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An asymptotic method for stability analysis of quasilinear functional differ-
ential equations, with small perturbations dependent on phase coordinates
and an ergodic Markov process, is presented. The proposed method is
based on an averaging procedure with respect to: 1) time along critical
solutions of the linear equation; and 2) the invariant measure of the
Markov process. For asymptotic analysis of the initial random equation
with delay, it is proved that one can approximate its solutions (which are
stochastic processes) by corresponding solutions of a specially constructed
averaged, deterministic ordinary differential equation. Moreover, it is
proved that exponential stability of the resulting deterministic equation is
sufficient for exponential p-stability of the initial random system for all
positive numbers p, and for sufficiently small perturbation terms.

Key words: Functional Differential Equations, Small Random Pertur-
bations, Stochastic Stability, Averaging Procedures.

AMS subject classifications: 60H10, 60H30.

1. Introduction

This paper deals with the n-dimensional functional differential equation in a quasi-
linear form with a small parameter ¢ € [0,1):

dudegt) = g(ug) + eF(t,ug, y(t),€), (1)
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where
1) ui is part of the solution defined by the equality ug: = {u(t+6),0 €
[ - h,0]}, with some positive number k;
2) g(¢p) is the linear continuous mapping of the space of the continuous n-dim-
ensional vector-functions C,: = C_([ — h,0]) to R", defined by the equality:

0
so) = [ 46)00),
h

with matrix G(6) consisting of bounded variation functions;

3) {y(t),t > 0} is a homogeneous ergodic Markov process on the probability
space (Q, %, P), with values in the phase space Y, with infinitesimal operator
Q, transition probability P(t,y,dz), and unique invariant measure u(dy)
satisfying the condition of exponential ergodicity (see Blankenship and
Papanicolaou [1]). Thus, there exist positive constants M and 6 such that
|| P(t,y, ) — p|l < Mexp{— 6t} for any ¢ > 0; and

4) the perturbing term F(t,¢,y,¢) is a continuous mapping of the product
space R | xC, ([ —h,0]) x Y x[0,1) to the space R", satisfying F(¢,0,y,¢) =
0 and the Lipschitz condition

0
| F(t, p,9,€) — F(t, $,0,6) | <1 / | o(s) — (s) | du(s), %)
Zh

for any y €Y, e €[0,1), teR , and p,9 € C,,, with some function v(s) of
unit variation.

Under these conditions, the random Equation (1) with initial problem uf(s +6) =
(), —h <0 <0, has (see Hale and Sjord [4]) a unique solution u® = {u®(t),t > 0}
for any continuous function ¢; this solution is a continuous stochastic process with
probability one. We will refer to the linear equation:

0
W= [acopu+o (3)
“h

as the generative equation corresponding to Equation (1). It is well known (see Hale
and Sjord [4]) that Equation (3) defines, in the space C,, a strong continuous
semigroup T'(t) with infinitesimal operator given for a sufficiently smooth function ¢

by:

%259—0), if —h<0<0,
(Ap)(0): =
g(v), if 6 =0.

The spectrum o(A) of this operator is given by:
o(U): = {z:det{U(z)} = 0},

where
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0
U(z): =1z — / e*%dG(9).
-h

As in the deterministic case (see Halanay [3]), we will proceed in this paper with the
assumption that the generative equation is on the border of stability, that is:

c(U)N{z:Rz>0} =0, op: =c(U)N{z: Rz =0} #0.

We will refer to the spectral subspace of the operator A corresponding to o as the
critical subspace, and to the solutions of Equation (3) lying in the critical subspace as
the critical solutions.

Using projection on the critical subspace, we will construct a finite-dimensional
differential equation with Markov parameters and rapid switchings, which has the
same stability properties of the trivial solution as Equation (1) for all sufficiently
small € >0. It will be proven that for stability analysis under some additional
assumptions, one can perform averaging with respect to: 1) the invariant measure of
the Markov process; and 2) time along the critical solutions of the generative equa-
tion, as one can do for the deterministic delay equations (see Halanay [3]). Stability
results can then be obtained applying the Second Lyapunov Method using a specially
constructed (see Blankenship and Papanicolaou [1] and Korolyuk [7]) Lyapunov func-
tional and recursive approximations of the solutions of Equation (1) given by the solu-
tions of the corresponding averaged equation.

