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This paper uses cone theory and the monotone iterative technique to
investigate the existence of minimal nonnegative solutions of terminal
value problems for first order nonlinear impulsive integro-differential
equations of mixed type in a Banach space.
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1. Introduction

The theory of impulsive differential equations has become an important area of
investigation. Initial value problems of such equations have been discussed in detail
in recent years (see [3]). In this paper, we shall use cone theory and the monotone
iterative technique to investigate the existence of a minimal nonnegative solution of
the terminal value problem (TVP) for a first order nonlinear impulsive integro-
differential equation of mixed type in a Banach space.

2. Preliminaries

Let E be a real Banach space and P be a cone in E which defines a partial order in
E: z<yif and only if y—2z € P. P is said to be normal if there exists a positive
constant N such that § <z <y implies ||z|| <N | y|l, where 6 denotes the zero
element of E. P is said to be regular (or fully regular) if ; <z, <...<z,<...<y
(or z; <z, <...<z, <...with s1111p|| z, || <oo) implies ||z, —z | —0 as n—oo for

some z € E. The full regularity of P implies the regularity of P, and the regularity
of P implies the normality of P (see [2], Theorem 1.2.1). Moreover, if E is weakly
complete (in particular, reflexive), then the normality of P implies the regularity of
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P (see (1], Theorem 2.2).
Consider the TVP in E:

z' = f(t,z,Tz,Sc), teld,t#t,,
Az I t=t, = Im(m(tm))’ (m = 1’2’3a'--)7 (1)
z(o0) = z¥,

where J =[0,00), f€eC(JxPxPxP,—-P), 0<t;<...<t, <.., t,—oo and
m—oo, I, € C(P,—P)(m=12,3,..), z" € P, z(c0) :tlim z(t), and
—00

t o
(Tz)(t) = /k(t,s):c(s)ds, (S:c)(t):/ h(t,s)z(s)ds, (2)
0

0
k€ C(D,R.), D={(t,;s)€IxJ:it>s}, he C(UxJ,R,). Az|,_, =a(tf)-
m

z(t,7) which denotes the jump of z(t) at t =t¢,. Here z(t;}) and z(t,, ) represent
the right- and left-sided limits of z(t) at t = t,, respectively.

Let PC(J,E) = {z:z is a map from J into E such that z(t) is continuous at
t#t, and left continuous at t=¢ , and :c(t,j;) exists for m=1,2,3,...,
BPC(J,E)={z € PC(J,E):su;} || z(t) || < oo} and TPC(J,E)={x€ PC(J,E):

t

€
z(00) :::tlirglo:c(t) exists}. Evidently, TPC(J,E) C BPC(J,E), and BPC(J,E) is a
Banach space with norm ||z || g =sup || z(t)||. Let BPC(J,P)={z € BPC(J,E):
teJ

€
z(t)>6 for teJ}, TPC(J,P)= {e€TPC(J,E):x(t)>0 for t€J} and J' =
I\{t1s--t,s---}- A map z€TPC(J,P)N CYJ,E) is called a non-negative
solution of TVP(1) if it satisfies (1).

3. Main Results

Let us list some conditions.

t (o]
(H,) k* =sup [ k(t,s)ds < oo, h* =sup [ h(t,s)ds < co and
teJo teJo
OO
lim/ | h(t',s) — h(t,s)|ds =0, teJ.
t'—t
0

(Hy) || f(tz,y,2) || < p(t) +a(t)(allz ]| +bllyll +cllzl), t €, z,y,2 € P, and
N1, ()| <a,+b, |lz|l, ©€P(m=1,23,..),

where p,q€C(J,R,) and a>0, >0, a, >0, b,>0 (m=1,2,3,...)
satisfying

m=1

o0 o0
o0 0
p*:/ p(t)dt<oo,q*:/ q(t)dt<oo,a*:Eam<oo,b*=2bm<oo.
m=1
0 0

(Hg) f(t,z,y,z) is nonincreasing in x,y,z € P and I, () is nonincreasing in z € P
(m= 1,2,3,...), ie.
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ftzy,2) < f(4,2,9,2), t€J, 22T 20,y>7 >0,2>7 >0

and
I(2)<I,(z), z>Z >0 (m=1,2,3,...).

