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The development of identities of multivariable hypergeometric functions is
further extended based upon the methods of the previous study (H. Exton,
J. Phys. A29 (1996), 357-363) these functions occur in various applications
in the fields of physics and quantum chemistry.
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1. Introduction

This study is a sequel to the work carried out by Exton [3] in which transformations
of the Kampé de Fériet functions of several variables, Karlsson [4], are obtained.
This type of function has applications in mathematical physics and has previously
been discussed by Niukkanen [5] and [6] and Srivastava [8-11] for example. The
reader should consult these references for a detailed description of the applications of
the type of function under consideration. It is denoted by

FA:C:B:D al,a2,...,aA;bl,z,...,bLB;b2,1,..-,b2,B;---;bn,1a‘--’bn,B; wl,.”’xn

C13Cg+- €y 91 ndy pidy 15 wdy pieeidy gy 0dy b

(@) (by)s-- ()5

=F4c:bp Lreen®y,
(e):(dy)s;. . 5(dy,);
with series representation
((a), Zm)((by), 1)- - ((by)s mp) 21" L. . '
2T, S ) (T (1.1)

in which the indices of summation run over all of the non-negative integers. The
symbol (a) is a convenient contraction for the sequence of parameters ay,a,,a, and
the Pochhammer symbol (a,n), as usual, is given by
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(a,n) =T(a+n)/T(a) =a(a+1)...(a+n—1);(a,0) = 1. (1.2)

Also, ¥m =m; +...4+m,, etc., and any values of parameters for which any results
do not make sense are tacitly excluded. The above notation is discussed at greater
length in Exton [2] and (3], for example.

The following general result was presented in Exton [3] and is stated here for

completeness:
Z( a), Em)((d), Zm)((c1); my)((g1), m1)((21), 2m)
((h), 2m)((9), Zm)((py), m1)((by), my )((ky)-2my)

((C")’ mn)((qn)’ mn)((zn)’ mn)(xl’ yl)ml' : 'xnyn)mn
T () mp) () m (k) my)m m, ]!

xFP:g.@+tZ2p L K

(d) +Zm: (q1) +my, (21) + 2my5. 5 (¢5) + 1m0y (2,) + 2m;
(9) +Xm:(by) +my, (ky) +2my;..5(b,) +m,, (k,) +2m,;

_ (), Zm)((g1), my)((21),my)- - () ) () )y Lo 2
= @), Em) (1), my) (k) m)- A 1) (R m g o, |

XFA:HIC+Z+1P+K

(@):(cq)s(21) +myq, —my;..5(c,) (2,) + My, —

— Yoo = Yn
(h):(p), (ky) +mys..5(pp), (k) +my;

(1.3)

The procedure now used consists of expressing the inner generalized Kampé de Fériet
functions in compact form, thus obtaining the transformations sought. Any questions
of convergence must be dealt with in each individual case as appropriate. The reader
is referred to Exton [3] for more details of the above preliminaries.

The following formulae are required in the subsequent analysis:

1Fola; —52] = (1 —2) ™9 (the binomial theorem) (1.4)
oFila,biciz] = (1—2)° b F [c — a,¢ — b ¢; 2], (1.5)
@):bysyyibp;
FAC: 1 ((c)) j . j Ty | = 441 F p[(a), Bb;(c); 2], (1.6)
Bp|  —i(01)5055(b,)5
F0:0:°D "z, e, | = BED[(b);(d));2,).. . BED[(b,); (d,); =],

_:(dl);n;(dn); (17)



Transformations of Certain Generalized Kampé de Fériet Functions II 299

oFy[a, —n;c;1] = (¢ —a,n)/(c,n), (Vandermonde’s theorem) (1.8)

sFola,b, —njc,a+b—c—n+1;1] =[(c —a,n)(c — b,n)]/[(c,n)(c —a—b,n)],
(Saalschiitz’s theorem) (1.9)

3Fola,bye;1/24+a/2+b/2,2¢;1]
=[[(1/2)(c+1/2)L(1/2+a/2+b/2)[(1/2 —a/2 —b/2 + ¢)]/

[D(1/2 + a/2)T(1/2 +b/2)T(1/2 — a/2 + )T (1/2 — b/2 + ¢)] (1.10)
(Watson’s theorem)
and

aF5la/2,a/2+1/2,b+n, —n;0/2,b/24+1/2,1 +a;1] = (b —a,n)/(b,n). (1.11)

The results (1.4) and (1.8) through (1.11) are to be found in Slater [7], Appendix III.
For the formulae (1.6) and (1.7), see Srivastava and Karlsson [12, page 39] and for
(1.5), see Erdelyi [1, page 105]. In the following analysis, any expressions which are
trivial or which reduce immediately to transformations of one dimension are omitted.
In order to save space, much of the detail of the working is left out, and the reader
should consult Exton [3] if further clarification is desired.

