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We consider two identical, parallel M /M /1 queues. Both queues are fed
by a Poisson arrival stream of rate A and have service rates equal to u.
When both queues are non-empty, the two systems behave independently
of each other. However, when one of the queues becomes empty, the cor-
responding server helps in the other queue. This is called head-of-the-line
processor sharing. We study this model in the heavy traffic limit, where
p=A/u—1. We formulate the heavy traffic diffusion approximation and
explicitly compute the time-dependent probability of the diffusion approxi-
mation to the joint queue length process. We then evaluate the solution
asymptotically for large values of space and/or time. This leads to simple
expressions that show how the process achieves its stead state and other
transient aspects.
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1. Introduction

Queueing systems are used in a wide variety of applications, such as computer and
communications networks and manufacturing systems. In analyzing such models, one
typically wishes to compute the probability distribution of some stochastic process.
Obtaining the full time-dependent distribution is a difficult task for all but simple
models.

Here we consider the following model, which is sometimes referred to as head-of-
the-line processor sharing of parallel queues. There are two parallel M /M /1 queues,
each fed by independent Poisson arrival streams with rate A. Each of the two servers
works at rate u. When both queues are non-empty, each server tends to its own
queue. However, if the first (resp., second) queue becomes empty, the first (resp.,
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second) server helps the server in the other queue, thereby providing a service rate of
2p during the idle period. The steady state joint queue length distribution for this
model was analyzed by Konheim, Meilijson and Melkman [11] and a more general
model which allows, e.g., for different service rates was analyzed by Fayolle and
Tasnogorodski [6]. In [11], the authors obtained an expression for the two-dimensional
generating function of the joint queue-length distribution in terms of elliptic integrals.
The inherent complexity of the solutions in [11] and [6] led other authors to investi-
gate asymptotic properties of these solutions, in order to gain more qualitative in-
sights.

The heavy traffic limit is defined as p = A/u—1. In this limit, the joint queue
length process (IV4(t), Ny(t)) (N ;(t) = number of customers in the jth queue) may be
approximated by a diffusion process, whose analysis proves to be simpler than that of
the discrete model. In particular, Knessl [9] and Morrison [12] obtained a relatively
simple answer for the steady state distribution of the diffusion approximation. Also,
some exact [12] and asymptotic [9] results were obtained for more general models,
which allow different service rates and discriminatory processor-sharing. Diffusion
approximations were also used by Fendick and Rodrigues [7] to treat more complica-
ted models, with more than two queues. Related models with finite capacity were
analyzed by Morrison [13]. Applications of these models include the buffering of
channels (i.e. virtual circuits) in wide-area data networks (see [13]).

In this paper we compute the time-dependent distribution for the heavy traffic
diffusion model, thereby obtaining information on how steady state is achieved, and
other transient phenomena. Denoting by p(m,n,t) the joint probability that
Ni(t)=m and N,(t)=n, we obtain (in the stable case) the approximation
p(m,n,t) ~ 62P(x,y,T), where € =1 — p and (z,y,T) = (em, en, pe’t) are scaled space
and time variables. We shall obtain explicit, albeit complicated, expressions for P
and then evaluate these asymptotically for various ranges of space and time. This
leads to very simple formulas that clearly show the basic qualitative structure of the
joint density function.

In particular, we show that there is a surface T = T (z,y) in the (z,y,T) space
so that for T'> T, the process has settled to its steady state distribution, while for
T < T,, the probability distribution depends upon time as well as on the initial condi-
tions. We shall also consider the unstable case where p > 1 in the heavy traffic limit.
Here the process is transient and the queue lengths tend to grow without bound. We
shall show (cf. Theorem 3(a) and (3.10)) that the two queues are nevertheless coupled
in this limit, and obtain a simple quantitative measure of this interaction.

In the asymptotic analysis, we shall allow for space (z,y) to be large as well as
time T. We contrast this to “relaxation rate” asymptotics, which are discussed in
the book of Cohen [5] for single server queues and by Blanc [2] for two tandem
M /M /1 queues. These asymptotics (for the diffusion model) would assume that the
space variables are held fixed and use the approach to equilibrium in the form
P(z,y,T)— Peq(z',y) ~TYe™ O‘T,B(x,y), where a ( = relaxation rate) and v are con-
stants. Here Peq is the equilibrium density, which is non-zero only if p < 1. We be-
lieve that the asymptotics presented here give a more global description of the tran-
sient distribution. We have previously obtained analogous asymptotic results for var-
ious models with one space dimension (see Knessl [10], Xie and Knessl [23], and Tan
and Knessl [18]). In the probability literature, these types of asymptotics are some-
times referred to as “large deviations theory.” However, such theory generally only
gives the exponential rate of growth or decay of the desired quantity. In contrast,
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here we give very precise results and also indicate how to obtain full asymptotic
series. We obtain the results by the saddle point and related methods for evaluating
integrals [3].

We also mention related work on the M /M /1-PS queue and more general models
by Coffman et al. [4], Ramaswami [16], Yashkov [20-22], Ott [15], and Sengupta [17].
These authors consider single queues with the processor sharing service discipline.
The main focus in these papers is the calculation of the sojourn time distribution of a
tagged customer, as well as its moments. The queue length distribution in the
M /M /1-PS model is the same for the PS and FIFO service disciplines. It is the so-
journ time distribution that is very different for PS and FIFO service. If we condi-
tion the sojourn time on the total service that the tagged customer must receive, then
the PS discipline is much more efficient at servicing shorter jobs. In [4], the authors
analyzed the M /M /1-PS model and computed the Laplace transform of the sojourn
time distribution, conditioned on the job size. In [16], the GI/M /1-PS model is
analyzed. In particular, simple expressions are given for the first two (unconditional)
sojourn time moments. The M /G/1-PS model was analyzed by Yashkov [20-22] and
Ott [15]. The response time distribution is computed in [20], the transient distribu-
tion of the number of customers present is analyzed in [21] and a good survey of work
on processor-shared queues appears in [22]. In [15], the author extended the results in
[20] to calculate the joint distribution of the sojourn time and of the number of cus-
tomers present upon the departure of the tagged customer. Some approximations for
the more difficult GI/G/1-PS model are given in [17].

We believe that the structure of P(z,y,T) revealed here (both exact and asympto-
tic) will also arise in other diffusion (and also discrete) models corresponding to two
or more coupled queues. Other explicit solutions to diffusion models arising in queue-
ing networks are given in Newell [14], Foschini [8], Knessl and Tan [19] and Avram
[1]. In [1], the author classifies the steady-state densities of a large class of two-dimen-
sional diffusion models according to their tail behaviors as z and/or y—oo. We
believe that such a classification should also be possible for the transient behavior,
and this work may be viewed as a first step in that direction. We also mention that
the diffusion approximation analysis presented here should be extendible to problems
with general arrivals and/or service. However, these generalizations are likely to lead
to somewhat more complicated PDEs and boundary conditions (BCs) then those in
(2.10)-(2.12).

In Section 2, we formulate the model. In Section 3, we summarize and briefly
discuss our main results. The detailed calculations are presented in Sections 4 and 5.

