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In the present paper, we define a random iteration scheme and consider its
convergence to a solution of a random operator equation. There is also a
related fixed point result.
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1. Introduction

In recent years, the study of different types of random equations have attracted much
attention, some of which may be noted in [1, 5, 6] and [7]. In this paper, we discuss a
random operator equation involving two operators in the context of Hilbert spaces.
We have also a random fixed point result as a corollary. We also demonstrate our
result for the corresponding deterministic case by an example.

Throughout this paper, (£2,X) denotes a measurable space and H stands for a se-
parable Hilbert space.

A function f:Q—H is said to be measurable if f~ 1(B) € X for every Borel subset
B of H.

A function F:Qx H—H is sald to be H-continuous, if F(t,-): H—H is contin-
uous for all t € Q.

A function F:Qx H—H is said to be a random operator, if F(-,z):Q—H is mea-
surable for every z € H.

A measurable function ¢:Q2—H is said to be a random fized point of the random
operator F:Qx H—H, if F(t,¢(t)) = g(¢) for all t € Q.

A measurable function ¢:Q—H is said to be a solution of the random operator
equation S(t,z(t)) = T(t,z(t)), where S,T:QxH—H are random operators, if
S(t,g(t)) = T(t,g(t)) for all t € Q.
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The following result was established in [4]. We present this result as a lemma.
Lemma 1.1: Let H be a Hilbert space. Then for any z,y,z € H and any real A,
the following equality holds:

(1 =Xz +ry -z
=(1=Nlle—z 2+ A ly—z 2= 2x1=N) e~y % (1.1)

We define the random iteration scheme as follows:

Definition 1.2: Random iteration scheme. Let S,T:Q2x H—H be two random
operators defined on a Hilbert space H. Let g,:Q2—H be any measurable function.
Define the following sequence of functions {g,,}

n+1(1) = (1= ) g, (1) + ahy (1), (1.2)
where
ho(t) = (1= 8,)5(t9,(1)) + BT (4 9,(1)s (1.3)
0<a,f,<lforalln=0,1,2,.., (1.4)
n@oﬁn =M<, (1.5)
and
ilanﬁn = co. (1.6)

The construction of the iteration scheme is based on the same idea as that of Ishi-
kawa’s random iteration scheme [2]. But the present iteration is not a modification
or generalization of that iteration.

A function T: H—H is said to satisfy Tricomi’s condition if

Tp=pimplies ||Te—p|| < [z—p|.
We define generalized Tricomi’s condition for two operators in the following way.

Definition 1.3: Generalized Tricomi’s Condition. Two functions S,T: H—H are
said to satisfy generalized Tricomi’s condition if

Sp=Tp implies [[Sz—p| < |lz—p|| (L.7)
and

| Tz—pll < [lz—p]l- (1.8)

2. Main Results

Theorem 2.1: Let S,T:Qx H—H, where H is a separable Hilbert space, be two ran-
dom operators such that
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(a) S and T are H-continuous, and
(b)  there ezists f:QQ—H (not necessarily measurable) such that

A= NS@)=FOI2+MT(t2) = f@O 2 < le=fO)1° (2.1)
forallte Qe € H and 0 < A < 1.

Then the random iteration scheme (Definition 1.2), if convergent, converges to a solu-
tion of the random operator equation

S(t,z(t)) = T(t,z(1)). (2.2)
Proof: For any ¢ € ,
90410 = FO 112 = | (1= a)g,(t) + azh () = £ 17 (by (1.2))

= (1= a,) 1 ga(8) = F() 1|2+ o 1 hp() = () ||

— (1= a,) [ ga(t) =R () ]2 (by (1.1))
<(L=a,) lga(t) = F () |I?
+ag || (1= 8,)8(t,9,(0)) + BTt 9,(0) = F(1) || (by (1.4) and (1.3))

= (1= ap) [1ga(8) = FO 11 * + o {(1 = B) | S(tg0(1) = F() 12
+ B 1 T, 9n(0) = SO 1 = B(L = B,) | S(t 9,(1) = T(t,9,,(D) 1| *) (by (1.1)

