that

I,,—0 as n—oo for i =2 and 3. Theorem 3.1 is proved.

4. Almost Sure Representation and a Law of Iterated Logarithm for
FU,)

Theorem 4.1: Suppose that Vi > 1, F7(§) exists and is finite and let {F;,1 > 1} and k
satisfy (A). Furthermore, suppose the assumptions of Lemma 2.6 are satisfied and
letn>0and a(n)= p", 0<p<1. Then

F (U,)=F (€)+— '(5)21(* +R, (4.1)

i=1
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where X7 . is defined as in (3.5) and

_3
R, =o(n 1T+ 0(a,) as. (4.2)
as n—oo and 0 < n < %. Moreover, if {F,} and k satisfy (B), then we may replace
O(a,) by O(a?) in (4.2).

Proof: If {F,,i> 1} and k satisfy (A), using notations in (2.37) and Hoeffding’s
projection method (see, e.g. [21]), we obtain

(™) p© Wy~ (™ e
Un:5+02=:1(c )Un =&+mU! +CZ=:2 s (4.3)
From Theorem 3.1, we have ) ) )
U, —€| <(1+¢)22mon %(loglogn)? a.s. (4.4)

as n—oo, for some ¢ > 0. With the aid of Lemma 2.5, we have

3
= = - = 340
F.U)-F (&) =F,U,)—-F, (&) +o(n 4 ")+0(a,)as., (4.5)
as n—oo.
Using Young’s form of Taylor’s theorem and (4.4), we get

F’n(Un) - Fn(f) =U,— {)F’n(f) +0(n~ 1log logn) a.s. (4.6)

The proof can be completed using (4.5), (4.6) and Lemma 2.6.

If {F,i>1} and k satisfy (B), the proof is similar.

Theorem 4.2: Suppose that {F’/(§),i > 1} exist and are finite and let {F;, i > 1},
and k satisfy (A). Furthermore, suppose the assumptions of Lemma 2.6 are satisfied
and a(n) = p", for 0 < p < 1. Then

n
Fn(Un) =n" ! Z Yni + Rn (47)
where =1
Yo =u(l = X;) + mE (X7
X7, is defined as in (3.5) and s ) )
R, =o(n 1% * n) + O(nZa,(loglogn) 2) a.s.

as n—oo and 0 <7 <—é—. Moreover, if F; and k satisfy (B), then (4.7) holds with

1 _1
O(n2a,(loglogn) 2) replaced by O(na?(loglogn) ~1).
Proof: Let {F,, i > 1} and k satisfy (A). From Theorem 4.1, we have

R O
FoU) = P+ mn 3 X34 R, (1.9
=1
where _34
R,=o(n 4 '7) +O(a,,) a.s. as n—oo.
Moreover, from Lemma 2.4 it follows that

ﬁn(f) = E’"n(f) +o(n ~%+ n) + O(n%an(log logn) %) a.s. (4.10)

Combining (4.9) and (4.10) leads to (4.7). The proof under (B) is similar.
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As an application of Theorem 4.2, we have the following law of iterated
logarithm for F'| (U,,).

Theorem 4.3: Suppose that F/(§) exists and is finite for each i > 1 and let F,
and k satisfy (A). Furthermore, suppose the assumptions of Lemma 2.6 are satisfied,
a(n) = p", for 0 < p <1, and a,, = o(n " 'loglogn). Then

1 ~
n2(Fo(U,) = F(E) _

lilgl_s;&p N 1 a.s. (4.11)
where
2= /AZ(m)dF(x)+2<2/ A(z)A(y)dFi(z,y)
R k=1"p2
and
A(z) = u(€ —2) ~ PO + mF(©0,0) ), 512 = [ ooy, [[ 7)),

1=2
_3 3
Moreover, if {F,,i>1} and k satisfy (B) and a, =o(n 4(loglogn)?), then (4.11)

holds.
Proof: Using Theorem 4.2, the proof follows easily by applying Lemma 2.8.

5. An Invariance Principle for F (U n)

Let

Yo =u(€ - X)) +mF (X7, (5.1)
where )

Xri=n @, () - B (X)),
Denote
Zni = Yni - Fi(g)a (52)

then it is clear that EZ,; =0 and EZ%, < co. Let S, = ."_,Z,.. Then, we shall
prove the following fact

Jim_LES? exists and is finite. (5.3)

Hence, we write
™2 =lim ES?/n.
n—00 n

We will use (3.6) and Lemma 2.9 to prove (5.3). Now, note that

n n 2
ES’=E [mp'n(f)ZX:n‘F Z[u(g_Xi)"Fi(f)]} (5.4)
i=1 i=1
=m?(F(£))’E (ZX:N') +E [Z(U(E—Xi)—Fi(ﬁ))]
i=1 1=1

+2mF (6)E {i X5 Zn: (u(§ - X;) - Fi(f)):|
i=1 i=1

:Il+I2+I3.
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So ES2/n=1,/n+1I,/n+I3/n. We first estimate I,/n. By (3.6),

%:m—z%—ﬁ-ﬁna%l +0o(1)) (5.5)

= m?[F' (6)]202(1 + 0o(1))—=m2(F'(£))?0? < o0 as n—oo.