2. Statement of the Problem

We let N(t) (resp., N,(t)) be the number of customers in the first (resp., second)
queue. We define the transition probability distribution by

p(m7n,t) = p(manat;mo’ n())
(2.1)
= Prob[N(t) = m, Ny(t) = n | N{(0) = mg, No(0) = ng).

In terms of (m,n), the distribution (2.1) satisfies the forward equation (see also [9,
11, 12])
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py(myn,t) = Ap(m —1,n,t) + p(m,n —1,t) — 2p(m, n,t)]
(2.2)
+ u[p(m+1,n,t) + p(m,n+ 1,t) — 2p(m,n, t)]
with the boundary conditions
pt(m’ Oa t) = )\[p(m - 1, Oa t) - 2p(ma 0» t)]
(2.3)
+2pu[p(m +1,0,t) — p(m,0,t)] + pp(m, 1,t)
p,(0,n,t) = A[p(0,n—1,t) — 2p(0,n, )]
(2.4)
+2p[p(0,n + 1,1) — p(0,n,t)] + up(1,n, ),
the corner condition
P4(0,0,t) = 2u[p(1,0,1) + p(0,1,£)] — 2Ap(0,0, ) (25)
and the initial condition
p(m,n,0) = 8(m, my)é(n,ng). (2.6)

Here subscripts denote partial derivatives and 6 is the Kronecker delta symbol.
We study the model in the heavy traffic limit, where p = A\/p—1. Formally, we
define the small positive parameter € by

1-p=1-%=c (2.7)
and scale space and time by € as follows
T Y
m:%,n:%,t:%,m():?o,n():?o. (2.8)

Note that this means that the initial queue lengths are assumed to be large, of the
order O(e ~1).

If the queue is stable (i.e., p < 1), we will set a = + 1, and then (2.7) defines € in
terms of p. In the unstable case (p > 1), we willset a= —1. If p =1, we take a =0

and then (2.8) corresponds to viewing p(m,n,t) on large space/time scales, with
m,n,t—oo and m/\/t, n/\/t fixed.
With (2.8), we expand the probability distribution as

p(m,n,t) = [ P(z,y, T) + ePN(z,y, T) +...]. (2.9)

From (2.2)-(2.4) and (2.6), we find that the leading term P satisfies the PDE (see
also [9, 12])

Pr= P”+Pyy+a(Pz+Py); z,y, T >0, (2.10)

the boundary conditions (BC)



Diffusion Model for Two Parallel Queues 315

P, (0,y,T)+ Py(O,y,T) +aP(0,y,T)=0; y, T >0, (2.11)
P (z,0,T)+ Py(x, 0,7)+ aP(z,0,T)=0; z, T >0, (2.12)
and the initial condition

P(z,4,0) = 8(z — z0)8(y — vo). (2.13)

We also have the normalization condition
o0 o0
/ / P(z,y,T)dx dy =1 for all T > 0. (2.14)
0 0

We do not consider the corner condition (2.5) in formulating the heavy traffic
diffusion model. We will show that P(z,y,T) becomes infinite near the origin « =
y = 0, and hence (2.9) cannot be the correct asymptotic approximation to the discrete
probabilities p(m,n,t) for small values of z and y (more precisely for (z,y) = O(e),
which is the same as (m,n) = O(1)). A proper analysis of the corner region would in-
volve analyzing the discrete model (2.2)-(2.5), with pu = A+ pea. However, we will
show that such a detailed treatment is not necessary to determine P(z,y,T'), which is
the heavy traffic diffusion approximation valid away from the corner. The total pro-
bability mass in the corner region is asymptotically smaller than that on the (z,y)
scale. However, calculating the higher order terms in the series (2.9) (e.g., the func-
tion P(l)) would necessitate a careful treatment of the corner region.

We shall obtain an explicit solution for the leading order diffusion approximation
P(z,y,T). Then we shall obtain detailed asymptotic results for this limiting density,
that apply for # and/or y and/or T large. The final results are summarized in
Section 3 and the details of the calculations are given in Sections 4 and 5.

3. Summary of Main Results
In Section 4 we solve (2.10)-(2.14) and obtain the following integral representations

for P(z,y,T).
Theorem 1: The transient solution to the diffusion model is

P(:c,y,T) = P[(xayaT) +Pll(x7va)a (31)

where

2
P;= —47}Texp[~—%T—%(13—1304'1/—1/0)] (3.2)

— z)° —y0)? T +z,)? 2
X{exp[—(x 0) 4‘;1(9 yo) ]—exp[—( + 0) 4—;1(3,/-{-3/0)]

ptro=ytyg [ [ (@t et g+ (y+u—yy)’
+ T exp| — AT du
0
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> 2
+—w+x0+y+y0/ exp[ (2 +u—2) +(y+u+yo)]

2T 4T
0
and
\/5 T oo oo ) .
PII:Texp[%(zO—t-yo—x—y)]/ / / exp[—%-r—zllc-;r—] (3.3)
0 0 0

Jerw+ul 1 1 k 1 k
3 [16\/7? Ts/zH4(2\/?>+ 8\;27 ?H3(2\/F>}d< dudr,
Tty ¢ (E+u)++u)’
k= 0\/§0+2+ 5 '

Here H () are Hermite polynomials, hence

Hy(z) = 823122, H,(z) = 162* — 4822 4 12.

Alternate expressions for Py are

P :%/eeTﬁll(x,y;H)dﬂ, (3.4)
Br
where
~ 2 2
P = 20:&“ a? 420+ a]e _a(x+y)/2exp[(a:0 + yo)(%— \/%+%>}
(3.5)
R CRR) (/ : ;
6+ 4 z4+u)+(y+u )du
(:c+u)2+(y+ )2 2 \/( ) (y )
or

0

2
a®+20+a 2 _a(z+ 0
=Yg g0+ e exp[(%”())( - §+%

e o]
isinh(27) [, a2 .
. 0 - o .
X / coshy T fsinh 7 xp[ 6 + 5 (z coshn + tysinh ) {dn
— 00

Here K,( ) is the modified Bessel function of order 2 and Br is a vertical contour in
the complex -plane, on which Re(6) > 0.

We note that PII is the Laplace transform of P;;. When a >0 (i.e., p < 1), PII
has simple pole at § = 0, which determines the limiting behavior of P;; as T'—o0:

(3.6)

Py(z,y,00) =gi_rg[91311(x, y;0)] )
3.7

= 2~ ale + /2 (z(j::);)fz;fi)? ’2(\/—\/(w+U)2+(y+U)2>du-

As T—oo, we have P;—0 and thus (3.7) gives the steady-state density of the
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diffusion approximation, and this agrees with the result previously obtained by
Knessl [9] and Morrison [12]. When a <0 (i.e., p > 1), the poles is absent and we
now have Py, P;—o0 as T—oo0.

