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In this paper we prove the existence and uniqueness of local and global
solutions of a nonlocal Cauchy problem for a class of integrodifferential
equation. The method of semigroups and the contraction mapping princi-
ple are used to establish the results.
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1. Introduction

The problem of existence of solutions of evolution equation with nonlocal conditions
in Banach space was first studied by Byszewski [5]. In that paper he established the
existence and uniqueness of mild, strong, and classical solutions of the following
nonlocal Cauchy problem:

du(t)

+ Au(t) = f(L,u(?), t€ (o lo+a] (1)
u(to) +9(t,tgs- - p’u’( )) = ug, (2)

where — A is the infinitesimal generator of a C-semigroup T'(t), t > 0, on a Banach
space X, 0 <t0<t1 <ty<...<t,<ty+a, a>0, and uy € X and f: [to to+a]x
XX, g(tyyecnty - )1 X ——>X are glven functions. Subsequently, Byszewski [2-4, 6-8]
investigated the same type of problem stated to a different class of evolution
equations in Banach space.

The purpose of this paper is to prove the existence and uniqueness of local
solution for an integrodifferential equation with nonlocal conditions of the form:

du(t)

+ Au(t) = f(t,u(t)) + / h(t,s,u(s), / k(s,7,u(r))dT)ds, (3)
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w(0) + 9ty tay ety u( ) = ug- (4)

Here we assume that — A is the infinitesimal generator of a bounded analytic
semigroup of linear operator X(t), t >0, in a Banach space Z. The operator A® can
be defined for 0 < a <1, and A* is a closed linear invertible operator with domain
D(A*) dense in Z. The closedness of A% implies that D(A%), endowed with the
graph norm of A% |||Z|||= ||Z ] + || A®2z]||, is a Banach space. Since A is
invertible, its graph norm ||| - ||| is equivalent to the norm || Z || , = || A°Z||. Thus,
D(A®) equipped with the norm || - || ,, is a Banach space, which we denote by Z,.
From this definition, it is clear that 0 <a < implies Z D Z 8 and that the
embedding of Z4 in Z, is continuous. Take J = [0,a]. Let f:JxZ,—Z, h:J xJx
ZyxZ,—Z, kiJxJxZ—Z, and g(tl,...,tp, -):Z,—Z be given nonlinear
operators. The notation g(t;,...,,,u(-)) is used in the sense that in the place of ‘-’
we can substitute only an element of the set {t,...,¢,}.

The results obtained in this paper generalize the Theorem 6.3.1 of Pazy [10]
about the Cauchy problem. As in [1-3, 6, 7, 9], the nonlocal condition (2) in this
paper can be used in physics with a better effect than the classical condition

u(0) = ug, since condition (2) is usually more suitable for physical measurements than
the classical one.

2. Existence Theorems

Theorem 2.1: Assume that

(?) — A is the infinitesimal generator of a bounded analytic semigroup of
linear operator X(t), t >0, in Z.

(1)  For 0 <a <1, the fractional power A* satisfies || A°X(t)|| < C t~ < for
t >0, where C, is a real constant.

(iit) 0 € p(— A), the resolvent set.

(tv)  For an open subset D of JxZ,, f:D—Z satisfies the condition, if for
every (t,u) € D there is a neighborhood V C D and constants L >0,
0<06<1, such that

| £ty uy) = Ftgyup) | S LIt —t5 |+ [luy —uy | ) (5)

for all (t,,u;) €V, i=1,2.
(v)  For an open subset E of JxJxZ,%xZ,, h:E—Z satisfies the condition,
if for every (t,s,u,v) € E there is a neighborhood U C E and constants

Ly >0,0<0<1, such that

| h(tyy 595 uq,v1) — h(ty, 59, ug,v5) ||
0 6
SLi(Ity =t "+ [sy =89 1)+ lug —ug | o+ 3 = Vall o) (6)

for all (t;,s,,u;,v,) €U, i=1,2.
(vi)  For an open subset P of JxJ X Z, k: P—Z satisfies the condition, if for
every (t,s,u) € P there is a neighborhood W C P and constants L, > 0,