It is easy to see that when (H,) is satisfied, T and S, defined by (2), are
bounded linear operators from BPC(J, E) into BPC(J, E).
Lemma 1: If conditions (H,) and (H,) are satisfied, then for any z €
BPC(J,P), the integral

] F(t,2(8), (T2)(t), (Sz)())dt 3)
and the series ° 00
> () (4)

are convergent.
Proof: Let x € BPC(J,P). By virtue of (H,) and (H,), it is easy to see that
o0

[ 15a(e), (r2)s) (52)5) I ds

0

o0 (oo}
< / p(s)ds+(a+bk*+ch*)||:L‘||B/ g(s)ds < oo
0 0
and 00 00 [ee]
D (@t I € 32 ant N2l p ) b < oo,
m=1 m=1 m=1
so, integral (3) and series (4) are convergent. 0
Lemma 2: Let conditions (H;) and (H,) be satisfied. Then

z € TPC(J,P)NCYJ',E) is a solution of TVP(1) if and only if z € BPC(J,P) is a
solution to the following impulsive integral equation

z(t) = z* — / f(s,z(s),(Tz)(s),(Sz)(s))ds — Z I.(x(t,,), tel. (5)

t<t < oo

Proof: Let xETPC(J P)NCYJ',E) be a solutlon of TVP(1). We first
establish the following formula:

t

z(t) = z(0) + / z'(s)ds + Z [w(t ty—=z(t,,)], ted. (6)
5 0<t,
In fact, let ¢, <t <t +1- Then
b ty
z(ty) —z(0) = / o'(z)ds, z(ty)—z(tH) = / z'(s)ds,
0 t

1

tm

t
z(t,,) — m(tr'r';__ )= / z'(s)ds, z(t)— w(tn";) = / z'(s)ds
t

m—1 tm
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Summing up these equations, we get
t

() =2(0) = Do la(t ) 2t = [ ()i
i=1
(i-e., (6) holds). Substituting (1) into (6), we obtain °

7L’(t)=w(0)+/ f(s,2(s),(Tz)(s), (Se)(s)ds + D Ipn(e(ty,)), t€J.  (7)
0

o<t <t

By Lemma 1, integral (3) and series (4) are convergent, hence, from (1) and (7) we
get

2 =0)+ [ f(a5(s) (L)) SN+ 3 Toa(t) @)
0 m=

Solving z(0) from (8) and substituting it into (7), we find that x(t) satisfies equation
(5).
Conversely, if z € BPC(J, P) is a solution of equation (5), direct differentiation
of (5) implies that z € C}(J', E) and x(t) satisfies TVP(1). o
Consider operator A defined by

(Az)(t) = =" - / f(5,2(s), (T)(s), (Sz)(s))ds = D, Lpn(a(t,y)). (9)
t

t<t,  <oo

Lemma 3: If conditions (H,) and (H,) are satisfied, then A defined by (9) is an
operator from BPC(J,P) into BPC(J, P).

Proof: Let z € BPC(J,P). Since feC(JxPxPxP,—P), I, €C(P,—P)
and z* € P, we see that (Az)(t) >0 for t € J, and clearly Az € PC(J,P). By (H,)
and (H,), we have

(&) [e <]
1O < 12+ [ plo)ds+ @+ 0k +eb) 25 [ ats)ds
t t
+Z am+ ||:l?| BE bm
t<i<oo t<t <oo

< ™|l +p"+a" +[b" + (a+0k" +ch™)"] || 2| 5y tEJ,

and therefore

| Az |l p < [12* || +p"+a” +[b" + (a + bk™ + ch™)¢"] || 2 || p- (10)
Hence Az € BPC(J, P). u]
In the following, let Jo =[0,t,], J,,, = (t,, tpy 4 1] (M =1,2,3,...).
Theorem 1: Let cone P be fully regular and conditions (H,), (H,), (Hg) be
satisfied. Assume that
r=b*+(a+bk*+ch)g" < 1, (11)

where constants k*,h*,a,b,c,q*,b* are defined by (H,) and (H,). There exists a
nondecreasing sequence {z,} C TPC(J,P)NCY(J',E) which converges on J
(uniformly in each J,_,, m=0,1,2,...) to the minimal solution T € TPC(J,P)N
CYJ',E) of TVPQ) in TPC(J,P)n CYJ',E), ie., for any solution =€