Now observe that the total number of customers N,(t) + N,(t) in the two queue
network behaves as the standard M /M /1 model with an arrival rate =2X and
service rate = 2u. In appendix A, we show after a lengthy calculation that

z

~ —a(z—zo)/2 lz—z I 2
P(w,z —w;0)dw =& exp| ——=9 4 /0 +L
[ ( ) 21/20 + { V2 2

n 20+a2+a Z+Z0 /9
\/20+a2—a

where zy = ry+ y, and P is the Laplace transform of P(z,y,T) over time.

We denote by (X(7T'),Y(T)) the diffusion process that approximates our discrete
queue. Then the density of X(T') + Y (T') should be precisely that of the heavy traffic
diffusion approximation to the standard M /M /1 model. Denoting this density by
P(2,T), it satisfies

(3.8)

Pr=2,,+aP,; 5T >0

P, +a®?=0; 2=0,T>0 (3.9)

qplT:OZ(S(z_ZO)'

The factor of % in the time-derivative of (3.9) arises due to the fact that the discrete
model has a total arrival rate =2\, rather than A  We let "J’(z ) =

f ¢~ 9TP(z,T)dT. Then, solving (3.9) for the Laplace transform %, we obtain

prec1sely the right side of (3.8). This shows that P(z;0) = f P(w, z — w;0)dw, and
this must be the case.

Since the solution in Theorem 1 is quite complicated, we evaluate it asymptotical-
ly for large values of space and/or time. This yields simpler formulas that show
more clearly the basic qualitative features of the joint density. First we take initial
conditions zy =y, = 0. In view of (2.8), this does not mean that the discrete process
(N (t) N,(t)) starts at the origin (0,0), but rather that m; and ny are of order
o(e 1. When ty=yo =0, we have P; =0 and hence P = P;;. The following re-
sults are established in Section 5.

Theorem 2: For zy =yy,=0 and p <1, we set a= + 1. Asymptotic ezpansions
of P(z,y,T) are as follows:

(@)  z,y,T—oo with T <T (z,y) =1/Z ;y

P($ y’T) (x y,T)exp[ ( ,y,T)]

)= _:L'+y+T__:L' +y2
- 2 4T

U(z,y, T
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: V2 ay
K(z,y, T) = > T(x+y)\/l. +y \/_T

() x,y,T—oo withT >T (x,y)
95/

\/_(x+y)(m T xp[ 2(x+y) \/— T +y]

(¢) &y, T—oo with T ~ T, (z,y) (more precisely T — T, = O(,/x))

P(z,y, T) ~

P(:c,y, T)

25/4 ry /32 2 —u“/2
\/—(:c +y2)3/4(z+y) p[ 2m+y) Ty / /du’

_ ol .
A= W[T =T ,(z,9));

(d)  y=0(1); z,T—oo with T < z/+/2

(e) y=0Q); z,T—oco with T >z/+/2

xr

P(z,y,T) ~ \//;CXP[ (%+—\}-§)w—%}yt){§,

(f)  y=0(); z,T—oo with T ~ &/+/2 (more precisely T —z//2 = 0(/2))
A
2%y + \/_ 1 ) 2
S R RS E N
2 e
Ay = —\/—Z(T \/5)

use (d)-(f) and the symmetry P(z,y,T) = P(y,z,T);

(9) ==0(1); y,T—oo

(h)  z,y=0(1); T-oo

V2 z+4y 1|, -G+w/2e T2
P(z,y,T) = Pey(2,y) N[”3/2x2+y2 2y 73/2”°

()  T—oo, 224 y? = O(T)
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_ o—(e+w/2 12| =y, T) Jy(zyT)
Fon D ule e e [ 2773 +\/§w3/2T7/2’

> xr U2 U2
1= [ ity -E L O,
0
= (2 + w2+ (y+ u)?
J, = —/ /(a;+u)(y+u){ T —3}
0 0
xr U2 U2
ol ]

In (a)-(c) it is assumed that z,y,T are simultaneously large and of the same
order of magnitude. In parts (h) and (i), P, is the steady-state or equilibrium distri-
bution, as given by (3.7) with a = +1. We also note that when T'—oo with z,y =
O(/T), J and J; are both of order O(TS/Z). However, as (z%+y?)/T—0, J,
becomes asymptotically larger than J.

To discuss the asymptotic results, we refer to the case where z,y, T are all large
and of comparable magnitudes as “interior” asymptotics, as this corresponds to the
interior of the (z,y,T) space. When two of (z,y,T) are large and the third is not, we
call the resulting asymptotic expansions “face” asymptotics; when only one of
(z,y,T) is large, we call it “edge” asymptotics. Thus, (a)-(¢) refers to interior
asymptotics, (d)-(g) to face asymptotics, and (h) and (7) refer to edge asymptotics
along the T-axis or edge. Along the face where z,y—oo with T fixed, we can easily
show that (a) remains valid. Along edges where z—oo with y,T fixed (resp. y—oo
with z,T fixed) we can show that (d) (resp. (¢)) remains valid. Hence, it is necessary
to give different expressions along only two of the three faces and one of the three
edges.

Parts (a)-(c) show that for each fixed, large z and y, there is a critical time
T =T, at which the process has reached its steady-state. For times T < T,
transient effects are important and the leading term in the expansion of P depends
upon time, while for T > T, the leading term depends only upon z and y. We refer
to the cylindrical surface T' =T (xz,y) as a “front”; as time increases, this surface
moves outward and eventually covers the entire space. Such fronts were previously
found in other, one-dimensional queueing models (see [18, 23]).

Part (h) gives the standard “relaxation rate” approximation. Such asymptotics
are discussed for single server queues in Cohen [5] and for two tandem M/M/1
queues in Blanc [2]. Our analysis shows that for large times 7', the behavior of P is
different according as z,y = O(1) (cf. (h)); &,y = O(\/T) (cf. (i)); or z,y = O(T) (cf.
(a)-(c)). We also note that along the face y =0, the transition in the behavior of P
occurs at T = z/ \/5, which is where the cylindrical front intersects the plane y = 0.

We next give analogous asymptotic results for the unstable cases, where p > 1 or
p=1

Theorem 3: For xy =y, =10 and p > 1, we set a= —1. Asympiotic ezpansions
of P(z,y,T) are as follows:

(a) =y, T—o0

P(z,y,T) ~ L(z,y, T) exp[®(z,y, T)]
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e+y—T z24y?
o,y T) = === —gpl(@ =T + (v = 1)%]
2 =z
L(:L‘,y,T):i Y 1

B y=0(1); z,Toeo  LEFVE4+y?+ Vo1

z+y-T 22 _ 1 2T
P(z,y,T) ~ eXp[T_éf_T]ﬁ m(y+7)

(¢) ==0(1);y,T—o0

T
P(z,y,T) ~ exp [ £+ ‘g ‘ilT:‘;'/;yl_*.———( 2T)

(d) z,y = O(1); T—o0
P(ac,y,T){\/§ vty 4 1 } (e +v)/2¢ " T/?

22t +y?  2\/2n 32
() T—oo, z24y?=0(T)

~ (x+y)/2 -T/2 J(.’I:,y,T) Jl(x,yaT)
Pl T)~e [ 2eT® a2 |

where J and J, are as in Theorem 2, part (3).