0 <0<, such that
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I k(tys50,u1) — k(g 55, u,) ||
<Lyt =t | P+ Isy =510+ [luy —uy ]l o) (™
for all (t;,s;,u;) €W, i=1,2.
(vit) ¢:JPxZ_,—Z and there ezists constants B* >0 and L* > 0 such that
1 A%(ty .ty u(- ) < B* for0<t<a

and

(st prur(+)) = gt1se sty up()) | S L7 [ ug —up | o

Then the nonlocal Cauchy problem (3), (4) has a unique local solution u € C([0,a):
Z)nCY((0,a): 2).

Proof: Choose t* > 0 and § > 0 such that estimates (5), (6), and (7) hold on the
sets

V={(tu):0<t<t" ||lu—uyy| <6},
U={(tsuv):0<ts<th|lu—uyl| <6 |[v—2ry] <6}, and
W ={(t,5,u):0 < t,5s <t*, ||u—1uy|| <8}, respectively.

Let B = Ignta)é . || £(2,up) || and

s

H=max || h(t,sup, / k(s, T, ug)dr) |
0<t,s<t” A

and choose a such that for 0 <t < q,
Il X(8) A%y — A%y || < 8/4,
| X()A%g(tys. oty u(-)) — A% (b, tp,u(-)) || < 6/4
e 0 < a<min{t*,[6/2(1 —a)C 5 (L6 + B+ LB*+ L,6a+ L, B*a
+ Ly LySa® + Ly LyB*a? + Ha) = 1|1/ =)y, (8)

Let Y be the Banach space C((0,a]: Z) with usual supremum norm which we denote
by || - ||y. Define a map F:Y—Y by

Fy(t) t

= X(t) A%y — X()A®g(ty,.. 1, A~ () + / ASX(t = 5)f(s, A~ “y(s))ds

0
+ { AX(t =) { h(s,m, A= y(r), [ Ko A~ y(u)du)drds.  (9)

Obviously, Fy(0) = A%uy— A%g. Let S be the nonempty closed and bounded subset
of Y defined by

S={y:yeY,y(0) = A%y — A%, || y(t) — (A%uy— A%g) || <6}.
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For y € S, we have
| Fy(t) — (A%ug — A%) || < || X(8)A%up — A%, ||
+ 1| X(1)A%(ty,. .t A7 %Y(-)) = A%(ty5- .0t A7 %y()) ||

t t

+ [ 1A= 95, A o) ~ Soruo)] 1 ds+ [ 1| AKX (E=5)(svu0) [ ds
0 0

t s T
+/ ||A°‘X(t-——s)[{ h(S,T,A—ay(T),[ k(r,pu, A~ %y(p))dp)dr

0

s T
—/ h(s,r,uo,/ k(T pyug)dp)dr] || ds
0 0

T

t 8
n / | A% X(t—s) / h(s, g, / k(r, s ug)dp)dr || ds
0 0 0

t
<s/a+s/at [ 14X (=LA U(s) ~ (o= 0) —g] | ds
0

t t

+8 [ 147X ds+ [ 147X (=LA () )
0 0

+ Ly(A ™ “y(u) — ug)ala} || ds + C,a* ~¥)(1 - a) ~1Ha
<6/24C (L6 + B+ LB*)ad! =91 —a)~1
+C a1t =1 = a) "L (6 + B* + Ly(6 + B*)a)a} + C ol ~¥(1 —a) " 'Ha
<6/2+Coa' =1 — )~ L6 + B+ LB* + L éa+ L, B*a + L, L,6a>
+L,L,B*a® + Ha} < 6/2+6/2 = 6.
Therefore, F' maps S into itself. Moreover, if y,,y, € S, then