2. A Transformation Deduced from the Binomial Theorem

In the general transformation (1.3), put D=G=Q =1, Z=B=K =0 and let
t,=...=x, == and g =2Xq. As a simple consequence of (1.6), we see that the
inner Kampé de Feriet function on the left takes the form

FU1.0 d+Xm:q; +my;.. 59, +m,;
: Tyl
Yg+TXm: —;.. —;

= 2F1[d+2m,2q+2m;2q+2m;x]:(1—:::)—‘1'2’". (2.1)

The expression (1.3) then becomes

_ ((a),X2m)(d,Xm)(qy,my). . (¢,,™,,)
(=) Y, S )

Llea)ymy).. (en), my)ley, /(1 —2)]" 1. [ey, /(1 ~ z)]"n
((p1)7 ml)‘ : '((pn)’ mn!’ : mn'

= Z (d’ Zm)(ql’ ml)‘ : ‘(qn’ mn)xzm
(Xq,Xm)m L. .m !

(@):(cq)y —my;..5(c,), —my;

(h):(p);--(Pn)s

x FAE.C+1p — Y —Yn l (2:2)
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If A= H =0, the inner generalized Kampé de Fériet function on the right may be so
specialized as to be summable by (1.8). After some algebra, we then have the result

d:Cyyqy5 3 Cns Qs

(1—-:5)_‘1F1:1:21 cf(z—1),..,¢/(x—1)
DU/ LY SEY
d:py—C1yqq3-- 3P —Cry Q0
=Ft 2 S S R | (2.3)
Yqpyse 5P

3. Three-term Transformation Deduced from (1.5)

The inner series on the left of (1.3) can be expressed in closed form by means of (1.6)
and (1.5) after suitably adjusting the parameters and variables. If D=2 =G =1,

A=G=Q=B=K=0,z;=...=z,=1r and g = d — 1, this inner series becomes
d+Xz:zy +2my;.. 52, +2m_;
Ft 1 ! prnn "o,z
’ d—14Xz: —;..5 —;

= oFy[d +Xm, Xz +2Em;d — 14+ Xm;z]
=(1-gz)" 15" 2Em pl_1,d-%z—1-Sm;d—1+Zm;z]
=(1—z)" 1722 22m1 L (D2 —d + 1+ 5m)/(d — 1+ Zm)z]. (3.1)
Hence, (1.3) takes the form

(1—$)_1_EZF1:110+2P

z z z z
. 17,1, . In’n 1,
di(e) gz ta-s(C) g+ dzyy 479y

A=l (p) s () 3 0790 0=
—z(1—2)" 1" PHd -2z -1)/(d-1)
x F11:0+2p

z z z z
. i Ut T PR n’n 1
Tz—d+2:(c) gty )ty dzy, dzy,,

L.
Bz—d+l (p) 55 (P) (=7 (=)

Y

_ Z (d,2m)(zq,my).. (2, ml)xzm
- (d—=1,2m)myL...m}
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X+ 2Fp[(01’ zy+my, —my;(py); — il + oFpllen)szn+my, —mos(p,); — v,

(3.2)

The formulae (1.8) through (1.11) can then be used to sum the inner hypergeometric
functions on the right of (3.2). In order to save space, the details of any working out
are omitted, and the reader should see Exton [3]. The following results ensue, res-

— 4z — A4z
(-2 (1 - x)?

pectively:
'21 Zl 1. z z 1.
- digyg g sz T3
F1:“1
d—1 p1 ) ) pn
—2(d =%z —1)/(d —1)FL1:%2
z z z z
me-dba b I
Yz—d+1: p; R

(1 —.’E)l +2ZF1:1:22

dizy, 142 ~py5eo52 1+ 2, — D

d—1: P1 R

Fla:32

%1%

. 1. .. Zn’n 1,
d'cla7’7+§’°--7cn,7,7+§,

—z(d + Bz —1)/(d - 1)F¥1:>2

z 4 z z
. 1-”1,1, .
Ez—d+2.cl,7,—2—-+§,...,cn, Zn, 2n+

D=

I

(1 _ :L‘)l + EzFlz 1:32

bl

d_lzpl,cl+zl—p1+1 ;...;pn,cn+zn—Pn+1;

Yz—d+1ip,ci+21 =Py + 5. PpCr+ 2, — P+ 15

dizy,py—cp, 142y =P 52 Pp—Cy L+ 2, — P

d—Lip,l+zy+cy—pi5e Pl +2,+ ¢ — Py

dicy,21/25..5¢,,2,/2;
d—1: 2¢c,,

Flih

2¢y O

?