Theorem 4: For zj =y, =0 and p =1, we set a =0; the asymptotic expansions
are as follows:

(a) z,y,T—00

\/5 Ty 1 [ $2+y2}
P~ TG ryy s L AT

()  y=0(1); z,T—o0
pleun ) o] 7 5o+ %)
(¢)  z=0(1); y,T—oo
P(z,y,T) ~eXP[ y2] ﬁ(m+ﬂ)

TlrTy

(d) =z,y=0(1); T-o0

P(z,y,T) ~ V2 a4y
2T +y?
(e) T—oo, 2?2 +y*=0(T)

2 2
P(:c,y,T) 3/2T5/2/ /<x+u>(y+U) Xp _(£+u)4;n(y+u) dﬂdu.

We observe that if p > 1, P—0 as T—oo for any fixed z,y. The expression in
Theorem 4, part (e) is in fact the exact result for P = P;; when a = 0; for T—oo
with z,y = \/_) this cannot be simplified any further.

If we specialize the result in Theorem 3 (a) to =T =0 \/‘) and y—T =
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O(\/T), we obtain

n2 n2
47}Texp{_<x> )

Lexp® ~ —= T _TT]; =z-T,y =y-"T. (3.10)

This is similar to the diffusion approximation for the standard M /M /1 queue for
p > 1 and shows that the two queues decouple in this limit. However, it is important
to note that Theorem 3 (a) is more general than (3.10) as the former assumes that
z,y, T are large, but /T and y/T are not necessarily close to one. The coupling of
the two queues is evident by the form of the function L(z,y,T). The results in part
(d) again give the standard relaxation rate asymptotics.

Next we give analogous results for non-zero initial conditions (zg,y,)-

Theorem 2*: For fized conditions x, and y, and p<1, we set a= +1.
Asymptotic expansions of P(z,y,T) are as follows:

~ o2 4 y?
(a) =z,y,T—oo withT <T (2,y) = 5

P(z,y,T) ~ exp[¥(z,y,T)} K(w,y,T)exp{mo ;r yo(l - \/f/?)}

1 (=zg+yg)/? TTo+ YY), Ty . YYp — TTq
"ot sinh =057 22 )+ 2 pinh (H0570)

(b) z,y, T—oo with T > T (x,y)

same as Theorem 2, part (b)
(¢) &y, T—oo withT =T, (z,y)
same as Theorem 2, part (c)

(d) y=0(1); z,T—oo with T < z/+/2

z+y+T m2] V2 o7\ [ZotYo/, &
P(may»T)NeXp[_—-Q-_~4—T }Tm(y-i——w—)exp D) kl_\/iT)

1 (e +vo)/2 (4T , 20\ (%50, (Yo , 2Yo el
+ o7 ZtT sinh (72 +( 572+ 2 Jeosh (572

(¢) y=0(1); z,T—oco with T >z/\/2

same as Theorem 2, part (e)
(f)  y=0(1); z,T—oo with T ~ &/+/2

same as Theorem 2, part (f)
(9) ==0(1);y,T—o0

use (d)-(f) and the symmetry P(z,y, Tz, y) = P(y, 2, T;Yq, xy)
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(h) =zy=0(1); T—oo

P(z,y,T)— Peq(:c,y)

(x0+y0)/2< o+ vy V2 oty 1 | —@ryze= T2
3122?42 2\/§7r 73/?

(i) T—oo, 224 y? = O(T)

P(:lf, y,T) - Peq(.'l:,y)

o~ (@+y)/2(Zo+yg)/2,-T/2) —J +(1_%+yo\ Jy
T3 2 /\/§7r3/2T7/2

2.2
+m0+y0J + Yy a:a:0+yyoexp[_a: +y]}

4rT? 8T T3 3t 42 4T

3 (@ +u)? + (y + u)?
J2:/ exp| — AT du,
0
o0

Ta= [ oty +w) —zo(e +ullexp
0

[_(z+u)24ﬁ; (y+">2]du

Here ¥, K, P, eqd and J, are as in Theorem 2. We note that when z,y,T are all
large, the dependence of P on the initial conditions disappears as time increases past
T, (z,y). For T—oo with z,y = O(\/_) we have J, = O(\/—) and J5 = O(T).
Theorem 3*: For fized initial conditions x, and y, and p > 1, we set a = —1.
Asymptotic ezpansions of P(z,y,T) are as follows:

(a) Ty Y, T—o0
P(2,9,T) ~ exp[®(a,y, T)]{L(x, Yy T)exP|: - yo\l + \/f;;?zﬂ

+ me —(zg+ yg)ﬂ[x cosh (%)smh(—%’) +y s1nh( 5T )cosh (%9 )]}

(b) y=0(); z,T—>o0

z+y-—T 2 zoty
P(a,,T) ~ exp|LHY=L £ _Zotdol L(, o)

V2 (zg +yo)z o\ Yo T
X {—l—l—:\/—i—fexp 2\/—’1" + sin h("ﬁ) + TTCOSh(ﬁ)

(¢) «=0Q1); y,T—oo

use (b) and the symmetry P(x,y,T;x,y9) = P(y,2,T;yq, o)

(d) =z,y=0(Q1); T-oo
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—(zgty )/2( mo+yo> V2 24y L | (z+y)/2e” /= T/2
P(z,y,T) ~ 0t vo)/?y y
(z,y,T) ~e +— RICP R o T

() T—oojz?+y? = O(T)

P(z,y,T) ~ THV)/2, —(x0+y0)/2 -T/2{2 T3+<1+$0+y0 Jq

2 )\/‘2‘773/2T7/2

Zo+ Yo x— Ty + YYo [ z? 4 92}
+ J,+ J exp| — .
anT? 2 g3t Ty P T AT

Theorem 4*: For fized xy and y, and p =1, we set a = 0; the asymptotic ezpan-
stons for P are as follows:
(a) =y, T—00

2 2

1 " +y V2zy o+ Yo
P(z,y,T) ~ —ex [— } exp| — \/x7+ 2
( ) =T P 4T {(m+y)\/:c2+y2 p[ 2\/§T v

o (52 (28) v (G o (2]

(b) y= 0(1); (x’T—"OO)
o)~ ress] - 20+ 22 Lo (222) + Lo (22

(¢) z=0Q);y,T—oo

+

use (b) and the symmetry P(z,y,T;xq,y0) = P(y,%, T3y, o)
(d) ,y=0(1); T—oo
same as Theorem 4, part (d)

() T—oo, 22 4y?=0(T)

Tz + Yy 22 4+ y2| zy+y z— Ty +y
P(m y)T) N-———-————L(l) Tz OeXp|:— 4Ty + 27(T20J2+877Tg 3 2 T30J

V2 (’«‘+“)(y+U) (z +u)? + (y +u)?
4x3/25/ 2/ Ty P” 4Tn d du.
0

We note that when Theorem 3* (a) is specialized to the scaling ¢ —T = O(\/_)
and y—T = O(\/T), we again obtain the decoupled Gaussian form (3.10), and the
dependence on the initial conditions disappears in this limit. It is also poss1ble to

[e ol o]
show that the double integral f f [expression in Theorem 4* ()] dzdy = 1, which

shows that when p=1 (a_O), the density is concentrated in the range xz,y =

\/—_), as we might expect. For p > 1, Theorem 3" (a) shows that the density is
concentrated where ¢ —T, y—T = O(\/_f) For p <1, it is concentrated for z,y =
O(1), and we can easily show that the double integral of the right-hand side of
Theorem 2* (h) vanishes.