Bl =) 11 (L 9,(t) = T(t, 9, (1) || 2
<A =) 19O = FO N~ Nl gn 41 = FBO) I 2
+ o, {(1=B8,) | (4 9,(1) = F(O 12+ B || T(t, 9,()) = £(2) 1%}
for all t € Q (2.3)
B = B,) | S(t,9,(0) = T (1, 9 (D) |2 < (1= ) 1 g0(t) = F(O) 1] ®
N9 1= FO NP+ llgu(t) = F(R) | forall L€ (by (2.1))

(1= B) 1| St 9,(1) = T(t, g, () 12 < [ 9(t) = F(1) |2

= gp41() = F() || for all t € Q. (2.4)
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Summing up the inequalities in (2.4) over n, we obtain for all ¢ € Q,

i @81 =B 1|15t 9,(1) = T(9, 9, (D) 12 < || go(t) = F(8) || * < oo (2.5)

n=0

Let M < M'< 1. Then, by (1.5), there exists a positive integer m; such that
B <M’ thatis 1 -3 >1—M'for all m > m,,.
This shows that

a,B,1=08.)>(1- M')io: a,,B,, = oo. (2.6)

Mg

m

(2.5) and (2.6) imply that, for all t € Q,

lim | S(t,9,(6)) = T(t,9,(0) |2 = 0. (2.7)

Let

gn(t)—g(t) as n—oo. (2.8)

Since g, is measurable and H is separable, according to Himmelberg [3], g,,’s are
measurable and, therefore, ¢g: Q— H is measurable.
dAgain, S and T are H-continuous, which shows thatnli_r)goS(t,gn(t)) = S(t,9(t))
an

Aim T'(t,9,(t)) = T(t, g(t)) for all ¢ € Q.
By (2.7) and (2.8), we have for all ¢t € Q,

S(t,9(t)) = T(t,9(t)), where g:Q—H is a measurable function. (2.9)

This shows that the random iteration scheme if convergent, converges to a solution of
(2.2). O

Corollary 2.2: Let H be a separable Hilbert space and S,T:Qx H—H be two ran-
dom operators such that

(a) S,T are H-continuous, and

(b)  there exists f:QQ—H (not necessarily measurable) such that

15(te)=fFON < llz=f@)]] (2.10)

and

I Ttz)-fOI < llz— @)1 (2.11)

Then the random iteration scheme if convergent, converges to a solution of
S(t,x(t)) = T(t,z(t)).
Proof: It is easily seen that (2.10) and (2.11) imply (2.1). The corollary then
follows by Theorem 2.1. O
Setting S as the identify random operator, that is, S(t,z) = z for all ¢t € Q and
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z € H, we obtain the following fixed point result as a corollary.

Corollary 2.3: Let H be a separable Hilbert space and T be a random operator
which is H-continuous. Assume that there exists f:QQ—H (not necessarily measur-
able) such that for all t € Q

NT@z)—f@ I < lz—F@1- (2.12)
Then the sequence of functions {g,.}, where go:Q—H, is measurable and
In+1(t) = (1 —0,)g,(t) + (1= B,)g,(t) + B, T(t,9,(1)), n=0,1,2,... (2.13)
—_ [e.9]
for all t€Q, where 0 <, B, < l,T}LIIC}Oﬂn <1, and ) o,B, =oo if convergent,
converges to a random fized point of T. n=1

Corollary 2.4: Let S,T:H—H be two operators such that the following holds:
there exists a z € H such that

Q=N Se=z |2+ x| T~z || < ||z ~z||?, (2.14)

forallz€e H and 0 < A< 1.
Then the sequence {z,}, obtained by the iteration

Ty € H, (2.15)
Ty = (1-oay )z, +o,(1-4,)Sz,+8,Tz,,), (2.16)
where
0<a,,B,<1 (2.17)
Jim 8, <1 (2.18)
and
o0
> a8, =00, (2.19)
n=1

if convergent, converges to a solution of Sz = Tx.

