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1. Introduction

Congestion control based on thresholds [4, 7-10, 15] is aimed to control the traffic
causing overload before a significant delay builds up in the network and so to satisfy
the quality of service (Qos) requirements of the different classes of traffic. The QoS
requirements are often determined by two parameters; the loss probability and the
mean delay [5]. S.Q. Li [10] proposed a congestion control with double thresholds
consisting of an abatement threshold and an onset threshold to regulate the input
rate according to the congestion status. Packets are classified as one of the two priori-
ties: high priority and low priority. When the queue length exceeds the onset thres-
hold, the low priority packets are blocked and lost until the queue length decreases to
the abatement threshold. O.C. Ibe and J. Keilson [8] extended this model to the sys-
tem with N doubles of thresholds (N > 1) and N different priority packets. For the
above systems, they assumed that the arrival processes are a Poisson process [8] and a
Markov modulated Poisson process (MMPP) [10], and they obtained the steady state
characteristics.

In order to find out performance of a congestion control, first we need to analyze
the transient behavior of the system. The Laplace transform and z-transform
methods [1, 6, 14, 16] are usually applied within conventional transient analysis. It
seems not to be easy to analyze the transient behavior of the system with finite buffer
and congestion control based on thresholds by the above transform methods. For
transient analysis of such a system, D.S. Lee and S.Q. Li [11, 12] used a discrete time
analysis with its time indexed by packet arrivals. They assumed the arrival processes
are MMPP [11] and a switched Poisson arrival process [12] and obtained the one-step
transition probabilities of an embedded Markov chain. But they considered a conges-
tion control with only one threshold called partial buffer sharing policy.

In this paper, we consider the congestion control with double thresholds as in [9]
and [10]. We assume that the arrival process is a queue-length dependent Markovian
arrival process (MAP). The motivation of this model comes from the study of the
congestion control in a signaling system No. 7 (SS7) network [15]. A congestion con-
trol called international control in a SS7 network is a reactive control with double
thresholds, which uses a notification to inform senders about the congestion status of
the system. Each sender regulates its traffic load to the system when he receives a
notification, and uses timers to resume its traffic load. For such a system, the arrival
process can be modeled as a queue-length dependent Markovian arrival process
(MAP) [4].

For a transient analysis, we use the discrete time analysis as in [11, 12] but using
the advantage of simple notations of MAPs we obtain the one-step transition probabi-
lities by a simpler derivation than that of D.S. Lee and S.Q. Li in [11, 12]. The
models dealt with in [11, 12] are special cases of our model. We obtain the mean
delay and loss probability of the nth arrival packets. In order to evaluate the per-
formance measures we give an algorithm, which enables us to reduce the complexity
of iterated Kolmogorov equation in Section 3. We apply our result to analyze the
international control in SS7 networks. In the numerical examples, we show the im-
pact of various parameters such as the value of the thresholds and the length of times
and input rates on the transient performances.

This paper is organized as follows: In Section 2, we give a transient analysis of an
MAP/M/1 queueing system at arrival epochs in order to provide better understand-
ing of the main result of Section 3. The one-step transition probabilities are derived
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by using matrix formulation. In Section 3, we consider the congestion control based
on double thresholds with queue-length dependent MAP and derive the transient
queue length probability at arrival epochs. We give performance measures and an
algorithm to compute the performance measures. In Section 4, we describe an analy-
tic modeling of the international control in SS7 networks and present numerical exam-
ples and observations.

2. Transient Analysis of MAP/M/1 Queueing System at Arrival Epochs

In this section we study an MAP/M/1 queueing system without any congestion con-
trol to provide a better understanding of the system with congestion control in Sec-
tion 3. We assume that the packets arrive according to a Markovian arrival process
(MAP) with representation (C,D), where C and D are m xm matrices {2, 3, 13].
Here C is the rate matrix of state transitions without an arrival and D is the rate
matrix of state transitions with an arrival. The service time of a packet is assumed
to be exponentially distributed with parameter u. We denote the number of packets
in the system and the state of the underlying Markov chain of the MAP at time ¢ by
N(t) and J(t) (1 <J(t) <m), respectively. Then the two-dimensional process
X(t) = (N(t),J(t)) forms a continuous time Markov chain. Let T, denote the nth
packet arrival epoch. Then we form an embedded Markov chain {X, |n > 0} defined
by