All our asymptotic results apply for some or all of z,y,T large but with fized
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initial conditions z,,y,. Other interesting insights may be seen by evaluating
P(z,y,T;zq,y,) for large initial conditions (i.e. z, and y, large), but we do not con-
sider these here. Experience with other models (see [18, 23]) shows that asymptotics
for large initial conditions better reveal how the two-dimensional process
(X(T),Y(T)) interacts with the barriers (reflecting boundaries) at z =0 and y = 0.

4. Derivation of the Integral Representations

We obtain the representations for P(z,y,T) in Theorem 1 by solving (2.10)-(2.14).
We write the solution as P = P;+ P;; where P will satisfy (2.10)-(2.13) and be
finite at the origin (z,y) = (0,0). Hence P; is the Green’s function for the parabolic
PDE (2.10) with the BC (2.11) and (2.12). The second part P will satisfy (2.10)-
(2.12) and homogeneous initial conditions (i.e., P;;(x,y,0) =0). To uniquely deter-
mine P, we will use the normalization condition (2.14).

First we set

Pyz,y,T)=e 702~ =% 2p, o ) (4.1)
to find that R satisfies
2
RT=AR~%R, Rm+Ry:0When z=0ory=0,
(4.2)
R|p_o=068(z—20)6(y —yo)

where A = 62 + 63 is the Laplacian. Introducing the Laplace transform ﬁ(z, y,T) =
o0 ~ ~
_g e YT R(z,y,T)dT, setting @ = (9, + 9,)R and noting that

— (0, +8,)6(z — 26)6(y — yo) = (0, +,, )8(z ~ 20)5(y ~ o),
we find that @ = (830 + Byo)é where g) satisfies
2\ |~ ~
lA —(0 +%)}Q =6(x—24)0(y —yg), @ =0 when z =0 or y =0. (4.3)
This is a standard Green’s function problem for the modified Helmholtz operator

with Dirichlet boundary conditions. The solution of (4.3) is easily obtained using the
method of images, and we have

3= - xd i+ Syl + -0
+ KO(\/HT;\/(x +zo) + (v + y0)2> - KO( \/04-_%2—\/@7 +zo)?+ (y— y0)2)
- Ko(\/@\/ (z—20) + (v + yo>2)}- (4.4)

Using (4.4) we compute Q = (810 + ByO)Q and then R from R = (0,+0,)" 1Q,
where the operator (0, +9,) " 1is defined by
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-1 — -y y—z
(0,+9,)” F(z,y) = —/ F(u—l—T,u-{— 5 )du
(z+v)/2

o0

= -/ F(u+z,u+y)du.
0

We denote by £ and £ ™! the Laplace transform operator and its inverse, respec-

tively. Hence,
[e o]

L[F(T)] = F(6) = / e OTF(T)dT, F(T) =L~ [F(0)] = % ] SSTF(0)do
0 Br

where Br is an appropriate Bromwich contour in the complex f-plane. From the
tables of the Laplace transforms, we obtain

2 2 2
L—l{K()(/q/aJ,%)}:%exp[-‘-‘fT—a’%,—], k>0, (4.5)

where k is any constant. Using (4.5) and (4.4) we obtain the solution to (4.2) in the
form

z —zy)? —yn)?
) = g0, 0,0, 0, ] - = 07T
+ exp[ _=f ”0)241}(1’ + 90)2} _ exp[ _(=+ xo)24;(y - yo)2] 6)
_ exp[ _ (z— ‘”0)24';@ + yo)z]}

and then P; is given by (4.1). A straightforward calculation shows
(0, +0,) (0 + 0, exp| — 72 F 20" + (¥ F v0)")]
= + exp| — (2 F 20 + (4 F 40)?)]
and

—(0,+0,)" 1(3% + Byo){ - exp[ - &((z o)+ (y— yo)z):l}
= shrle 20—y 1) [ exp| — (e +u+ a0 + v+ w30
0

The use of (4.6) in (4.1) then gives precisely P; in Theorem 1.

We note that P;—0 as T—oo and thus (4.1) cannot represent the full density of
the diffusion model, especially when p < 1. The solution (4.4) to (4.3) is a particular
solution to the Green’s function problem. However, we now show that there also
exists a non-zero solution to the corresponding homogeneous problem (obtained by
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dropping the delta function in (4.3)) that plays a role in ultimately determining
P(z,y, T).
We return to (2.10)-(2.12) and set

2
Py(a,y,T) =~ ET9/2=a"T2y g o T (4.7)
to find that U satisfies the problem
AU=Up,U,+U,=0whenz=0o0ry=0,U =0 when T =0. (4.8)

~ o
To solve (4.8) we introduce the Laplace transform U (z,y;s) = [ e~ *TU(z,y, T)dT

~ ~ 0
and set V = UI+Uy. The function V = V(z,y;s) satisfies the modified Helmholtz
equation (A —s)V =0 with the boundary conditions V(z,0;s) = V(0,y;s) =0. The
only solution of this problem that is integrable both as p = v/ :c2+y2-—->oo and as
p—0 is given by

Vo,235) = ()7 k(3T 47, (4.9)

where K,(+) is the Bessel function. By using integral representations for Bessel func-

tions we also have
o0

2x . ; . —y/sxcoshn —i,/sysinhn
= +yy2]&2(\/.§\/z2+y7) _—_%/ sinh(2n)e Ve e Ve dn (4.10)

— 00

and this holds true for £ > 0 and y > 0.
Using the representation (4.10) in (4.9) we obtain

[e o]
ﬁ(z,y;s):(@x—i—ay)”l‘/:—/ V(z +u,y+u)du ,
A (4.11)
o0
_ F(s)/ lSlnh(27)) \/;a:coshne—i\/;ysinhndn

- cosh + ¢sinh 7; ’

where F(s) = — F(s)/(24/s). Finally, we obtain the solution U to (4.8) by inverting
the Laplace transform in (4.11). Then P;; is given by (4.7). It remains to determine
the function F'(-). In view of (4.7)-(4.11), PII = L[P[;](0) is

00
5 _ _—a(z+y)/2 isinh (27] -4/ 9+ a? /2(z coshn + iy sinh n)
Prr=e F/ coshn+zsmhn dn. (4.12)

