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1. Introduction

Mathematical modeling of several important dynamic processes has been rendered via
difference equations or differential equations. Difference equations also appear in the
study of discretization methods for differential equations. From a modeling point of
view, it is perhaps more realistic to model a phenomenon using a dynamic system
that incorporates both continuous and discrete times, namely, time as an arbitrary
closed set of reals called a time-scale. The recently developed dynamic systems on
time scales off a unified approach to continuous and discrete systems [2].

The Lyapunov stability of the trivial solution of a differential system does not rule
out the possibility of asymptotic stability. Moreover, the asymptotic stability of the
trivial solution does not guarantee any information about the rate of decay of the
solutions. Various definitions of stability are therefore one-sided estimates, and thus
these are not strict concepts. It is natural to expect that an estimation of the lower
bound for the rate at which solutions approach the trivial solution would offer
interesting and useful refinements of the stability notions. Such concepts, known as
stability in a tube-like domain, were introduced in [1].

Recently, in the development of the variational Lyapunov method [3], it has
become necessary to employ the strict stability concept to prove a theorem analogous
to Lyapunov’s uniform asymptotic stability result. However, it was found that the
earlier definitions of strict stability were too stringent for this purpose and that the
ideas and proofs needed some further refinement.

Printed in the U.S.A. ©2001 by North Atlantic Science Publishing Company 195



196 S. SIVASUNDARAM

In this paper we discuss strict stability notions and give sufficient conditions for
such concepts to hold. We first prove results analogous to Lyapunov’s original
theorems and then discuss them by employing a comparison principle.

2. Preliminaries, Local Existence and Uniqueness

Let T be a time scale (closed nonempty subset of R) with ¢ty >0 as a minimal
element and no maximal element. The points {t} of T are classified as

right-dense (rd), if o(t) = ¢,
left-dense (1d), if p(t) =,
right-scattered (rs), if o(t) > ¢,
left-scattered (Is), if p(t) < t,
where o(t), p(t) are jump operators defined by
o(t) =inf{s € T:s > t},
p(t) =sup{s € T:s < t}.
Set m*(t) = o(t) —t (called graininess) so that
T=R=p"(t)=0,
T=Z=p%(t) =1
Definition 2.1: The mapping u: T—R is said to be rd-continuous if it is continuous
at each right-dense point and lim,_, - f(# ™) exists at each left-dense point.
Definition 2.2: A mapping u: T—R is said to be differentiable at t € R, if there
exist an a € R such that for any € > 0 there exists a neighborhood U of t satisfying
lu(o(t)) —u(s) —a(o(t)—s)| <e|o(t)—s| forall seU.

Note: Derivative of u is denoted by uA(t), then

du(t)
dt

T=2Z=u®=a=u(t+1)—ut).

T=R=>UA=01=

If u is differentiable at ¢, then it is continuous at ¢. If u is continuous at ¢t and t is
right-scattered, then u is differentiable and
arpy  Ho(®) = u(t)
u(t) = ——5—~—"
(1)
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Definition 2.3: For each t €R, let N be a neighborhood of t. We define the
generalized derivative (or Dini derivative), D+uA(t) as, given € > 0, there exists a
right neighborhood N, C N of ¢ such that

u(o(?)) - u(s)
H(t,s)

In the case of ¢ being rs and u continuous at t, we have, as in the case of the
derivative,

< DY uP(t)+¢for s € N, s> t, where p(t,s) = o(t) —s.

Dt uA(t) — u(a(t)*) — u(t).
# (1)

Definition 2.4: Let h be a mapping from T to R. The mapping ¢: T—R is called
the antiderivative of h on T if it is differentiable on T and satisfies g®(t) = h(t) for
teT.

The following known properties of the antiderivative are useful.

(@) If h:T—R is rd-continuous, then h has the antiderivative g:t— [%h(s)ds,

s,teT.