2. Result and Discussion

Some preliminary preparation is needed in order to obtain the resulting averaged
equation. First, we rewrite Equation (1) in the operator form (see Hale and Sjord
(4]):

du$

T = Mg + €1 (1,u,y(t), ), “

where the matrix-valued function {1(¢), —h < 8 < 0} is defined by the equality:

0, if-h<0<0,
I, if 0 =0,

and I is the nxn identity matrix. Next, we define the spectral projective operator
Py corresponding to oy C o(A). For this, we will use its integral representation (see
Kato [5]) in the form:

(Po)O): =5 [ (2= A~ w0, 6)
B

where B: = [J7'_ 1{z: |2 —2;| =6} with sufficiently small 6 >0. It can be easily
seen that both the projective operator Py and I — P are bounded.

One can apply the projective operator P, not only on any continuous vector-
function (8), but also on any vector- or matrix-valued measurable function.
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Inserting the above matrix-valued function 1 into the integral representation from
Equation (5), one can define the n x n-matrix-function:

m

L) =55 / (=R~ )(O)dz = 3 reslU @], _ (6)
2

i=1

Let us denote the critical subspace as X: = P,C,,, the n x m-matrix of a basis in this
subspace as V/(f), the restriction of the operator A on X, as A, and let A, be the
matrix of this restriction, as defined by the equation AgV () = V(6)A,. Furthermore,
one can define the m x m-matrix ¥, writing the identity I'(§) = V(6)¥. Let us use
the above notations, along with the notation V: = {V(6), —h <0 <0}, and assume
the existence of the m-dimensional vector function F(z) of argument z € R™ defined
by:

T
F(z): :ﬁlll—{noo%/ /e—tAO@F(t,VetAO:c,y,O),u(dy)dt,
0 Y

where p(dy) is the invariant measure of the Markov process y(t), t > 0. Thus, we
define the averaged differential equation (which is not random):

& — p(z). (7)

We say that the trivial solution of Equation (7) is ezponentially stable in the large if
there exist positive constants @, and a, such that:

|a(t+s,5,2)| <ae” || ®)

for any s,t >0, £ € R™. We say that the trivial solution of the random Equation (1)
is ezponentially p-stable in the large for all sufficiently small positive ¢ if there exist
positive constants €y, a;, and for any € € (0,¢;), there exists a positive number a,(¢)
such that:

EC) {|us(t+5) | P} <age 2 ||| P

for any 5,t >0, y €Y, and ¢ € C,,. In this definition and throughout this paper, the
above upper and lower indices of expectation (or probability) denote the conditions
y(s) =y, uS = . All subsequent relations involving random variables and processes
are understood as such.

The selection of the linear mapping g(¢) in the right part of Equation (1) can be
accomplished somewhat arbitrarily by adding any arbitrary linear continuous mapp-
ing £g,(p) to the linear part of Equation (1) and subtracting it from the second term.
Because the set o, consists of a finite number of points (see Hale and Sjord [4]) oy =
{2, =1,2,...,m}, it may be assumed that the selection of terms in the right part of
Equation (1) has been done in such a manner so that (detU(zj))’ #0,7= 1,2,...,m.

Lemma 1: Under the above assumptions, one can find a constant ¢ such that the
solution of Equation (1) with initial condition:

u*(s+0)=¢(f), —-h<6<0, (9)
satisfies the inequality:
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sup | u(t+5,5,0) | <eeT[|p]| (10)
0<t<T/e
s>0,yeY

for any T >0, € € (0,1), where | is the Lipschitz constant from Equation (2).
Proof: Let H(t) denote the matrix-solution of the generative Equation (3)
satisfying the initial condition:

H()=1(8), —h<6<0.