— 00O

We use (2.14), which in terms of Laplace transforms is

o0 o0 o0 o0
/ / f’l(w,y;O)da: dy + / / ISH(:L',y;H)d:cdy :%, (4.13)
0 0 0 0
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By noting that P satisfies (2.10) and this function is finite at the origin 2 =y =0,
we integrate (2.10) over the first quadrant and obtain

o0 (e o] fo's)
ir / / Prdzdy = / —[P1,,(0,4,T) +aP(0,y,T)]dy
w b

0 0 0
+ / =[Py, (2,0, T) + aP(z,0,T)]dx (4.14)
0
o0 O
= / PI,y(O,y,T)dy-i- / PI’x(w,O,T)dﬂ: = “'2PI(0,0,T).
0 0

Here we have used the boundary conditions (2.11) and (2.12). Using Theorem 1 to
evaluate P;(0,0,T") in (4.14) we are led to

_1ld a _ _ZotY o+ Yo
2dT/ /PI(x,y,T)dzdy_——4\/2_”T3/2exp|: «(a\/f \/_)} (4.15)

Taking the Laplace transform of (4.15) and noting that f f P(z,y,0)dzdy =1 we

obtain
P :0)dzd =1 1—ex + a_ —9—}-——“2 4.16
I(r,y,)xy 0 exp|(z y0)2 974 . (4.16)
0 0

Next taking a > 0 and integrating (4.12) over the first quadrant, we arrive at

o0 o0
/ / Py (z,y;0)dz dy
0 0

_ F(s)i/ sinh(27)
= coshn+zsmhn(a+2\/§coshq) a+2z\/§smhn)

(4.17)

where s = 6 +a%/2. The last integral is readily evaluated using residues. Its inte-
grand has simple poles at n = iw /4, 5i7/4 and at 1 = iuy where u; is the solution to
sin(ug) = a/(24/s) = a/ V40 + 2a% in the range 0 < ug < 7/2 (recall that a > 0). Let
I, denote the integral in (4.17), which goes from — oo to + oo in the 7-plane and let
I , denote the integral over a shifted contour that goes from —oo+i7/2 to + oo+
im/2. The only poles inside the strip 0 < Im(n) < 7/2 are at n =in/4 and 1 = iu,.
Hence

In—-1I,= 27ri[res(n = %) +res(n = iuo):‘. (4.18)

By letting n— — u + im/2 we see that I; = — I;;. Then explicitly computing the resi-
dues in (4.18) we find from (4.17) that

/ / Pyi(z,y;0)dedy = ()%“\_/g—ﬁe (4.19)
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In view of (4.13), (4.16) and (4.19), we determine F as
2
20 2 2
F= %\/ 0+ %exp[(mo + y0)<% —y/5+ “T)}. (4.20)

In obtaining (4.20) we have assumed that a > 0. However, an analogous calculation
shows that in fact the same result is true for a <0. With (4.20) and (4.12) we have
now completely determined PII and hence the final result for the density P(z,y,T) is
P=21" 1[PI + PII] Pr+2~ 1[P 7). We have thus established the representation
in Theorem 1 arising from (3.1), (3. 4) and (3.6).

We now derive the alternate representations (3.3) and (3.5) for P;;. To obtain
(3.5) we use the identity

o0
1 _ - \/.;(coshr; + isinh N)u
coshn +isinhn — \/E/ ¢ du (4.21)

to express P 71 in (4.12) as a double integral. However, the integral over n (with
(4.21)) may be explicitly evaluated by shifting the contour with 5 = z + iw, where
w = w(z,y,u) is chosen to satisfy
T+u

V(@ +u? + (v +w?

—(y+u)
V(@ +uw?+(y+u)?

cos(w) = , sin(w) =

Hence,

ke 7 x u2 u) cosh z
ea(x+y)/2PH/F:\/§/ / isinh [2(z 4+ iw)]e \/-\/( +10)7 4 (v + ) cosh dzdu
o 2

= \/E/ (- sinh(2w))/ cosh (2z)e \/;\/(m T (vt u)eosh *dz du (4.22)
0 =~ o0

= —4/ sinwcosw\/gK2(\/§\/(l'+U)2+(y+u)2)d“1
0

where s = 6 4+ a?/2. Using (4.20) and expressing sin wcosw in terms of z,y and u, this
establishes (3.5).

To obtain (3.3), we invert the transform in (3.5). We use

(oo}

Ky(2) = %zZ/ t =3~ tﬂexp( ;—)dt

0
n (3.5) to get

~ 2 +yy—z— -
P11=7T\/0;(83/2+%s> Aoty = e / / (@ +u)(y +u)t =3
0

2 2

(4.23)




Diffusion Model for Two Parallel Queues 329

Then using the inverse transforms
T

) ) D — k24T
L 1[%6:(9)]: Z LUGO)NE)de, L L) o \[Tz;“ "(2\%)

where H (-) is the nth Hermite polynomial, we ultimate obtain (3.3) from (4.23).
This completes the analysis.

5. Asymptotic Expansions

We establish Theorems 2-4 (and also 2*-4*) by evaluating Theorem 1 in various
asymptotic limits. We do not give all the technical details, but simply sketch the
main ideas.

We first consider p < 1 and set a = +1 in (3.5). For any fixed  with Re(8) >

—1/2 and « and/or y large, we can approximate the Bessel function K,(-) by its
asymptotic expansion:

Ky(z) = e“z\/%[l +é—§+0(z_2)], 200, (5.1)

Using the leading term in (5.1) in (3.5), we evaluate the integral over u
asymptotically for z2 4+ y>—co. The major contribution to the integral in (3.5) will
come from the lower limit u = 0, and Watson’s lemma [3] then yields

= (:c(—;c:);lg;ju)z 2<\/6+2\/x+u +(y+u)2>du

(@ +‘”§2)3/4\/§ (e + y)(01+ 1/2)3/4eXp[_ Vo+s \/m]

The error term in (5.2) is order O(p~Y)(p = /2% +y%) and it may be easily
calculated by using the higher order terms in (5.1) and then carrying out a more

precise evaluation of the u-integral in (3.5). We use (5.2) in (3.4) and set § = £ —1/2

to get
zye =T/ e—(”y)/?\[ 2 - e/ } (5.3)
™ 2mi ’

Prp~
(22 + 23/ TFY \/_—1

(5.2)

where Re(€) > 1/2 on the Br contour.
For z,y and T simultaneously large, we evaluate the integral in (5.3) by the
saddle point (or steepest descent) method. There is a saddle point with

0 _ _
0—€[§T—\/E\/m] = T—ﬁ—gx/$7+yE =0, (5.4)

2 2

- _rty
£ =E&(z,y,T) = - (5.5)
Thus the saddle lies on the positive real axis and we can easily show that the
directions of steepest descent at ¢, are arg(é —&;) = £ 7/2. From (5.3), we also note
that the integrand has a simple pole at £ = 1/2 and a branch point at £ =0. For

so that
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&o(z,y, T) > 1/2, the saddle lies to the right of the pole and we may thus shift the Br
contour into the steepest descent contour through &;,. From (5.5), we see that
[a2 4y
2

2
&y > 1/2 is equivalent to T < {/——— = T, and this establishes part (a) of Theorem
2. We also note that

s S +y 26, 22 +y? 1
+ - = .
~ VeVt T V26 -1 \/§T \/.r2+y2—\/§T

When T >T,, we have £, < 1/2. Thus shifting the contour in (5.3) into the
steepest descent contour, we must take into account the contribution to the integral
from the pole at £ = 1/2. We can easily show that the residue from this pole domin-
ates the integral through the saddle point and hence

1/4 V)
IN = T 280 fT \/_ Yy [residue at £ = l]
w ) / — 1 2

— 93/4,T/2,~ V o2+ yz/\/l_’.