(b)  If a sequence {h,}, 5 of rd-continuous functions T—R converges uniform-

ly on [r,s] to an rd-continuous function h, then ( f2h,(t)dt), ¢ y—
J 2h(t)dt, on R.

A basic tool employed in the proofs is the following induction principle, well suited
for time scales. Suppose that for any ¢ € T, there is a statement A(t) such that the
following conditions are verified:

(1)  A(ty) is true;

(¢1)  If t is right-scattered and A(t) is true, then A(o(t)) is also true;

(7it) For each right-dense t, there exists a neighborhood U such that whenever

A(t) is true, A(s) is also true for all s €U, s > t;

(iv)  For left-dense ¢, A(s) is true for all s € [t,,t) and implies that A(t) is true.
Therefore, statement A(t) is true for all ¢t € T.

In the following we shall consider the initial value problem for dynamic systems on
time scales and prove local existence and uniqueness results corresponding to Peano’s
and Perron’s theorems. Let T* represent the set of all nondegenerate points of the
time scale T. We consider the initial value problem (IVP)

A= f(t,z),t € T*, 2(ty) = zq, (2.1)

where f:T*x R"—R"™ and f is rd-continuous on TFx R™. A map :c TFSR™ is a
solution of IVP (2.1) if z(¢) is an antiderivative of f(,z(t)) on T* and satisfies
z(ty) = o

Theorem 2.1: Let f€ Crd[RO, R™ where Ry =[ty,ty+a]lxB, [tety+a] is
understood as [to,t0+a]ﬂ'[f and B={c € R™: |z —=z,| <b}. Then, the IVP (2.1)
has at least one solution z(t) on [ty,t,+ o], where o = mzn(a,M) with M being a
bound of f(t,z) on R.

Proof: For any r € T ty < 7 < ty+ o, define the mapping

f(t,z), t € [ty,r), z € B,

r] —
fbe) f(r—,x), t=r, z € B.
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Let the statement A(r) be as follows: The IVP
= f'](t, x),t € [tg, ], 2(ty) = xo, (2.1.r)

has a solution z,(t) on [ty,7].
()  The statement A(t,) is trivially true since the mapping

xto{to}—ﬁB and z%(t) = ftO](t,:ctO(t)) for t € {ty}* = 0.

(1)  Let r be right-scattered and A(r) be true, i.e., IVP (2.1.r) has a solution
z,(t) on [ty,r]. Define the mapping

xo(r):[to, o(r)}—B

such that
z,(t), t € [tg,r],
xor(r)(t) = *
z,(r) + f(r,z,(r)u(r), =a(r).
Then z,, is continuous and is a solution of (2.1.r) on [ty,o(r)].

(#%) Let r be right-dense and U, be a neighborhood of r. Assume A(r) is true.
We need to prove that A(s) is true for s € U, N[ty ty+ ], s >r. By the classical
existence theorem (Peano’s theorem) there exists a solution z () satisfying

eB(t) = f(t,2,(1),t € [r,s),s €U, N[ty to+al,

zy(r) = z,(r).
The mapping defined by

z,(t), t € [tg,r],

T (t) =
: z (1), r<t<s, s €U, Nty ty+al

is a solution of (2.1.r) on [ty,s], s > r, proving that A(s) is true.
(iv) Let r be left-dense such that A() is true for all s <r. We need to prove
that A(r) is true. For any s <, IVP (2.1.r) has a solution z(t) on [t,s] defined by

t
2, =20+ [ 12 (AT, L€ [t
to
Since f(t,z) is rd-continuous, lim,_, - f(t,z,(t)) exists and hence we have
T
z(r)=2zy= / f(r,z (7))AT.
t
0

Thus z(t) is a solution of (2.1.r) on [y, 7], i.e., A(r) holds.
By the induction principle, IVP (2.1) has a solution on [¢y,?, + «] and the proof is
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complete.
Next, we consider a Perron type uniqueness result.
Theorem 2.2: Assume that
(%) 9 € Coylltg to+alx[0,26], R | ] and for every ty,t,<t; <tg+a, u(t)=0
is the only solution of u® = g(t,u),u(ty) =0, on [ty,ty+al;
(1)  fe€C,4[Ry R"] and for each t € [ty,ty+ a), there exists a compact neighbor-
hood U, such that ft] in U, x B satisfies

If(t7w)"f(t’y)| Sg(t, |:c—y|),(t,:c),(t,y)€Ut><B.