Using this matrix-valued function, one can (see Hale and Sjord [4]) rewrite Equation
(1) in the integral form:

t
us(t+s,8,p) = uo(t,O,go) + 5/ H(t—7)F(s+, u§+ »Y(s+7),e)dr,
0

where u®(t,0,¢) is the solution of the generative equation with the same initial condi-
tion. Due to our assumptions regarding the spectrum part o, there exists (see Hale
and Sjord [4]) ¢: = sup || T'(¢) ||, whence:

t>0

[H@ | <esup  [|10) || <e, |uO(t,0,0)| = [(T(t)e)(0)| <cllel,
—h<6<o0

for any ¢t > 0 and ¢ € C,. Therefore, the proof follows from the integral inequality
¢

sup |u®(t; +s,5,¢)| <cll ¢l +5lc/sup | u(ty + 5,8,9) | dT
t, <t t ST

after applying the Gronwall’s lemma on the segment 0 <t < T/e.
Using the matrix I'(d) from Equation (6) and the decomposition:

ug(9) = (Poug)(9) + ((I = Po)uy)(6),

one can rewrite Equation (4) as a system of two equations for the vector-functions
ro(t,0): = (Pouf)(6) and ry(,0): = (I - Po)uf)(9):

67'06(:, o) _ (Rgro)(t,0) + eT(O)F (t,1g(t) + x,(1), (1), €), (11)
67'10(:,9) = (A;r,)(t,0) + (1(8) — T(0)) F (¢, us, y(1),¢€), (12)

where r;(t) = {r;(t,0),6 €[—h,0]}, j=0,1, and the linear closed operator A;: =
(J — Py)A is acting on the same subspace P(A) C C,, as the operator A, and has the
spectrum oy: = o(U)\oy C {R2z < —p <0}

Lemma 2: Under the above conditions there ezists constant ¢, such that the solu-
tion of Equation (12) satisfies the inequality:

sup | ry(t,0) = (T(1)(I = Po)e)(8) | <ecqllpll e
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for any T >0, € € (0,1) with constant ¢ from Equation (10).
Proof: The operator A; can be considered (see Kato [5]) as the infinitesimal opera-
tor of the contractive semigroup {T';(t),t > 0}, which satisfies the inequality:

[Ty 1| < ve™*,

with the above defined positive p and some positive constant v for any ¢ > 0. Using
this semigroup, one can rewrite Equation (12) in the integral form

s+t
ri(s+1t,0) = (T(t)I — Po)e)(0) +¢ / Ty(t —7)(1(0) — T(0))F (7, uz, y(7), €)dr.

s

Due to Lemma 1, Equation (10), the Lipschitz condition and the exponential decay of
the semigroup T';(t) the above integral equality allows us to complete the proof using
the inequality:

le
sup || ry(t+8) =TI = Pop | < e(l+ || Pyl )SLeT || o |
<t<TJ/e
s20,yeY

or t

_te
sup  ||ey(T/e+3) || <eryeT |l +7e = (13)
s>0,yeY

for any T >0, ¢ € (0,1), € € C,,, and with 7, being a positive constant.

Theorem 1: Let, in addition to the previous assumptions, the function
F(t,Vz,y,€) be uniformly continuous at zero as a function of €, that is, assume that
the quantity

F(t,Ve,y,e)— F(t,Vz,y,0
| F( K )| "

a(e): =sup
t>0,yeY
zeR"™

is infinitesimal as €0, and the limit function F(t,Vz,y,0):
1) has uniformly bounded continuous z-derivative DF(t,Vz,y,0);
2) belongs to the domain D(Q) of the operator Q;
3) has continuous bounded t-derivative %F(t,Vm, v,0);
4) has the above defined average F(x) along the solutions of the gemerative
equation, and there exists constant b such that:

s+ T

sup | [ [T 0G0 Ve 0y, 0)uld)dt - TF ()| <b] 21, (15)
yeY, T>0
s20

for any x € R™.