Note that by assumption, a(n) = p", 0< p <1, we have
6[
0 _9
Z [a(n)]2 4" < oo, for0 <6 <1.
n=1

Next, we write I,/n as

=3 zn: B(u(§— X)) = F(?+%>_ D Cov(u(§ - X,)u(€~ X)) (5:6)

i=1 T

= L3 FO0 - )+ 5D Y Covu(e — X,), (e~ X))
i=1 tEg
Since the first term of (5.6) converges to F(§)(1 — F(£)), we will estimate the second
term of (5.6) by applying Lemma 2.9. Note that E(u({—X;)—F;({))=0 and
E|u(é-X,))? + 6 < 1, for some ¢’ > 0, so we obtain:

21> ZCov(u(e—X,-),u(a—Xj))’ (5.7)
1>
6, n—1 _ 6/
SOMRLCCEIETES DY Z<a<k>6’+2
3> e = =
—>2OZ a(_y)]2+6 < 00, as n—oo.
j=1

Finally, the last term of (5.4) can be bounded by using Lemma 2.9 again. That
is, for n > Ny with N sufficiently large and E | X}, | < M, we obtain:

E [me’n(é) Zn: X7, i (u(§—X;)— Fi(ﬁ))]

i=1 1=1

(5.8)

<2mp. e)EZIX (€= X)—Fi(8)]

i=1

2mF/(£)Z#Z|E[X (wé-X;) - F(f))”
i#£J

<ZRF(EnMo+ TR ()Y Z[G(J’—i)]”&
3>
6/
< 2mF’ ()Mo + 4MgmF" (€) Z [a(k)]?
=1
5/
—2mF'(§)M g+ 4mM  F (E)Z [a(n)]?+ 246 < 00, as n—0o.
n=1
From (5.5)-(5.8), we have (5.3). This ensures the finiteness of 7*2.
Next, let W be a random function of [0, 1] defined as



18 SHAN SUN and CHING-YUAN CHIANG

W(l) 0 ifo0<i<m-1

Am)={ WFw,)-F, -

T (Fy( ,)1 ,(5))’ fm<i<n
r*n2

and W, (t), 0 <t <1 defined elsewhere, by linear interpolation.

Thus, W,, has continuous sample paths and belongs to C[0,1], the space of all
continuous functions on [0,1].

Theorem 5.1: Assume that (i)lF;-’(E) exists (finite), i > 1, (1) F,; and k satisfy (A),
and (ii1) a, = o(n~ }(loglogn)?) as n—oo. Then
W, 2w on (C[0,1],d) (5.10)

where d is uniform metric, and W is a standard Wiener process on [0,1]. Moreover,
3 1

if F'; and k satisfy (B), then (5.9) holds if a,, = o(n—Z(loglog n)i) as n—oo.
Proof: Define the random function Wr,n>1,o0n[0,1] by W7 (0) =

. Y, ¢
W;;(%): =il Fi©)) ifl<i<n (5.11)
T n2
where Y, and 7* are defined as in (5.1) and (5.3), respectively. Note that W7 also
have continuous sample paths and they belong to C[0,1].

If conditions (A) are satisfied, then by Lemma 2.10 and (5.3), we have w*Ew
on (C[0,1],d). Therefore, it suffices to show that

dw,, W;)-EO as n—oo. (5.12)
Note that 1
W) < 21V y 5.13
W Wa) S ; ;Z (5.13)
n2 n2 =1
where
1
n2

(F., )—n*Z Y i) (5.14)

i=1
So (5.12) holds if we prove the following two facts:

Z nil > €>—>0 as n—oo (5.15)

For any € > 0, P(

1
2 =
and
1
2|V,
max Vi | £ 0 as n—oo. (5.16)
m<i:<n =
- T n2r*

(5.15) holds by applying the Chebyshev inequality and noting that £ |Y .| < M,

1 m ElY .
P( ll § |Yni|>€)sz:¥ll_ﬂ_l__)oa‘sn__)oo.
ne i=1 2

T*en?

Next, we prove (5.16). To this end, we first use Theorem 4.2 and ap=
1

o(n " !(loglogn)?) to obtain
limV, =0 as. (5.17)
n—00
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Therefore, by Egoroff’s Theorem, for any 6 > 0, € > 0, there exists a measurable set A
such that P(A°) < %6, where A€ is the complement of A, and V, converges to zero
uniformly on A; so there exists a positive integer n, such that for n >n,
|V, (w)]| <eforall we A. For n > ng, we have

1
2|V
P max II"I>6
m<i<n 5%
n2r
1
g 1 1 2|V, |
< ZP 2|V, | >n?r*¢(+ P max, = >71% . (5.18)
. : n,+1<i1<n 1
i=m 0 - n?

Now, clearly, the first sum on the right side of (5.18) tends to 0 as n—oo.
On the other hand, since

P { max  |V;| >elNA)\=0,
ng+1<i<n

it follows that

1
5 )
P max. ! l‘;'l > 1%
n0+1315n ni
< . ) <15, 1
<P ({nﬁr{l%xiﬂw,( >e}nA>+P(A)<2 (5.19)

The proof of the theorem follows from (5.18) and (5.19). If conditions (B) are
satisfied, the proof is similar.

_ Remark 5.1: Theorem 5.1 clearly contains the Central Limit Theorem for
F,(U,), which extends the result of [17] for absolutely regular stationary random
variables. In addition, Theorem 5.1 provides information such as for z > 0,

-~ 1
p (1 Isnfus( ni(F(u) —-F,(&)> zr*nz)—>2[l — ®(z)], as n—oo.
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