Using the above in (5.3) we obtain part (b) of Theorem 2. The dependence on time
disappears and the result is precisely the leading term in the asymptotic expansion of
the equilibrium density Peq(:v, y), for z and y large.

When T = T',, the saddle point and pole are close to each other. Now we expand
the integrand using £ = 1/2 and set

P T
27 @y T
with which
1/4
T ol/A (=*+v%)
€T —/EVal+yl =5+ 2 -
2 ($2+y2)1/4 9l/4
- 2? + 5 -*-1 2 40(1)
and hence
IN ~ 23/4,T/2, -Valty /\/—1 eAzez2/2Q A_21/4(T‘T*)
27 zr = ($2+ 2)1/4'
ol Yy

Here the contour C goes along the imaginary axis in the z-plane, with an xndentatlon

to the right of 2 = 0. The last integral is easily evaluated as (27)~ 1/2f e /zdu
and thus obtain part (¢) of Theorem 2.

Next, we consider the face asymptotlcs where y = O(1) and z,T—o0. For z—o0
and y = (l), we have [(z +u)? + (y +u)?] V2 =g 4ust o(1). Then the leading term
in the expansion of JN in (5.2) becomes

~ari Vi pR el VIR 6
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Using (5.6) in (5.3) we again expand the -integral using the saddle point method.
The analog of (5.4) is now T — a:/(2\/_ =0, so that the saddle point is at £ = {; =

£?/(4T?). For T < z/+/2 we have €, >1/2 and this leads to Theorem 2 (d). For
T > :L'/\/i we have £{; < 1/2. Then the pole at £ =1/2 determines the asymptotic
behavior of P and we obtain Theorem 2 (e¢). Theorem 2 (f) applies to the case where
&, ~ 1/2, and the result is derived in a similar manner as for part (c).

We examine the limit T—oo with z,y = o(T). First we fix z and y. For
(2% + y?)/T%—0, the saddle point in (5.5) approaches the branch point at £ = 0 and
hence the calculations that led to parts (a)-(c) of Theorem 2 are no longer valid. For
T—o0, the leading term for P is clearly the steady state density P, ¢ To obtain the
approach to equilibrium we write

P-P, = 2—1—/ TP, ,do, (5.7)
Br'’
where on Br/, —1/2 < Re(f) <0. For T'—oo the behavior of the integrand in (5.7) is

determined by the branch point at § = —1/2(§ =0), which is the singularity with
the largest real part. We write

¢ 2 2 > — w 2’2
Ky(z) = —Z—2+z—2 we™ “lexp| —7— )1 dw (5.8)
0

and note that K,(z) ~227% as z—0. We first compute the contribution to (5.7)
(with (3.5)) from the first term in the right-hand side of (5.8), which gives

eT/ 2($+U)y+u)
27”7" \/_—1 [(z +u)% + (y+u)?)%¢

e~ (@+y)/2,-T/2 1

du de.  (5.9)

For ¢ small, we have 4/4/(26)— 1= —4 —4,/2£ + O(¢) and the u-integral in (5.9) is

easily evaluated as

/oo (;U+u)(y+u) du =
[(

1
= , 2f 4y >0
ztu+(y+u)? T Aa? 4y
Thus (5.9) becomes, for T—oo0,
\/§ CL‘-HI -—(-’E'er)/2€_T/2. (510)

23252 12 7312
To evaluate the contribution to (5.7) (with (3. 5)) from the integral in (5. 82 we use
(5. 8) in (5. 72 Apart from the factor e @+ y+T)/2 4y gives (with A° = (z +
u)? + (y +u)*)

?_21_/ gT " (4 u)(y +u) [ \[\/x+u D)
Br’ 0

(.7:+u) +(y+u

2 1 dud
5(x+u)2+(y+u)2]" ¢
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Terugrn ) /( 6t / v F{exp Al ,1]dwd£du
{(Hu)(wu) /m/{ re exp (r-22) } o du
8/ (x+u><y+u)0 [M ( _f_ﬂdwdu

:%{ ety l)[“we_wﬁi%)?é(w_%)dwdu

Jeo

=]oo

[o.¢]
= __1_ (:c+u)(y+u)exp[——~4—4-]du
2rT3 4T
0
> 2
~ =y T3/ u? exp[—é‘—T]du (since T—oo with z,y = O(1))
e
0

— 1 1

= 2\/2—7rT3/2. (5.11)
Here we have set §(T) = 0 (since T—o0) and used some standard identities 1nvolv1ng
delta functions. Upon multiplying the last expression in (5.11) by e~ (#+y+T)/2 3nq
adding the result to (5.10) we obtain part (k) of Theorem 2.

Now observe from (5. 7) that for z,y,T all large and of the same order, the
leading term in the expansion of P — P, eq is determlned by the saddle point in (5.5).
Thus P— P,  is given by the expression Ke? in Theorem 2 (a) for this range of z
and y, and T > T,. However, I&eq’, when expanded for z,y—0, does not agree with
the expression in Theorem 2 (h). Thus, the two expansions do not “asymptotically
match” and this indicates that another expansion(s) is needed for the range T'—oo
with z,y—o0 but z,y = o(T). To construct this “intermediate” expansion we return
to (3.5) (with a = +1 and zy =y, =0), scale { to be small, and use the integral

representation
> 2
K,(z) :%—;ﬂ/ w*3exp|:—%(w+%):|d’w,

0
which follows from (5.8). We thus obtain

Az 2 oo:L'+u +u) .
PP, =c¢ ( +y+T)/2%% ﬁew/ %@/_)AZ(\/EA)M@
Br'

N __e—(z+y+T)/22/ (z+uw(y+u) [ w=3e —w/z 1 /62
™ A2
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X exp{{(T - %)}df dwdu

= —e”(z+y+T)/2%/ (:L'+u)(y+u)/ w_Se_w/zé"(T—g%>dwdu
0 0

= —e_(1+y+T)/2%/ (a:+u)(y+u)/ vexp(—%)é”(T—%v)dvdu
0 0

[e o)

2 2
_ _%e—-(z+y+T)/2/ 4—:1r3(x+u)(y+u)exp[—(””+“) 44;(y+u) ]du
0

= 1 ~(@tytT)/2; 5.12
27 T3 (5-12)

This gives the leading term in Theorem 2, part (7). From the above, it is easy to

show that J = O(TS/Z) for z,y = O(ﬁ), and the integral cannot be further simpli-
fied in this limit. We also have

2

2 2 2
T z"+ z7+
J=J(z,y,T) ~ zy————x2 yexp[—~ 4Ty ], Ty 00

2 2
J~T3/2\/§, z ;y 0.