Terminal Value Problems of Impulsive Integro-Differential Equations 75

TPC(J,P)NCY(J',E) of TVP(1), we have

z(t) >Z(t), ted. (12)
Moreover,
Z(t)>z(t)>z", 0<t<t <oo, (13)
and
Iz | <@ =)~ (e || +p" +a), (14)

where v is given by (11) and p*,a* are defined by (H,).
Proof: Let zy(t) =0, z,(t) = (Az, _{)(t) (n=1,2,3,...), i.e,

20) =" = [ (5,8 1 (To _1)(0), (S, 1)(o))ds
t

=3 Iz, _(ty), teJ(n=1,23,...). (15)
t<t,  <oo

By Lemma 3, z, € BPC(J,P) (n=0,1,2,...) and x,(t) >0 = zy(t) for t € J, so,
(15) and (Hg) imply that

0=ay(t) <z (t) <zy(t)<...<z, (1) <.., te]. (16)
On the other hand, from (10) we know
le llp= 1Az, yllp<d+rilz, 1llp (n=123,..)
where d = || z*|| + p* + a” and r is given by (11), thus
leallp<dtr@dtrilz,_;llp)<d+rd+rid+rie,_;l p)
<dt+rd+... 4" 4"zl g=d4rd+...+rt T d=d(l—r")(1—-r)"!

<d(1-7)"1 (n=1,2,3,...). (17)
It follows from (16), (17), and the full regularity of P that the following limit exists:
limz, () =7(t), te. (18)

Now we have, by (17),

| f(s,2p, —1(5), (T2, _1)(s),(Szp _1)(s)) |l
< p(s) + (a+bk™ +ch*) || 2, _ || pa(s)
< p(s) + (a+bk* + ch*)d(1 —r) " Yq(s), s€J (n=1,2,3,..), (19)

so, from (15) we know that functions {z,,,(t)} (n=0, 1,2,...) are equicontinuous in
Jm (m=0,1,2,...), where J =[t,t, ] and

( ) In(t)7 tm <t< tm +1
zmn =

z, (th), t=t,,
Hence, observing (18) and using the Ascoli-Arzela theorem, we see that {z,,,(t)}
(n=0,1,2,...) is compact in C(J,,,E) (m=0,1,2,...). and therefore, by diagonal
method, {z,(t)} has a subsequence which converges to Z(t) uniformly in each J ,
(m=0,1,2,...). Since P is also normal and {z,(t)} is nondecreaisng, on account of
(16), we conclude that the entire sequence {z,(t)} converges to Z(t) uniformly in
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each J, (m=0,1,2,...), hence, Z € PC(J,P). Moreover, from (17) we know that
z EBPC(J P) and ||:L‘ | g<d(1—7r)"1 ie., (14) holds.
From (18) and (19), we see that

F(ss2 _1(8), (T2, _1)(8), (S _1)(8)) = (5% (5), (T )(5), (ST )(5))

as n—oo, s € J, (20)
and
I f sy, —1(8)s (T2, ~1)(8), (S~ 1)(8)) = F (5, (5), (T )(s), (5% )(s)) ||
< 2p(s) +2(a+bk* +ch*)d(1—r) " Yq(s), s€J (n=1,2,3,...). (21)
In addition, (17), (18) and (H,) imply that
; I (z, 1t N—1,(Z(t,,)) as n—oo (m =1,2,3,...) (22)

S I nenata) S 32 0t d0=0) T by (n= 128,00, (29

=3 =3

Z | (2 (2)) ] <Za +d(1—r)‘lzb (24)

=j
Observing (20)- (24) and taking limits in (15) as n—oo, we obtaln by virtue of the
dominated convergence theorem that

7(t)=o" - / F5,7 (51, (T2 )(6), (S2))ds— Y 1@ (t,), ted, (25)
t<t <oo
which by Lemma 2 implies that Z € TPC(J,P)NCY(J', E) and Z (t) is a solution of
TVP(1). From (25) we see clearly that (13) holds.