Then the IVP (2.1) has a unique solution x(t) on [t,,t,+ a].
Proof: We apply the induction principle to the following statements
A(r): The IVP
2 = fl(t,2),t € [ty 7], z(ty = xo, (2.2.r)

admits exactly one solution z (- ).
(1)  In fact, there exists only one mapping :ctoz{to}—-»R" with xto(to) =z, and

x%(t) = fr](t,$t0(t)) for t € {t,}F = 0.

(1)  Let r be right-scattered. IVP (2.2.r) has, according to the induction condi-
tion, exactly one solution z (-). We define mapping o (r); [tg:0(r)]>R™ by

z,(t), if £ € [tgr),

z (t) =
A EENORY (CEROION if £ = o(r).

It is continuous and the only solution of IVP (2.2.0(r)), since its restriction to [ty,r]

is the only solution of the IVP (2.2.r) and its restriction to [r,o(r)] is the only

solution of the IVP

z® = f(t,z), z=(r) = z,(r) on [r,o(r)].

(737) Let r be right-dense. By the induction condition, there exists exactly one
solution () of (2.2.r). Let V_ CU, be a compact neighborhood of r. By Perron’s
Theorem, for each s €V, s >t the IVP

iL'A = fs](ta x)’t € [r,s],.’c(r) = mr(r)

admits exactly one solution y,(-). The mapping z,, defined by

z,(t), if t € [tg, 7]
z (t): = 2.2.s
() (1), if t € [r,s], ( )

is the unique solution of the IVP (2.2.s). Hence we have A(s) foralls€V 6 s>r.
(7v) Let r be left-dense, and choose V as above, then there is a s € V. with
s < r. With the help of the induction condition A(s) and Perron’s Theorem, the exist-
ence and uniqueness of a solution z,(-) of (2.2.r) can be shown exactly in the same
way as in (ii¢). Hence we have A(r).
Since there is a unique solution on each interval [ty,r], r > t,, there is a unique
solution of (2.1) on [¢y,ty+ a]. Thus the proof is complete.
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Let % = {a € C,4[T, R | J:a(u) is strictly increasing in u, a(0) = 0 and a(u)—oo as
u—oo} and consider the initial value problem (IVP)
z® = f(t,2),t € R, z(ty) = z,, (2.1)
where f: Tx R"—R" and f is rd-continuous on T x R™.
Definition 2.5: The trivial solution of (2.1) is said to be:
(S1) strictly stable, if given €, >0 and t, € T, there exists a § = 6,(ty,¢;) >0

such that |z,| < 6, implies |z(t)| <¢;,t >ty and for every 0 < 6, < 4,
there exists a

0 < €y < 6, such that 6, < |z, | implies €, < | z(t) |, > t,; (2.2)

(S2) strictly uniformly stable, if 6,,6, and ¢, are independent of #;
(S3) strictly attractive, if given a; >0, ¢ > 0 and t, € T for every o, < a; there
exists €5 < €1, Ty = T4(tg,€1), and Ty = Ty(t(,€;) such that

ay < |z2y| <oy implies € < | z(t)| <€, for tg+ T, <t <ty+Ty;

(S4)  strictly uniformly attractive if T; and T, in (S3) are independent of t;

(S5)  strictly asymptotically stable if (S3) holds and the trivial solution is stable;

(S6)  strictly uniformly asymptotically stable if (S4) holds and the trivial solution

is uniformly stable.