Let the nth step transition probabilities from X to X, be denoted by
WA . .
PR (iopi) & P(X, = ()| Xo = (igy o))
and in a matrix form by
WA .
P"(zo,z) = [P?O,j(zO’ )]
for 1 <i<iy+n. Let the one-step transition probabilities be denoted by
N A .
P i) £ Py (ie)
and in a matrix form by
P(ig,i) & P(ig, i).
The Chapman-Kolmogorov equations for {X,} are
iO +1
P"(ig, 1) = > P(ig, k)P™ ~ 1(k,q) for 1 <i<iy+n. (1)
k =max(1,i4+1-n)

Hence, the queue length probability P"(iy,7) at the nth arrival epoch can be obtained
from (1) recursively once the on-step transition probability P(i,¢) is known.
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2.1 One-Step Transition Probabilities

For convenience, we define the set of all states (¢,7), 1 < j < m, by level i. Let S be
the exit time from level 4, i.e.,

S = inf(t: N(t) # iy | N(0) = iy).

Then we have the following lemma.
Lemma 1: Forig>1,

o8}

/ P{S > 5,X(s) = (ig,}) | X(0) = (g, jo)}ds = (WI-O)™1); x ()
and °
/ P{S > 5, X(s) = (0,k)| X(0) = (0, jo)}ds = (~C~ 1), ;.
0

Note that the left-hand side of (2) is the expected time that X(¢) spends in state
(g, k) until the Markov chain departs from its level iy starting from state (i, jj)-

Proof: See Appendix 5.1.

Let the transition probabilities of the underlying Markov chain {J(¢)|t > 0} with
the first transition of level be denoted by

A . . L
RJ'O»J' = P{X(5) = (i5— 1,5) | X(0) = (40, o)}
A . . .o
Gjo,j = P{X(S) = (ip+1,5) | X(0) = (ip,70)}
for iy > 1, and
A . .
H; ;= P{X(5) = (1,7)] X(0) = (0,5o)}
Define matrices R, G, and H as

‘]7H = [H

R=[R; ;1G=I[G; ;

jo: ]],

which are all m x m matrices. Lemma 1 yields the following.

Lemma 2:
R=(u-C)~ 'yl (3)
G=(u-C)~'D (4)
H=(-C)~'D. (5)

Proof: See Appendix 5.2.
Now we are ready to arrive at the one-step transition probabilities.
Proposition 3: For i <iy+1,
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R~ Tlg ifi>1

P(i5,7) = .
(i) R'OH ifi=1.
Proof: We will show that
P(iy, 1) = RP(iy— 1,7) for iy >

and
G ifi>1
P(i—1,7) =
H if 1 = 1.

(i) First, consider the case of iy >i: In this case, the next arrival occurs after at
least one service completion and, therefore, T, > S. By the strong Markov property,
we have

P{X(Ty) = (1,5) | Xo = (ig, Jo)s X(5) = (ig = 1, k)} = Py, (i — 1,2). (6)
Using (6), we have

Pjo,j(io’ i) = P{X(Tl) = (4,7) | XO(iOajo)}
m
=D P{X(S) = (ig— L,k) | Xo = (ig: jo)}
k=1
- PLX(T)) = (4,5) | Xo = (i, Jo), X(5) = (3 — 1, k)}
m
k=1
The above equation can be rewritten in the matrix form as

P(iy, i) = RP(iy — 1,5). ()

(#) Secondly, consider the case of iy =i—1: In this case, the next transition
occurs with an arrival, i.e., S = T;. From the definitions of G and H, we have

Pjo,j(i_lvi):P{X(Tl):(i’j)lon(i_l’jo)}
= P{X(S) = (i,j) | Xo = (1 — L jo)}
:{Gjo’j i>1

Hjovj 1= 1.

The above equation can be rewritten in the matrix form as
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P(i—1,4) G ifi>1 ®)
1—1,1) =
H if:=1.
From (7) and (8), we get
P(ig,i) = RP(ip— 1,i) = ...
RO -1, =R TG for i > 1 .
- R'OP(0,1) = R'CH for i = 1.