The proof trivially follows from Theorem 2.1. It may be noted that the separabi-
lity of H was required to ensure that g, ’s are measurable. In the statement of the
corollary, H need not be separable.

Theorem 2.5: Let C be a convex and compact subset of a separable Hilbert space
H and S,T:Qx H—C be two random operators such that the following conditions are
satisfied:

(@) S,T are H-continuous,

(b)  there exists f:Q—H (not necessarily measurable) such that

A=NStz) = FON2+ AT = FO 1P < e = F@O 17 (220)

forallteQ, z€ H and 0 <A< 1, and
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(¢)  S(t,-),T(t, -):C—C satisfy Generalized Tricomi’s condition for all t € Q.
Then for any measurable function go:Q—C, the sequence of functions {g,} construct-
ed by the random iteration scheme ((1.2)-(1.6)) actually converges to a solution of the
random operator equation S(t,z(t)) = T(t,z(t)).

Proof: By the construction of {g,} it is seen that g ’s are measurable functions
from Q to C for all n =0,1,2,.... Proceeding exactly in the same way as in Theorem
2.1, we have as in (2.7) that

Tim [ 5(t,0,(0) = T(t, () |2 = 0.
Therefore, for a fixed t € Q, there exists a subsequence
{00, (D) C {g,(0)) such that Yim || S(t,, (0) = T(t,g, ()] =0.  (221)
Again, C' is compact, therefore, there exists {g,, (t)} C {g,, (t)} such that {g,, (%)} is
2 1 1
k

convergent. k
Let

lim g,, (t) = g(t) for t € Q. (2.22)
k—oo™ i

Since S and T are H-continuous random operators, from (2.21), we have for any
teqQ,

S5(t,9(t)) = T(t,9(1)). (2.23)
For any ¢ € Q,
195410 =9 112 = | (1 = 0,)9,(t) + e,k (t) — g(2) || ®
= (1= a,) 1 9(t) =g I * + a1 By () = 9() ||
—(1=ap)a, |l g,(t) = k(1) || 2
<L =ay) 1 9,() = g 1|+ a [l (1= B,)S(t,9,(1) + BT (t, ,,()) — 9(2) || 2
(by (1.3) and (1.4))
= (L= ay) [ 94() = 9(0) 1> + e, {(1 = B,) || S(t,9,.(1) — 9(2) || 2
+ B 1 T(t, (1) = 9(O) 12} = @, B(1 = B,) | S(t, 9,,(1) — T (2, 9,,() || 2
(by (1.1))
S (M=) | 94(8) = g |2 + oy || 9(8) = 9(1) | 2
(by (2.23) and Generalized Tricomi’s condition)

or
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19 41 = 9@l < [19.(1) —9(@) ] -

(2.22) and (2.24) together imply that

9,9 as n—oo.
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(2.24)

(2.25)

Since H is separable, g,’s are measurable [3], and, hence g is also measurable. From
(2.23), g is a random solution of S(¢,z(t)) = T'(¢,z(t)). This completes the proof. 0O

We have the following obvious corollary.

Corollary 2.6: Let S, T: H—C, where C is a compact and convexr subset of a

Hilbert space H are such that the following are satisfied:
(a) S,T are continuous,
(b)  there exists z € H such that

(=N Se=z |2+ Al Ta—2]|2 < |o—z ] ?
forallz € H and 0 < A< 1, and

(¢)  S,T satisfy Generalized Tricomi’s condition.
Then the sequence, defined as xy € C,

Tpy1= (I-a,)z, +ao,(1-2,)Sz,+6,Tz,), n=0,1,2,...

where
0<o,,pB,<l1,
T pa <t
and

o0
Zanﬂn:oo,
n=1

converges to a solution of the equation Sx = Tx.
Example: Let C' =[0,1],5,7: R—[0,1] be defined as

Sz =2?/2if z €0,1]
=1/2ifz>1
=0ifz <0

and

Te =z%/4if ¢ €]0,1]
=1/4ifz>1

=0ifz<1.

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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With the choice of z =0, the conditions of Corollary 2.6 are seen to be satisfied.
Thus Corollary 2.6 applies to this example.
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