—z,...,—| (3.3)
— 4z — 4z
-2 (1-x)?
— 4z . — 4z
-2 (1 -a)?
—Z,..., — T (3.4)

— 4z — 4z

1-2)"""(1-2)?
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—2(d ~ Bz —1)/(d - 1)F¥1:%1

Tz—d+2:¢q,21/2,5..55¢, 2,/ 205
— 4z — 4z

Tre o 5
Yz—d+1: 2¢; ;.. 2, ; (1-2) (1-=)

— (1 _ :(:)1 +22F1:1:21

d/241/2:2,/2,2,/2+1/2—cy5..52,/2,2,/2+1/2—c,;
d/2-1/2: e +1/2 5. e, +1/2

and

Fl:lz21

d:ay/2,a,/24+1/2;..5a,/2,a, /2 +1/2;

— 4z — 4z
1-2)2""7 (1 - z)?

d-1: 14a; ;...; l4a,

—2(d =%z —1)/(d - 1)FY 1.1

Yz—d+2:ay/2,a,/24+1/2;..50a,,a,/2+1/2;

— 4z — 4z
(1-2)""7 (1 x)?

Yz—d+1: 14a; ;..5 1l4a, ;

dizy—aq;..52, —a;
:(1—:c)1+EzF1:1:10 vt T Ty.. |y (3.6)
d—1: - R

The right-hand side member of (3.6) can be simplified by appealing to (1.6) and
(1.5). Hence,

o d:a,/2,a;/24+1/2;.. 5a,,a,/2,a,/24+1/2;
.41 — 4z —4x

Fl'l 1 2
d—1: 14a; ;..5 l4a, (1-<) (1-2)

—2(d+ Bz —1)/(d— 1)FL1:.*1
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Yz—d+2:ay/2,a;/2+1/2;..5a,/2,a,/2+1/2;
—4x —4x

e 5
Yz—d+1: 1+a; ;..5 1l4a, ; (1-2) (1-2)

=(1-2)"[1—-(d—1-3z+0ca)/(d —1)z] (3.7)

4. A Transformation of Higher Order

This study is concluded by deducing a transformation of general order in which one
of the variables is restricted. As such, this type of expression does not possess a
single-variable analog.

In the general result (1.3), put Q=Z=B=K =0 and let ¢, = —z,—...
— &, _,. Utilizing an idea employed by Exton [2], we see that, as a consequence of
(1.6), the inner Kampeé de Fériet function on the left reduces to unity. Hence

™ ((a), Zm)((d), Bm)((eg)ymy). . (¢)s M) (@191) "L (B 1, 1) "
((h), Zm)((9), Em)((p1), my)- . ((Pp)s mp )yl

x(—yn[m1+...+xn_1])m"

(d),Tm)ey L. iy ( =gy —...—z, _ )" ™
=2 : ((g),Enlz)mll..%mn! :

(@):(er)s =mys..i(cn)s —my;

x FA g C+1p —Ypreeo —Yp |-
(h):(p1) 5o (P

(4.1)

If A=H=0,C=P=1and y, =...=y, = —1, the inner Kampé de Fériet func-

tion can be summed by means of (1.8). It then follows that

) (d)ieqg;- e
FDig. M ! " =&y =T, &t T,y
(9): P13 5 Pp3
d:p—cy;..u5p, —c
= FD:g:h @) v o =Byl gy — &y~ — Ly _q |
(9): P15+ 5 P

(4.2)

It is clear that this short list of transformation is far from complete.



304

HAROLD EXTON

References
[1] Erdélyi, A., Higher Transcendental Functions, McGraw-Hill, New York 1953.
[2] Exton, H., Generating relations for Tratnik’s multivariable biorthogonal contin-

[9]

[10]

[11]

(12]

uous Hahn polynomials, J. Math. Phys. 33 1992), 524-527.

Exton, H., Transformations of certain generalized Kampé de Fériet functions, J.
Phys. A29 (1996), 357-363.

Karlsson, P.W., Reduction of certain generalized Kampé de Fériet functions,
Math. Scand. 32 (1973), 265-268.

Niukkanen, A.W., Generalized hypergeometric series NF(:cl,...,mn) arising in
physical and quantum chemical applications, J. Phys. A16 (1983), 1813-1825.
Niukkanen, A.W., Generalized reduction formulae for multiple hypergeometric
series NF(zy,...,2,), J. Phys. A17 (1984), L16-L31.

Slater, L.J., Generalized Hypergeometric Functions, Cambridge University Press
1966.

Srivastava, H.M., A class of generalized multiple hypergeometric series arising
in physical and quantum chemical applications, J. Phys. A18 (1985), L227-
L234.

Srivastava, H.M., Reduction and summation formulae for a certain class of
generalized multiple hypergeometric series arising in physical and quantum
chemical applications, J. Phys. A18 (1985), 3079-3085.

Srivastava, H.M., Neumann expansions for a certain class of generalized multi-
ple hypergeometric series arising in physical and quantum chemical applica-
tions, J. Phys. A20 (1987), 847-855.

Srivastava, H.M., Some Clebsch-Gordon type linearization relations and other
polynomial expansions associated with a class of generalized multiple
hypergeometric series arising in physical and quantum chemical applications, J.
Phys. A21 (1988), 4463-4470.

Srivastava, H.M. and Karlsson, P.W., Multiple Gaussian Hypergeometric Series,
Halsted Press, New York 1985.