2.2 Special Cases

From Proposition 3, we can obtain the following corollaries, which agree with the
results in [11, 12].

Corollary 4: (Corollary 3 in [11]) If the arrival process is an MMPP with the re-

presentation (Q,A), where Q is the infinitesimal generator of the underlying Markov
chain, and A is the arrival rate matriz, then for ¢ <iy+1,

Plio i) — (W= Q+A) " )0 ™ - Q1 4)~ 1A i>1
CoD =) (ua=Qu+ A)=1uyo(a — @)= 1a P

Proof: An MMPP with the representation (Q,A) is an MAP with the representa-
tion (C,D), where

C=Q-4A, D=A.
Therefore, the result follows from (3) and Proposition 3 directly. 0

Corollary 5: (Proposition 2.1 in [12]) If the arrival process is a switched Poisson
process with the representation (Q,A), where

—ro T A O
Q= o'o A= 0 ,
ry —Ty 0 X
then fori <iy+1 andi>1,

-1 1—1,—1
+ﬁ122 0

—ig—1 i—ig—1
U )
1 y

where for j = 0,1,
:’\j(u+’\1—j+r1—j—/‘zl) (A azy)

5 =
pzy(zg —27) /‘2"2(21 —z,)

&
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and zq,z, are the roots of the quadratic equation
(B4 Ao+ ro—p2)(p+ Ay +ry —pz) —rory = 0.
Proof: Since
R=(ul-Q+A) tul = (I-1Q+4A) 71

G=(pl-Q+A)" A =(I-4Q+5A) "1,

we have
P(io,i) = Rio—i+lG:[(I_%Q+%A)_1]io—i+2/_1jA‘
Here,
B+ro+Ag ~7
1 14 _ Iz I
it = " pATI+N
K jz

377

is diagonalizable with eigenvalues z; and z, which are roots of the quadratic equation

(B+Xg+ro—pz)(p+A —ry—pz)=rory =0

i.e.,
zy 0
1-1Q+ta=vul UL,
VA
2
where
U Pyt A =y "o
T ptro+ Ao — pzy

whose columns are the eigenvectors of I—%Q +%A with respect to z; and z,, respect-

ively. Then by simple calculation, we can obtain

P(iy,i) = U

i—in—1 i—i—1 — - i —
agzy 0 +Bozy 0 gz O T 4Bz
, i—ig—1 i—i =1 i—ig—1 i
apzy O +Bpzy O gz O 4Bz °

For ¢ = 1, we can obtain similarly
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i
0
21

P(ig,1) = U U~ 'A.

z;O
This agrees with the result of Proposition 2.2 in [12].

3. Transient Analysis of the Congestion Control with Double Threshold

In this section we consider a congestion control with double thresholds consisting of
an onset threshold M and an abatement threshold L (see Figure 1).

(Co, Dy)

Figure 1: The model of the congestion control with two thresholds

Let B denote the buffer size. Until the queue length reaches the threshold M, the con-
gestion status of the buffer is assigned to 0. Once the queue length exceeds M from
below, we assign the congestion status of the buffer to 1 during the period until the
queue length crosses L from above. When the queue length crosses L from above, the
congestion status of the buffer is assigned to 0 again and the procedure is repeated.
We assume that the packets arrive according to an MAP with the representation
(CpsDy), when the congestion status of the buffer is 0 and the packets arrive accord-
ing to an MAP with the representation (C;,D;), when the congestion status of the
buffer is 1 and Cy, Dy, C; and D; are m x m matrices. We will describe the matrices
Cy, Dy, C; and D in detail for modeling of congestion control in SS7 networks in Sec-
tion 4.