If the trivial solution of the averaged Equation (7) is exponentially stable in the
large, then the trivial solution of the random Equation (1) is ezponentially p-stable in
the large for all sufficiently small positive €.

Proof: According to the definition of the basis V(6), the n-dimensional vector-
function r((¢,60) in Equation (11) can be decomposed as follows:
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ro(t,0): = V(0)i<(t), Vo0 €[~ h,0].

After substitution of this decomposition in Equation (11), one can conclude that the
m-dimensional vector-function u°(t) satisfies the ordinary random differential equa-
tion in R™
dﬁe(t) —e I —e
7 = Agtl (t) + eWF(t, Vus(t) + ry(2), y(1), €). (16)

One can consider the decomposition of Equation (1) in the forms of Equations (11)
and (12) with the decomposed initial condition in Equation (9):

ro(s,0) = Pyp(0): =V (0)ud, 7(s,0)=(I— Py)e(d), (17)

which uniquely defines the vector & € R™ for given basis V. Consequently, Equation
(16) should be considered with initial condition:

fis(s) = 1], (18)
Let u°(t) be the solution of the random differential equation in R™
duc(t - ~
udt( )= Agie(t) + €8P (1, Vi), (1)), (19)

with the above initial condition to Equation (18). Using the substitutions
@5(t) = e 0ze(t), wE(t) = e 0FE(1),

one can derive from Equation (16), for the vector-valued functions Z°(t) and Z°(t),
the equations

dz(t) 14,

2 =ce” O (L, Ve 02 (1) +xy(1), (1) €), (20)
& dgt) = ce 0T F(1, Ve A0z (1), y(1), €). (21)

Due to the Lipschitz condition in Equation (2) and the assumptions regarding the
spectrum o of the matrix A, the difference of the solutions satisfies the integral
inequality
t 0
o) -+a) | <ed [T [ [ IVO) I In(+s0)dv(o)dr
0 —-h

0 t
+ecl || T / V)| du(a)/ | 2°(7 + s) =Z°(T + 5) | dT.
~h 0

Using the inequality in Equation (13), one can derive the inequality
le(r+ )1l <ve™ 7L+ [ Poll) [l @l +ecreT el

for any T >0, 7 € [0,T/¢). Therefore, there exist a constant /; and a function I,(7")
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such that the difference between the solutions of Equations (20) and (21) satisfies the
inequality

t
|25t +5) —Z(t+5) | <ely(T) ¢l +611/ | 25( +5) =Z%(r +5) | d7.
0

Applying Gronwall’s inequality, one can find a function c4(7") such that:

sup | Z%(t+5)=Z(t+5)| <ecy(T) el (22)
0<t<T/e
s>0,yeY
for any T >0, € € [0,1), ¢ € C,,.
To simplify the notations, we denote

~ ~, bt = A
Fe(t): = 7(t/e), f(t,a,y,6): = ¢ OFF(L, Ve P00,y e).
Let z°(t) be the solution of the random equation

dd_w: = f(t/e, 2%, y(t/€),0). (23)

It is easy to verify that Z°(t) satisfies the random differential equation:

%’v?ti = f(t/e, 35, y(t/e), €). (24)

Consider this equation with initial conditions Z°(s) = x°(s) = 4, with vector 4 from
Equation (17). Due to the existence of the uniformly bounded z-derivative
DF(t,Vz,y,0), the right-hand sides of Equations (23) and (24) satisfy the Lipschitz
condition with some constant L. Furthermore, it follows from Equation (14) that the
function f(t,z,y,€) is uniformly continuous at point zero as a function of ¢, that is,
the quantity

Bey: =sup Ibzne) = f(b2,0)|

t>0,y€cY ||
zeR"

is infinitesimal as é—0. Using the latter property and the Lipschitz constant L, one
can write the inequalities

| Z°(t + s,5,4) — 2°(t + s,5,4) |
s+t
S/ | f(r/e,2%(r,s,1),y(r/e),€) — f(r/e,z(r,s,1),y(r/€),0) | dT
’ t
SL/ | 25(T + s,8,1) — 2°(7 + s, 8,1) | dT
s+t 0