Finally, we prove the minimal property of Z (t). Let z € TPC(J,P)NCY(J', E)
by any solution of TVP(1). By Lemma 2, z(t) satisfies equation (5). We have
z(t) > 0 = xy(t) for t € J. Assume that z(t) >z, _,(t) for t € J. Then (15), (5) and
(Hj3) imply that =z(t) >z, (t) for t€J. Hence, by induction, z(t)>z,(t) for
teJ(n=0,1,2,...), and by taking the limit, we get z(t) > z(¢) for t € J, i.e., (12)
holds. The proof is complete. O

Example 1: Consider the TVP of infinite system for scalar nonlinear impulsive
integro-differential equations

(

’

—t 2t
T = —--2-%—+—§(1+z'n+\/:cn+1+2z2n+1)— 37

—t z,. (s)ds
A 2n U 0<t<oo, t#m
471\4v 1+t+ ) ] L] 71: L)

t
e - (t + 1)833"(3)(15)1/3

(26)
Az, |- = _lemﬁ[xn(m) +z, 4 (m)], (m=123,...),

z, (00) = # (n=1,2,3,...).

Corollary: TVP(26) has a minimal, nonnegative and continuously differentiable
on [0,00)\ {1,2,3,...} solution {z,(t)} (n=1,2,3,...) satisfying
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(08}

sup Z z,(t) < oco.

0<t<oo =1
o0
Proof: Let E:El:{x:(xl,...,mn,...):zl]:L'nl < oo] with norm ||z|| =
n=

(e8]

> lz,| and P={z=(zq,...,2,,...) € Klzzn >0, n=1,2,3,...}. Thus, P is a
n=1

normal cone in E. Since ¢! is weakly complete, we conclude that P is regular. We
now prove that P is fully regular. Let zp = (Zgy,...,Zgp,...) € ¢ (k=1,2,3,..)
satisfy o, <zy<...<zp<...and M :sup]] zi || <oo. Then, z;, <z, <...<

tp,<...<M (n=123,. ), so, hm w,m =y, (n=12.3,...) exist. For any
posxtlve integer i, we have Z I‘”knl <M (k=1,2,3,...), so, by letting k—oo, we
find E Iyn| <M. Slnce i is arbitrary, it follows that E ly,| <M < oo, and

therefore Y=Yy Yps---) € ¢'. It is clear that ) <zy < < Lz <...<wy, con—
sequently, the regularity of P implies that ||z, —z || —0 as k—eoo for some z € £'.
Hence the full regularity of P is proven.

Now, system (26) can be regarded as a TVP of the form (1), where k(t,s) =

e_(t'H)s, h(tys) = (1 +t+52) 7Y 2=(21,e0Zpee)y Y= UpreoaYpre-s)y 2=
(215 92y f= (f1s-o 9 fpp---), in which

2t 43 1/5
fn(t,.'L',y,Z): n+3(1+.’L' +\/ n+1+2$2n+1) 311 yn/ 6471 Zth’

and t, =m, I =(I ..) with

mlr e mn’
Imn(x) = —W(xn+wn+2)’ (myn = 1a2a3’-")a

and z*=(1,..,4;,...)€P.  Evidently, f€C(JxPxPxP,—-P) and I, €

C(P, - P)(m= 1,2,3,...). (H;) is obviously satisfied since

t

k*:sup/ - (t+1 )sds*sup————(l _(H'l)t)Sl,
telJ tEJ

(&) o0

h* = su / ds </ ds =T
teli)lo 1+t+s2— A 1+s* 2

and

I_
/ l / lt2 ! nds <F|t'—t]—0
1+t’+s 1+t+s I+t +s)(1+t+s%)

as t'—t. It is easy to verify the following scalar inequality:

uW<l—atau, 0<u<oo,0<a<l,
so, fort e J, z,y,z € P,

| fo(t,z,y,2)|
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_2n+3(1+w +2(“"n+1+2$2n+1))+ 3n (3 3yn)+ 4n( Z2n)

-t —2t —t
< st 2 1D+ Gglly D + e +5l 21D,

and therefore,

00 o0
I F(t )l = D | faltia,y,2)| e ( > gerat
n=1 n=1

18270 “the” (§nwn+%nyn+%5||zu)-

In addition, we have, for z € P,
| (@) | < gzl 1
and so
1 () || = Z L an(2) | _2m+1||$||
n=1
Hence (H,) is satisfied for p(t)=(87/120)e™ %, ¢(t)=e” % a=1/8, b=1/6,
c= 1/15, a,, =0 and b, =1/2"%! (m=1,2,3,...), and therefore p*=87/120,
*=1a _Oandb*—-l/Q
On the other hand, (H3) is obviously satisfied, and

= b+ * *
= bt @t bk eht)gt <L (S E) <,

i.e., (11) holds. Hence the assertion follows from Theorem 1. 0
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