Let I(t) denote the congestion status of the buffer at time ¢. Then X(t) = (I(¢),
N(t),J(t)) forms a continuous time Markov chain and X, = (I(T,+), N(T,+),
J(T,,+)) forms an embedded Markov chain of the Markov chain {X(¢)|t¢> 0},
where T, is the nth packet arrival epoch. Let the nth step transition probabilities be
denoted by P"(£,,44;€,7) which is an m x m matrix, where

[P"(€0s ig5 éai)]jo,j = P{X,, = (£4,5) | Xo = (§orip) Jo)}-

Let the one-step transition probabilities of X, be denoted by

P(fo, io?fai) = Pl(fov io;é,i)~
Then we have the following Chapman-Kolmogorov’s equations: For 1 <iy < M

min(ig + 1, M)

PY0,igi &)= > P(0,i0;0,k)P™ ~ (0, k; €, 4)
k=max(1,i+1-n)
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+ 1 = anPO M1 M + P11 M + 136, ), 9)
and, for L+1 <iy < B,
min(ig + 1, B)
PY(Lig i)=Y P(1,ig; 1, k)P~ 1(1, k;€,9)
k=max(L+1,i+ —n)
L
+y P(1,i0;0,k)P™ ~ (0, k; €, 9), (10)
k =max(1,i+1-n)
where 1, is the indication function of set A. Hence, the queue length probability P"
(€prigi€,%) at the mth arrival epoch can be obtained iteratively once the one-step
transition probability matrices P(§y,44;&,7) are known.
3.1 One-Step Transition Probabilities
Let the exit times from levels be denoted by
So =inf(t: N(t) # iy | N(0) =43,£(0) =0) for 0 <iy <M
S, =inf (t: N(t) # ig| N(0) =4y, £(0) =1) for L+1 <4y < B.
Let the transition probabilities of J(t) with the first transition of N(t) be denoted by
A . . .o .
Rjo,j = P{X(SO) = (0,10_ 1a.7) | X(O) = (0,10,]0)} (10 # 0)
A . . L. .
GJ’O,J' = P{X(S0) = (0,ig+1,5) | X(0) = (0,4, Jg)} (i # M)
A . .
Hj, 2 P{X(So) = (0,1,3)| X(0) = (0,0,5)
A . . .. .
ji= P{X(Sl) = (1)10" 11.7) | X(O) = (laZO)]O)} (10 ;é L+ 1)
A . . .. .
;= P{X(8) = (Lig+1,5) | X(0) = (L,ip,5g)} (i # B)

H; ;2 P{X(S))=(0,B~1,)| X(0) = (0,B,5,)}.

RJO!
G]Ov

Define the matrices

Ro=[R; ;1 Go=1G; ;1 Ho=1[H; ;]

G, = [Gjoyj]’ﬂl = [H,

R, = [RjO’j]’ 1 ]O,j]

which are all m x m matrices. Then we can establish the following lemma similar to

Lemma 2.
Lemma 6:

Ry = (#I—Co)—IHI,Go = (ul- Co)_lDoaHo =(-GCy) _IDO
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Note that

and

P{X(S) = (LM +1,§)| X(0) = (0, M, jo)} = G
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R, = (p1-C)) "'y, G, = (uI-C;) " 'D},H, =G,.

.707]

P{X(S}) = (0,L,5) | X(0) = (1,L+1,jp)} = R

jOY j.
Now we are ready to obtain the one-step transition matrix.
Proposition 7: For 1 <iy < M, o
o [RPTG, 2<ismM
P(O,zO;O,l) = 1 s
RH, 1=1,
P(0,M;1,M + 1) = Gy and for L+ 1 <4, < B,
o RpTIRECHIG, acicl
P(1,49;0,7) = i ~LoL .
R° “RgH, i=1,

141

P(Lig1,i) =R 'T'G, L+1<i<B,

and P(1,B;1,B) = G; + R,G,.
The proof is identical to that of Proposition 3 and is therefore omitted.

3.2 Performance Measures and Algorithm

Once the transient queue length probability P"(¢,i,;&,4) at arrival epochs is
obtained, the performance measures can be easily evaluated. Let d,, be the delay of

Joth

the nth arrival packet and e = (0,...,0,T ,0,...,0).  Under the initial condition
Xo= (&g gy Jg), both the mear and the variance of d,, are obtained as

min(iy + n, M)

Bld, | Xo=Coigdo} =5 ). (i=1)-¢; P(Epigi0,i)e

1=1

min(ig + n, B)

oG- 1) e; P"(€rigi 1, 1)e (11)

i=L+41

+

Rl

min(

iO +n, M)
Var{d, | Xy = (€4igr o)} = # D (=1 P(Egigi0,i)e
1i=1
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min(io +n,B)