Comparing this with the expansions for z,y = O(T) and z,y = O(1), we see that the
expansion on the intermediate scale matches properly to the other two. To compute
the correction term in part (7) that arises from J,; we simply refine the small £
approximation of the integrand to 25/(\/2 ~1)= —-2¢- 2\/%3/2 + O(€?). Then a
calculation completely analogous to (5.12) yields the term proportional to J; in
Theorem 2 (i). We also obtain the asymptotic result for z,y = O(\/T) by using
representation (3.3) for P;;. This completes the proof of Theorem 2.

Next we consider p > 1 and set a = —1 and zy =y, = 0. The proof of Theorem
3 is similar to that of Theorem 2. The main differences are that the factor
e~ @+ 9)/2 4y (5.3) must be replaced by e(x+y)/2, and /2 —1 in the integrand’s
denominator must be replaced by \/ﬁ+ 1. The saddle point is as in (5.4) and (5.5),
but now the pole at £ =1/2 is absent. Thus, the saddle point approximation
P ~ Le® is valid in the entire interior of the (z,y,T) space. The face asymptotics are
again obtained (for y = O(1)) by using (5.6) and the saddle point method to evaluate
the integral over 6 (or &). The edge asymptotics follow from (5.7)-(5.12), after the
two changes noted above.

When p = 1, we set a = 0 and obtain

R Y R VR
SR AR fers

T 971 :c+u)2+ y+u)2
(5.13)

x Ko(v/By/(z +u)? + (y + w)?)dudo.
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Applying the representation for Ky(-) above equation (5.12), to (5.13) we can expli-
citly evaluate the integral over §. Then, after some elementary manipulation, we are
left with a double integral, which is the same as that in Theorem 4 (e). The other
parts of Theorem 4 are easily established using either the last integral, or (5.13) and
the saddle point method.

Finally, we briefly discuss the proof of Theorems 2*-4*. For fixed (z,y,), the

2
initial conditions in (3.5) appear only in the factor exp[(m0+ yo)(%— \/g+—“;1—)], and

this does not affect the location(s) of the saddle points. This factor, when evaluated
at 0 = £y — 1/2, multiplies the function K in Theorem 2* (a). The other terms arise
from the expansion of Py in (3.2). The calculation of these terms is routine, as it
only involves the asymptotic expansion of the integrals in (3.2). These may be ex-
pressed in terms of standard error functions whose asymptotic properties are well esta-
blished. The functions J, and J3 in Theorem 2* (4) arise from P;. In the limit 7—
oo, with z,y = O(\/_ T), these integrals cannot be explicitly evaluated.

Thus, we have given very detailed asymptotic results for large space/time scales,
but fixed initial conditions (z,y,). If 2, and/or y, are also large, the asymptotics be-
come invalid, as the locations of the various saddle points now also depends on initial
conditions.

Further interesting insights into the behavior of the density P(z,y,T;xy,y,) can
be seen by considering large initial conditions, and we hope to accomplish it in sub-
sequent work. For example, when z(,y, are both large, and (z,y) is sufficiently far
from the boundaries, we can approximate P; by the first of the four terms inside
{...} in (8.2). This corresponds to a free space, two-dimensional diffusion process and
for certain ranges of (z,y,T) (e.g. short times) we have P; > P;; and thus P ~ P;.
We can view the other three terms inside {...} as interactions with one of the two
boundaries, and Pj; corresponds to the process interacting with both boundaries
simultaneously. An asymptotic analysis for z;, and y, large would better quantify the
time and magnitude of the boundary interactions, as was the case with the one-dimen-
sional models studied in [10, 18] and [23].

Appendix A

We obtain the density for the sum process X(T)+ Y (T) by evaluating the Laplace
transform of fP (w,z—w,T)dw. We first evaluate the contribution to this integral

from Py, usmg representation (3.6). Setting s = 6 + a?/2 we have

o] z
tsinh(2n L.
/ W/ exp[ — 1/s((z — w) coshn + iwsinh n)]dwdn
0

/ smh(2n) [e - i\/.;z sinh n e - \/;z cosh n]dT) (A.l)

\/g cosh?y + sinh?y)
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/ sinh 277) _ sih(en) - i\/.;z sinh ndn
\/_

cosh?n + sinh?y

The last integral is easily evaluated by shifting the contour down, with n = v —in /2.
The integral over the new contour vanishes, since the integrand is an odd function of
v. Inside the strip —7/2 < Im(n) < 0, there is a pole at n = —ir/4. Hence, (A.1) is
equal to

— 2mi[residue at —in/4] = expl: ﬁz] (A.2)
LV
Using (A.1), (A.2), and (3.6) we obtain

/ ]SII(w, z—w,T)dw = —-\/%igexp[(% - \/%)ZO - (% + \/g)z:}, (A.3)
0

where z; = x4 + y,.
Next we consider the contribution to f P(w,z —w, T)dw that comes from P;. In
view of (3.2), we write

* e*a(z—zo)/2e—a2T/2
/ Piw,z—w,T)dw = T [P+ P+ P35+ P,), (A4

0

where the @ ’s correspond to the respective contributions from the four terms inside
{...}in (3.2). Thus we have

z/2
7= [ e dhf(5ro o) ¢ (5w
_;;/2z/2 (A5)
2=~ [ en{-df(grur ) (5w T
and e/
G‘P3

z (e.e]
Zo+ Yo+ 2w —2 1 2
=/ L /exp{’ﬁ[(”””w_%) (o y°+5_w)]}dvdw
0
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- /ooexp{ _IIT[(U +zg +%)2 +(y0 —v +%>2]}dv.
z/2

Setting v— — v in the first part of P; and adding the result to (A.5) yields

z/2
2o, [ ool (seoaf s (gme-wffoe
_./ exp{—4—%11-[(-%-{-w+m0)2+(%—w+y0)2]}dw.

—z/2

A calculation analogous to that for P; leads to

2= [ exnf = (s -ror 5] +(3-v-we) [

z[2

(A.7)
oo}
- / exp{ —Z%(v—wo——g-) +(v+uo+3) }}dv
z/2
We set v— — v in the second part of P, and then add (A.6) to (A.7), which gives
[o9)
P+ P+ P+ Py = / exp{ —&[(w+§—xo)2+(w+yo—%)z}}dw
— o0
[o.°]
- / exp{ — gl (w+5+20)” + (w—yo — §)* [} duw (A.8)

2
_ 2z z2zgy 2 + 25
= v2rT] e"p(ﬁ)‘ exP( 4T)}eXp[ 8T }
Using (A.8) in (A.4) and taking the Laplace transform over the time variable we
obtain

ZA —a(z—zy)/2 _
/P,(w,z—w,a)dw:e__i__[ Izl Ve/2_ = (zF20)V/s/2) (A.9)
A 24/2s

Here we have used L{(Tr)_l exp[ — —]} =0 exp( — | A]+4/8/2). By adding
(A.9) to (A.3) and noting that s = 6 + a%/2, we obtain precisely expression (3.8).
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