Il Fy1(t) — Fyy(2) |l
S T X@(A% (Lt AT %Yy (1)) = A%(tys- -t AT o)) |l

t
[ IATX (=951 A™ 0y (6)) — (5, A0 (s))] s
0
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t s T
[ x| bs,m Ao [ kA 0)dw)
0 0 0
S T
= [ sm Ao, [ krn A~ up(w)apar] | ds
0 0

< Cua "1 =) T ||y~ 1y [y + Coa" TN 1= 0) T L gy — vy lly
+Coa "1 =) T Ly [([lyy — vy Il y + Ly [l 9 — v || ya)a]
< Coal' "1 = 0) THL* 4 L+ Ly(1 + Lya)a] ||y — || v
<(1/2) v -2 lly,

which implies that

| Fyy = Fyally <(1/2) |y, —y2 | y-

By the contraction mapping theorem, mapping F' has a unique fixed point y € S.
This fixed point satisfies the integral equation

y(t) = X(t)Aauo - X(t)Aag(tl, ) tpv A~ ay( : ))

t

+ / A*X(t—3)f(s, A~ %y(s))ds
0

t s T
+[ A"‘X(t—s)[ h(s,T,A"ay(T),Z k(r,p, A~ %y(p))dp)drds. (10)

From (5), (6) and the continuity of y it follows that

t—f(t, A~ %y(t)) and t—h(t,s, A~ “y(s), / k(s,7, A~ %y(7))dT
0

are continuous on [0,a], and, hence, there exist constants N and H* such that

| f(t, AT YD) || <N (11)

and

It 47 y(s), [ kor A y(o))dr || < B (12
0

Note that for every B satisfying 0 < 8 <1—«a and every 0 < h<1, we have by
Theorem 2.6.13 of [10] that

[l (X(h) = DA“X(t =) ||
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< CghP || A% PX(t—5) || <CRP(t—5)™(*P) for some C > 0. (13)
If0<t<t+h<a, then
ly(t+h)—y(@) || < 1 (X(R) = D)A“X (t)u, ||

+ [ (X(h) = DA X (1)g(ty;.. st A™ y(+)) ||

t
+ [ I - DAX (-1 A7 y(s) |1 ds
0

t+h
+ [ X+ h- 915,47 () | ds
t

t

+ [ 1@ -Dax@-5) [ bo,r A7), [ Krm A y)dudr | ds
0 0 0

t+h T

+ / || A*X(t+ h— s)/ h(s,7, A~ %y(r), / k(r,p, A~ %y(p))dp)dr || ds
t 0 0

=L+ + I3+ I+ 15+ (14)
Using (vit), (11), (12), and (13) we find that
I, < ct— (et BB < Mlhﬂ

1, <CB*t~ (@ PpB < 1 1P

t
I,<CNK / (t—s5)" @+ Bas < pmohP
0

t+h
I4_<_NCa/ (t+h—5)"%s = NC(1—a)" 'h1 =) < pnP
t

t
ISSChﬂH*a/ (t—s)_(a+ﬂ)ds§Mshﬁ
0

t+h
Ig < H*C’aa/ (t+h—s)"%s = H*aCa(l—a)'lh(l_a) < MGhﬂ.
t

Here, M, and M, depend on ¢ and vanish at t—0, but M4, M,, My, and Mg can be
selected to be independent of t € J. Combining (14) with these estimates it follows
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that for every t' > 0 there is a constant C' such that || y(t)—y(s)|| <C|t—s]|P for
0<t <t s<a and therefore, y is locally Hélder continuous on (0,a]. The local
Holder continuity of t— f(t, A~ “y(t)) follows from

| £t A= %Y(2) = f(s, A= y() | S L1t =51+ [ly(t) —u(s) )
<Cy(|t=5]9+ |t—s]|P) for some C; >0

and the local Hélder continuity of
S

t—h(t,s, A~ “y(s), / k(s,7, A~ %y(r)dT)
0

follows from
S

|| h(t,5, A= %y(s), | k(s,7, A~ *y(r))dr)

oS ~——,

ity A~y (), / k(i d, A~ y(8))d4) |
0

<Li{ls—p|®+ [ly(s) =y |l +Ly(1s—p|®
+1m=¢1%+ |ly(r) = y(#) || )a}
SLi{ls—pl®+ ls—p|P+Ly(ls—pn|®+17=¢19+ |7—¢]P)a}

for some Ly > 0. Let y be a solution of (10). Consider the inhomogeneous initial
value problem