+L Y G- 12 -e; P(Eg igi 1, i)e
H i=L+1

- [E{dn | XO = (£0ai07 jO)}]Z’ (12)

where e is the column vector whose elements are all 1. Let p[t (&g, %0, jo) denote the
loss probability of the nth arrival packet under the initial condition Xy = (&, g, jg)-
Then

pﬂ)ss(€0’i0’ JO) = ejO'Pn-—l(éo’io;laB)Gle' (13)

When the matrices Ry and R, are diagonalizable, we can greatly reduce the com-
plexity of the iterated Kolmogorov equations (9) and (10) using their eigenvalues and
eigenvectors as in [11, 12]. But there is no evidence that there exist distinct and real
eigenvalues of the matrices R,; and R;, and it is not easy to obtain the eigenvectors
numerically. Therefore, we introduce another algorithm to reduce the complexity of
the iterative Kolmogorov equations (9) and (10). To obtain the performance mea-
sures, we only need to calculate the column vectors P"(&,,iy;€,7)e in (11) and (12),
and P""l(fo, ig;1,B)Gye in  (13). Using the fact that P(0,7y0,7) =
R,P(0,i, —1;0,7) and P(1,4y&,i) = RyP(1,45— 1;¢,4), we can reduce the complexity
to obtain P"(€,iy;&,1)e. First consider the case of 2 <iy < M —1 and £, =0. Since
P(0,7y;0,k) = Ry, P(0,iy — 150,k), from (9) we obtain

iO +1
P™(0,4; €,8)e = > P(0,74;0,k)P™ ~1(0,k; €, 7)e
k =max(1,i+1—n)
= P(0,i4; 0,4y + 1)P™ ~1(0,4y + 1;£,4)e
0
+ R, > P(0,iy — 1;0,k)P" = (0, k; £, 7)e
k =max(1,i4+1—n)
= GoP" 7 1(0,ip + 1;€,1)e + RyP™(0, i — 15 €, 9)e.
Therefore, we can calculate P"(0,4,;&,7)e iteratively starting with

P™(0,1;€,9)e = RyH P" ~1(0,1;£,i)e + GoP™ ~1(0,2; €, 4)e,

once we have P™~1(0,ig;¢,i)e for all iy and i. Similarly, from (9) and (10) we can
obtain the following:

P™(0,1;€,i)e = GoP™ 7 1(0,2;€,9)e + RgHP™ ~1(0,1;¢,i)e
P™(0, M;¢&,9)e = GoP™ ~ H(1,M + 1;€,i)e + RgP™(0, M — 1;,i)e
PY(1,L+ 1;€,9)e = G P" " 1(1,L +2;¢,i)e+ R G, P" ~ }(1, L + 15¢,i)e

+RIP™(0, L — 1;€,9)e
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P™(1,ig; €,9)e = G P" " (1,45 + 1;€,4)e + Ry P™(1,ig — 1;€,i)e
for L+2<¢{( <B-1
P™(1, B;¢,i)e = G,P" " (1, B; ¢, i)e + R,P"(1, B — 1;£,i)e. (14)

Once we obtain P"‘I(EO,iO;I,B)Gle, we can calculate the loss probability
Ploss(€0s 701 Jo) from (13). By substituting P""l(fo, ip€,1)e for P""l({O, ig; 1, B)Gye
and P"(&g,ip;€,i)e for P"(€y,ip;1,B)Gje in iteration (14) we can obtain
P"(&y,i9l, B)Gje iteratively starting with

G%e icn=B-1,§{=1
P(£yyi0;1,B)Ge = R,Gle i,=B,¢ =1

0 otherwise.

4. Application to SS7 Network

There are three types of congestion controls in SS7 networks such as international
control, national option with congestion priorities, and national option without
congestion priorities [15]. Here we will describe the international control. when a
message signal unit (MSU) is received at a Signaling Transfer Point (STP) for the
congested link whose congestion status is 1, it is passed to Level 2 for transmission
and a Transfer Controlled (TFC) packet is sent back to the originating Signaling
Point (SP) which sent the MSU, for the initial packet and for every mg, packet
(default value of myg is 1 in this paper, but by a simple modification we can deal with
the model with m larger than 1).