+ / | £(r/e,x5(r,5,8), y(r /n),€) — F(r/e,a%(r, 5, 8),y(r/€),0) | dr

s
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t s+t
< L/ | Z°(T + s,8,8) — z°(T + s5,5,4) | dT + ﬁ(e)/ | 2%(7,s,4) | dr. (25)
0 E

It can be easily shown that the Lipschitz condition for the right-hand side of
Equation (23) guarantees the existence of a constant B, such that:

| 25(t + s,5,4) < BePt | ],

for any 4 € R™, s >0, t >0, € €[0,1). Thus, substituting this bound in the last term
of Equation (25) and applying Gronwall’s inequality, one can obtain the relation

sup | ¥(t+s,5,) —a(t+5,5,@) | <Be)BTT |,

for any T > 0, 4 € R™ and sufficiently small ¢ > 0. For further analysis, it is conven-
ient to rewrite this inequality for the time t¢ and use the norm of the initial condition
in Equation (9):

sup | F(te + 5,5, 1) — 25(te +5,5,4) | < B(e)BTeET || ]|, (26)
0<t<T/e
$s>0,yeY
forany T >0, ¢ € C,,.

It is known (see Blankenship and Papanicolaou [1] and Skorokhod [9]) that under
the above assumptions, the solutions of Equation (24) tend to the corresponding solu-
tions of Equation (7), and that the stability of the trivial solution of Equation (7)
guarantees (see Korolyuk [7]) the stability with probability one of the trivial solutions
of Equation (24). However, in order to prove our theorem, we need stronger
evaluation of the rate of convergence to zero of the p-moments of the solutions of
Equation (24) as t—oo. For this purpose, we will apply the second Lyapunov method
to a specially constructed functional v(¢,z,y,¢). Since for any random variable £, the
quantity ([E(|§|p))1/p is monotonically nondecreasing function of p >0, we can
assume in our proof without loss of generality that p > 2.

One can consider the pair {z°,y(t/c)} as a Markov process in the phase space
R™ XY (see Blankenship and Papanicolaou [1], Mohammed [8], and Skorokhod [9])
with weak infinitesimal operator Q defined on sufficiently smooth continuous function
v(z,y) by the equality:

(Q)(2,y): = (Vo)(z,y) +=(Q)(z,Y),

where (-, -) and V are the scalar product and the gradient-operator in R™, respective-
ly. Since the right-hand side of Equation (23) depends on the time coordinate ¢, one
needs to extend the phase space by adding a new phase coordinate t €R , , and con-
sider the above nonhomogeneous Markov process with infinitesimal operator:

(0)(t,2,9): =Y (Lo )t,v2) + (@Qu)(t2,))
+((Vo)(ts2,y), f(t/e,2,9,0)). (27)

For a given function w(t,y), let w(t) denote the function obtained by averaging
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w(t,y) with respect to the invariant measure u(dy), that is,

W(t): = / w(t,y)u(dy),

Y

and let w(y) denote the function obtained by averaging w(t,y) with respect to the
time t, that is,

T
o(y): = Tlgnoo-},— / w(t, y)dt.
0

The projection operator P“ on the subspace
C, ={9€C(Y):g =0}

can be defined by the equality P g(y): = g(y) —g. Due to our assumption of expo-
nential ergodicity, we can use the inequality:

sup | E (P,9)(y(t)| < Me™*'sup | g(y) |, (28)
yeyY yeyY

for any ¢ >0 and g € C(Y) and, therefore, the potential J] of the Markov process
{y(t)} can be defined as the improper integral:

o0

(MW = [ B,
which satisfies, °
sup | (TT9)(w) | <Hsup 19(v)1, (29)
yey yeY

for any g € C“. According to the definition of the weak infinitesimal operator (see
Dynkin [2]), one can write the equality:

TE h(s,y(s 1)) = —E,(Qh)(s,y(s — 1)),

for any s >t >0 and continuous bounded function h(s,y). If in addition, 71?(8) =0,
then the inequality:

| E h(s,y(s — 1)) | < Me™*C~Dsup | h(s,y)|
yeY

follows from Equation (28). Therefore, there exists the improper integral:

o0

/ E h(s,y(s — t))ds: = G(h)(t,y),
t

for any y € Y, and M
sup | (Gh)(t,y)| < <gsup | h(s,y)]. (30)
yey y
520 s
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In view of Equation (29), one can easily verify that the function r(t,y): = G(h)(t,y)
satisfies the ordinary differential equation:

Lr(t,y) +Qr(t,y) = — h(t,y)- (31)

Using this result and the representation h(t,y) = (h(t,y) — E(t)) + E(t), one can find a
solution of Equation (31) for arbitrary bounded function h(t,y) in the form:

t

R(W(ty): = G(h—R)0)+ [ Rs)as, (32)
0
and from inequality in Equation (30) obtain the inequality:

t
(RM| <22 s (o) | +sup | [ R)ds] (33)
t>0,yeY 120 J

To prove the exponential p-stability of the trivial solution of Equation (24), we will
use the Lyapunov functional:

w(t,x,y,f)i = U(£)+Ev1(t/€»x’y)» (34)
where

’Ul(t’z’ y) = (V’U(:C),R(f - F)(t,x,y,O)),

and the operator R acts on the function f(t,z,y,0)— F(z) according to arguments ¢
and y as defined in Equation (32). The inequalities in Equations (15) and (33) allow
us to estimate the second term in the latter scalar product as follows:

y €

t
R = F)tz0)| <2 sup | [ Bo)ds] +2 sup | £(62,2,0)].
t>0 J 0 yey
t>0

It is obvious that under the assumption of exponential stability conditions in the
large of Equation (7), the pth power of the absolute value of any solution of Equation
(7) decreases also exponentially when t—oo for any p > 0. Therefore, one can con-

sider the function:
S

v(z) = / | 2(t,0,z) | Pdt

0

with sufficiently large positive S as the Lyapunov function for the averaged system.
Using the smoothness with respect to # of the right-hand side of Equation (7), one
can prove that v(z) has continuous derivative Vu(z), and that the following inequali-
ties are satisfied:

vilz|P<v(z) Svplz| P, (Vo(e), F(z)) < —vgle|P,
(35)

sup |vy(t,z,y)| <vglz|P, sup | Vu(t,z,y)| <vgle|P Y
t>0,yeY t>0,yeY
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for any € R™ with some positive numbers v;,v,,v3,v4,v5. Therefore, for sufficiently
small positive ¢, one can write the inequalities:

wy |z | P <w(t,z,y,e) <w,|z|?, (36)
with some positive number w; for all € € [0,¢;) and arbitrary values of the remaining
variables involved in Equation (36). Furthermore, using the definitions in Equations

(27) and (32) of the operators £ and R, respectively, one can obtain for the quantity
Lw the following inequality:

(Lw)(t,2,3,¢): = (V0)(), £(t/e,2,9,0)) (o, )(t/e,2,9)
+(Quy)(t/e,2,y)) +e(Vvy)(t/¢,2,v), f(t/ €, 2,9,0))
=((Vo)(@), F(2)) + e(Voy)(t/e,2,y), f(t/e,2,9,0))
< —wglz|? (37)
for sufficiently small values of ¢. Let us assume that e; has been chosen small
enough so that both of the inequalities in Equations (36) and (37) are fulfilled simult-

aneously. Then, using the well known Dynkin formula (see Dynkin [2]), and the
inequalities in Equations (36) and (37), one can obtain the inequality:

E{ | z5(t) | P | 2%(s) = d,y(s/e) = y)}
< wrB{u(t, = (1), y(t/e), €) | 2°(s) = i, y(s/¢) = v)}
t
= “%1 w(t,z,y,€) + / E{Lw(r,z°(7),y(7/¢€,€) | 2°(s) = 1, y(s/e) }dT p.