U0 | Aut) = £(t, A~ y(1)
(15)
t s
+{h(t,s,A""y(s),[ k(s,7y A~ %y(r))dT)ds
u(0) + g(tyy- -ty AT %Y(+)) = up (16)

This problem has a unique solution u € C*((0,a]: Z) [10], which is given by
t
u(t) = X(t)ug — X(1)g(tys- -t A7 %y(+)) + / X(t—s)f(s, A~ “y(s))ds
t s T 0
+ / X(t— s)/ h(s,7, A~ %y(r), / k(r,p, A~ %y(p))dp)drds. (17)
0 0 0

For ¢t > 0, each term of (17) is in D(A) and a fortiori in D(A®). Operating on both
sides of (17) with A* we find that
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A%u(t) = X(£) A% — X(£)A%(ty, .ot A™ ()

t
+ / A*X(t—s)f(s, A~ %y(s))ds
0

t s T
+ [ A°X(t—s) [ h(s,m A y(7), [ Korym A~ Cy(wdp)drds. (1)

From (10) the right-hand side of (18) equals y(t) and therefore u(t) = A~ *y(¢) and
by (17), u is a C1((0,a]: Z) solution of (3), (4). The uniqueness of u follows from the
uniqueness of the solutions of (10) and (15), (16). Hence, the theorem is proved.

Next, we shall prove the existence of global solutions of (3), (4).

Theorem 2.2: Let 0 € p(— A) and let — A be the infinitesimal generator of an
analytic semigroup X(t) satisfying || X(t)|| <M for t >0. Let f:IxZ, —Z, h:1x
IxZ,xZ,—Z, and g(ty,..., tpu(+)): IPx Z ,—Z , satisfy (5), (6), and (7), respec-
tively, with I =[0,00). If there are continuous nondecreasing real valued functions
q,(t) and qy(t) such that

; 17 &) <@+ [[ull o)

I hctsyu, [ ko mudn) | < a0+ vl

0

fort>0,ue Z,, then for every uy € Z,, equations (3), (4) have a unique solution u.

Proof: As in the proof of Theorem 2.1, the solution of (3) can be continued as
long as || u(t) ||, remains bounded. It is enough to prove that if u exists on [0,a)
then || u(t) || , is bounded as t—a.

Since
t

A%u(t) = X (1) A% — X(D)A%(Ly, o tpu(-)) + / ACX(t — 5)f (s, u(s))ds
0

t s T
+ / ACX(t - s) / h(s, 7, u(r), / k(r, iy u(p))dp)drds,
0 0 0
then
1u(t) [ o < M || A% || + M || A%(ty,..t () |

t
+ [ IAX( =916, us) N1 ds
0

t s T
+{ ||A°‘X(t—s){ h(s,r,u(r),{ k(, pyu(p))dp)dr || ds

S M| A% || + 1l A%9(t1,- st pyu(- ) I]
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t
+a(a 1= ) T 1) [ (=) u(e) | ods
0

t
0,00 TN 1=0) " gy(0) [ (t=5) 7 [ ulo) | uds
0

S M A% || + |1 A%ty tpou(-)) I

+a(1)al’ " (1~ 0) "1 4 gy (0)al' "1 - a) 1

t
Han® +00) [ (=57 (o) | o
0

By Gronwall’s inequality, we get

[ u(®) || o < C on [0,a).

Hence, the proof.
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