We assume there are S identical SPs sending packets to a STP and we consider an
output buffer of the STP and the packets sent to the output buffer (see Figure 2).

D DRI
&

L \ ‘ e
@SP/' B ML O

Figure 2. The model of the congestion control in SS7 networks

If an SP receives a TFC packet from the STP, the traffic load toward the STP is
reduced by one step, and two timers T, and T'3, are started where the length of T'5,
is greater than that of T'yg. Until T',q times out further TFC packets are ignored in
order not to reduce traffic too rapidly. If a TFC is received after the expiry of Ty
but before 7', expires, the traffic load is reduced by one more step and both T, and
Ty, are restarted. This reduction continues until the last step when maximum
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reduction is obtained. If 7’5, expires, then the traffic load is increased by one step
and Ty is restarted. This is repeated until the full load has been resumed. For
simplicity, we assume the length of T,y to be equal to zero. The extension to the
model with nonzero T'q is similar to the modeling in [4]. Even though the lengths of
T3, is deterministic, we assume that the length of Tj, has an exponential
distribution with a rrllean, which is a deterministic value for the analytical modeling
asin [9]. Let o = ElTy]

Let K be the maximum reduction step of the traffic load in an SP. Define the
state of an SP as k (0 < k < K) if the SP has reduced its traffic load k times since the
beginning with full load. Assume that each SP whose state is k sends packets
according to a Poisson process with rate Ay (Ag>A; >... < Ag). Let Y (t) be the
number of SPs in state k at time ¢. When (Y,(¢),Y (t), WY (1) = (Y1, Yg- - ,yK)
S — Ek = 1Yk 1s the number of SPs in state 0 and the total arrival rate to the STP is

Ao(S — SE_ W)+ K M\yse Hence, J(t) = (Y (), Yy(2),..., Y 5 (1)) governs the
arrival rate and so it can be defined as the underlying process of the arrival to the
STP with the state space consisting of (y;,...,yg) listed in the lexicographic order,

S
where y, >0 and ) i{____ 1Yk £ S. The total number m of the states equals ( KTS') .

Let A((yq,..»Yg)y (¥1)..-¥%)) denote the transition rates from the state
(Y¥1>Yg--+Yf) to the state (y},v5,...,y%) which are the elements of an m x m matrix
A. Let y=(yy,..,yg)- For example, A(y,y) denotes the diagonal elements of
matrix A. Let e; be a vecztt(})lr whose elements are all zero except for the ith element

which is 1, i.e., e, = (0,...,?,...,0). Let ey = (0,...,0) and e , | = ey, for the sake
of convenience. We are ready to find the rate matrices Cy,Dy, C; and D; of the
underlying process {J(t):t > 0} for our model in this section. Independently of the
congestion status of the buffer of the STP, if a T'5; of an SP whose state is k expires,
the state of the SP will be changed to £ — 1. Hence,

C,(vwy—e,+e_,)=0c-y,forn=0,1, 1<k<K.

When the congestion status of the buffer of the STP is 0, there is no transition of the
state with an arrival of the underlying process J(t), since there is no TFC generating
from STP.

K K
Dy(y,¥) = (S — D v) + D Mt
k=1 k=1

When the congestion status of the buffer of the STP is 1, each SP who sends a packet
to the STP will receive a TFC and reduce the traffic load by one step and restart
T3y. Therefore, if one of y,’s SPs whose states are k sends a packet to the STP, its
state will be changed into k£ + 1.

Di(y,y—e;+ep 1) =Ny, for 0<k< K.

The diagonal elements of the matrices C, and C, are negative values to make
Coe+Dye =0 and C,e+ D;e =0, respectively. The elements of the matrices Cy,
Dy, C; and D; not mentioned above are all zeros.

For all numerical examples, we assume that S = 10, K = 1 and that the time scale



384 B.D. CHOI, S.H. CHOI, D.K. SUNG, T.H. LEE and K.S. SONG

is normalized by the mean service time of a packet, i.e., u =1.0. Let the buffer
capacity B be equal to 50. For Figures 3 through Figure 6, we assume Ay = 0.08 and
A; = 0.04.