Therefore, the conditional p-moment of the solution of Equation (23) satisfies the

inequality:
B 2(0) |7 |2%(5) = @ 0(s/¢) = )}
w w ‘
<atlelP =gt [ B{1250) |7 |2%(e) = o/ }ar,

whence one can conclude that:

E{ | 25(t) | P | 2%(s) = i, y(s/e) = )} < By | | Pe = P17 %),

for any t > s >0, 4 € R™ and ¢ € (0,¢,), with some positive constant 3. Using this
inequality, one can evaluate the rate of decay of the second moment of the supremum
of the solution of Equation (23) in the time-interval [ — he, 0] from:

E{ sup |x€(r+s)|2|x€(s)=a,y(s/5):y)}

t—he<r<1t
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t
<lalr+he [ 6y la1Pe " ar < gyl a7,
t — he

for any ¢t > he, z €R™, y €Y, and ¢ € (0,&;). It can be easily seen that using this
formula, the previous inequality can be rewritten in the form:

swpBl g {, s 15 +9) [ P15(0) = dvla/e) =v)) < Byl 71 B
3>0 y,d t—he<t<
yeyY

Since the initial condition @ of Equation (23) is the projection of the initial condition
in Equation (9), it follows from the above inequality that:

sup E3,¢{ sup |w‘(r+s)|p}

>0, t—he<7<t
yeyY
=sup E sup |w€(7'+s)|p|u (s) = p,y(s/e)—y)}
s2>0, t—he<r
yeY

- Byt

<BzllellPe (38)

for any ¢ € C,..
By construction the solution of Equations (1) and (9) satisfies the inequalities:

sup | ufy o(5,0) | < sup [|xo(t+3) [ +5up [|xy(t+3) |
er er er

Shsgp V@)l Ile °Ilsup 175+ )1l +sup [Imy(t+9) |

er er
<hy sup (| F(t4+5)=F(t+5) | + [¥(t+5) )+ sup [ ry(t+9)]
!IGY yGY

=h, sup (12t +s)=Z(t+s) | +sup | Z°(te + s) |)+sup ey (t+5) 1,
y e Y y e Y y e Y
with some positive constant h;. Taking into account the definition of the initial
condition @ given by Equation (17) and the formulas in Equations (13), (26) and

(38), one can find sufficiently large A(T) as T—oo and infinitesimal a(e) as €—0,
such that:

-8,T
b B 052 7} < (@A) + 8" ) o7,
yGY

Inaf3

for any ¢ € C,, with some positive constant 3. Choosing the numbers T' = —— and

€g such that %1
In4p 1
( 0)A< ,8 ) = Z’
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this inequality can be rewritten in the form:

Jup Bz P} <3l (39)
yEY

Next, we apply the Markov property for conditional expectation in the form

ES ){”us+t1+t2” }

~E0), { B 114, 117

This allows us to use the inequality in Equation (39) and to evaluate the second
moment of the norm of the solution of Equations (1)-(9) in the recursive form:

(s) € PY — (S) (T) p

T=t1+5’¢=“§+t1’z=ys+tl}

T‘:sk’tp:u:kyz:ysk}
1 (s) e ||P

<z E

=2 ysg% ‘p’y{ I usk“ }’

for any given s >0, k€N and ¢ € C,,. Therefore, for t € [sk,sk+1), k €N, the
reiteration of the above inequality allows us to write the following inequalities for the
second moment of the solution of Equations (1)-(9):

EQL{ 1o +1/0)|P}< _swp EQL{|u(s+1/6)|7)
) skst<sk+l’ !
yeyY

< cPePdTE;iL{ g, 117} < eZepelT || o || P

or
— aqgle
EX {|us(s +1) [P} <ae” 2|7,

with some positive constants a;,a,. This completes the proof of our theorem.
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