' Figure 3, Figure 4, and Figure 5 display the mean delay and the loss probability of
packets in terms of functions of time, when T35 =100. For Figure 3, we let L be
fixed at 25 and the initial state by (0, 25, 0). As M decreases, the congestion control
is triggered earlier and therefore the mean delay and the loss probability of packets
decrease as shown in Figure 3.

T T T T
M=45 —
M =40 ---- i
M=35 -
M=30 -~
>
< -
)
o
f=4
3 4
=
2 L L L L L L L L L
[o] 50 100 150 200 250 300 350 400 450 500
Time (in packets)
0.0001 T T T T T T
M=45 —
M =40 ----
1e-05 |- M=ss il
1e-06 | -
1e-07 e
o
5 ; T e
s ; e e
S  1e-08 | ! E
a HEN
g .
S ; AN e
10-09 | fi Seo 4
i "~
1e-10 | T 4
1e-11 E
fe-12 L L " L L L L L L
0 50 100 150 200 250 300 350 400 450 500

Time (in packets)

Figure 3. The mean delay and the loss probability of packets for the case of
T3, = 100,L = 25 and that the initial state equals to (0, 25, 0)

In Figure 4, we consider an epoch when the queue length exceeds the onset
threshold M as the initial epoch, i.e., Xy = (1,M +1,1). Since the congestion control
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is triggered from the initial epoch, each SP receives a TFC packet when it sends a
packet until the queue length crosses the abatement threshold L. SPs receiving a
TFC packet reduce their traffic load and therefore the total offered load until the
buffer decreases and the mean delay of packets decreases as shown in Figure 4. The
loss probability of packets increases initially but it begins to decrease soon since the
congestion control is triggered. After a time interval, the mean delay and the loss
probability increase slightly as in Figure 4. This is because the total offered load in-
creases again after the queue length crosses L.

T T T T T T
L=35 —
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L=25 - |
L=20 -~-~
>
il
[°3
Q
2 4
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(3]
=
. L L L 4 L
200 250 300 350 400 450 500
Time (in packets)
0.001 T T T T T T T T T
L=3 —
L=30 ----
L=25 -
0.0001 L=20 --- E
1
1e-05 - -
b
=
F 1e-06 .
]
<3
a
2
8 1e-07 1
)
1e-08 | B
1e-09 E
1e-10 L L I L \ s s 1 L
(o] 50 100 150 200 250 300 350 400 450 500

Time (in packets)

Figure 4. The mean delay and the loss probability of packets for the case of
T3, =100, M = 40 and that the initial state equals to (1,M +1,1)
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In Figure 5, we compare the loss probabilities with different M and different initial
state X for a fixed L (L =25). Figure 5 shows that the loss probabilities converge
to the same value for the same M independently of the initial value as the time
increases.

0.001 T T T T T T

i0 = 41

0.0001

1e-05

1e-06

1e-07

1e-08

Loss Probability

1e-09

te-10 k| i Tl M =30 i

A
i
le-11 | I E

1e-12 L L L L L |
[o] 50 100 150 200 250 300 350 400 450 500
Time (in packets)

Figure 5. The mean delay and the loss probability of packets for the case
of T3y =100, L =25

Define F"(iy, jo,€o) as the mean number of SPs, which send packets in their full
traffic load at time n (in packets). Then F"(iy, jo,£,) is calculated by P"(&y,ig;€,7)
as

F"(ig, jg:§0) = S — ; ZejOP"(EO, i; €5 1)e”,

where e* =(0,1,2,...,5). As in the case of ploss(zo,]o,fo), P"(ﬁo,zo,f,z)e can be
evaluated iteratively by substituting P" (60, ig;€,4)e and P"(&p,ip;€,1)e for
P"“l(ﬁo,io;ﬁ,i)e* and P"~ 1(50,10,5, )e* in (14), respectively. Figure 6 displays
F™(0,L,0) and F™(1,M + 1,1) in terms of functions of time. For a fixed L, as M
decreases and for a fixed M, as L decreases, the mean number of SPs with full traffic
load decreases as in Figure 6. Hence there is trade-off between the loss probability
(and the mean delay) and the throughput in terms of F" (3, jo,&)-
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Figure 6. The mean number of SPs with their full traffic load for the case T35 = 100,
L =25, M =40 and that the initial states equal to (0, L,0)
and (1, M + 1,1), respectively.

In Figures 7 and 8, we consider the control of SP with traffic reduction and the
timer. We consider the case of M =40 and L = 25. Figure 7 shows the impact of
the length of the timer T3 on the transient performance. As T, increases, the time
of resuming full traffic load of each SP is delayed and therefore the loss probability
and the mean delay of packets decrease as in Figure 7. We assume that each SP
receiving TFC only send d% of its full packets. Then A\, = L’\o- We consider two

cases: Ay =0.08 and A\; =0.12. As d decreases, the total offered load decreases and
therefore the mean delay decreases as shown in Figure 8.
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Figure 7. The mean delay and the loss probability of packets for the case of L = 25,
M =40 and that the initial state equal to (1,M +1,1)
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Figure 8. The mean delay of packets for the case of L = 25, M = 40 and that the
initial state equal to (1, M +1,1) with A; = 0.08 and A\, = 0.12, respectively
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5. Appendix

5.1 The Proof of Lemma 1

For ¢y > 1, define

P; i(s) & Pr{S > s5,X(5) = (i, §) | X(0) = (igy jo)}-

Then we have the following Chapman-Kolmogorov equations:

Piovj(s + As) = Pr{S > s+ As, X(s + As) = (iy,7) | X(0) = (49, Jp)}

= 3PS > 5,X(6) = (i )| X(0) = iy o)
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- Pr{S > s+ As, X(s+ As) = (ip,7) | X(0) = (39, 7o), S > 5, X(5) = (ig, k)}

m

= 3. P a()PrS > 4 86, X(o + 89) = (10 ) |§ > . X(5) = i )

where the last equality follows from the Markov property. By subtracting Pj ’j(s)
from both sides of the above equation and dividing both sides by the equation As, we
get
PJO’j(S -+ AS) it PJO:J(S)
As

—ZP (5) Pr{S > s+ As, X(s+ As) = (i, j) | § > 5, X(s) = (ip, k)}
.70»

7 As
Pr{S > s+ As, X(s+ As) = (ip, j) | S > s, X(s)_(zo,])}—l
+Pj0,j(8} As

By passing to the limit As—0 in both sides of the above equation and using the
definition of the matrix C — ul we can obtain

d
a5t JO,J ZPJ k(8)(C = pD) 5

The above equation can be rewritten in matrix form as

45P(5) = P(s)(C~ ),

where P(s) = [P; .(s)]. By integrating both sides of the above equation and using
P(0) =T and P(ooo) = 0, we can obtain P(co0) —P(0) = —I= [§°P(s)ds(C — pl), i.e.,

o)

/ P(s)ds = (uI—C) L, (15)

0

For iy = 0, we can obtain the result similarly to the above.

5.2 The Proof of Lemma 2

For iy > 1, define

R; ()2 Pr{S <4,X(8) = (ig— 1,) | X(0) = (igyJo)}-

Note that RJ L _llmt__)ooRJ0 ;(t). From the definition of RJ (1), we have the
following Chapman Kolmogorov equation:
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R; j(t+At)—R; (1)

= 3 Pr{S > L. X() = o H)| XO) = G o)

Prit <S5 <t+ A4 X(S) = (19— 1,7) | § > 1, X(2) = (10, k), X(0) = (ég» Jo)}

:kilpr{s > 1, X(8) = (ig) k) | X(0) = (igy jo)}

Pr{t<S<t+ALX(S)=(ig—1,7)| S > t, X(t) = (ig, k)},

where the last equality follows from the Markov property of {X(¢):¢ > 0}. Dividing
both sides of the above equation by At and taking the limit At—0, we obtain

g0 :éPr{s > 1, X(1) = (igy k) | X(0) = (ig, do)}(uD)g, ;-

The above equation can be rewritten in matrix form as
AR(t) = P(t)ul
dt ?

where R(t) = [R; ;(t)]. Since R(0) =0, by integrating both sides of the above equa-
tion, we can obtath

t

R(t) = /P(s)dsul. (16)

0

Hence from (16) and (15), we have

o9}

R :tlirgoR(t) = / P(s)dspl = (uI — C) ~ 1l
0

Similarly, we can get G = (uI— C) ™D, H— (— C) ~ 'D, whose proof is omitted.