Remark 2.1: It is important to note that (S1) and (S3), or, (S2) and (S4) cannot
hold at the same time. If in (S1) it is not possible to find an ¢, satisfying (2.2), we
shall say that the trivial solution is stable. This can happen when |z(t)|—0 as
t—o0, or, liminf| x (t ) | = 0 and limsup | z(¢)| # 0.

3. Main Results

In this section we discuss sufficient conditions for the strict stability notions.
Theorem 3.1: Assume that
(Hy) for each 0<n<p, V_ € Crd[TxSp,R+], V., is locally Lipschilzian in =
andfor(t,x)eTxSp and |z | >n,

bi(lz]) <Vy(tz) <ay(|z]), ay,0; €K,
and

+yAa .
D¥VA(t,) <0 (3.1)

(H,) for each 0, 0 <o <p, V(,ECrd[TxeSp,R_*_],V
z and for (t,z) € Tx S, and |z| <o,

o 18 locally Lipschitzian in

by(lz]) SV, (tz) <ay(lz|), a0, € K,
and

DY VE(t,z) > 0. (3.2)

Then the trivial solution is strictly uniformly stable.
Proof: Let 0 < ¢ < p and t; € T be given. Choose §; = 6,(¢;) > 0 such that

a;(61) < by(€q)- (3.3)
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Then we claim that
|zg| < é; implies |z(t)| <eq,t>t,. (3.4)

If (3.3) is not true, then there would exist t;,t, € T, t; > ¢, > t; and a solution of
(2.1) with |zy| <6y, satisfying |z(¢))| =€, |2(ty)| =6; and 6; < |z(t)|for
t €[ty 1]

Choosing 7 = 6, and using (H), we obtain

by(e) =by(l=(t) ) < Vn(tl’w(tl)) < Vn(tzaw(tz)) <ay(fx(ty) ) = ay(6y),
which contradicts (3.3). Hence (3.4) is valid.
Now let 0 < 6, < 6, and choose 0 < | zy| <6, < 6, such that
ag(€z) < by(dy)- (3.5)

We now claim that
6y < |xy| <6, implies €5 < | ()| <€y, t =t (3.6)

If (3.6) is false, then because of (3.4), there exists a solution of (2.1) with §, <
|zy| <6 and t; > t, > t, satisfying

|z(t)) | =€q |2(ty) | +65 and |2(t)| < 6, for t € [ty,1,]. (3.7
Let o = é, and using (H,), we get

ay(eg) = ay(|2(ty) ) 2 Vo (ty,2(t1)) 2 V(1 2(t3)) 2 by(12(8) |)

which contradicts (3.5). Thus (3.6) is valid and hence uniform strict stability of the
trivial solution of (2.1) follows. This completes the proof of Theorem 3.1.

Theorem 3.2: Let the assumptions of Theorem 3.1 hold, except that the conditions
(3.1) and (3.2) are replaced by

; DrVite) < —¢(le]) (3.8)
DTVi(tz) 2 —cylz]) (3.9)

where ¢y,¢q € K. Then the trivial solution of (2.1) is strictly uniformly asymptotical-
ly stable.

Proof: First we note that although (3.8) implies (3.1), (3.9) does not yield (3.2).
As a result, we obtain because of (3.8) only uniform stability of the trivial solution of
(2.1), i.e.,

| zo| <6y implies |z(t)| < e, t >ty t€T. (3.10)

Now, to prove the conclusion of Theorem 3.2, we need to show that the trivial
solution of (2.1) is strictly uniformly attractive. For this purpose, we let ¢; = p and
designate by é,, = 6,(p) so that (3.10) yields

| zg| < éy¢ implies |z(t)| <p, t >ty t€T. (3.11)
Let |zg| <8, We show, using standard argument, that there exists a t* €

[tgsto+ T, where T =T(e) > acll((?lo))
uniform stability, such that |z(t*)| <é; for any solution z(t) of (2.1) with
|zg| <8y If this is not true we will have |z(t)| > 6, t €[ty to+T] Then,
letting n = 6, and using (H,) with (3.8), we have

with 6, is the number corresponding to ¢ in
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by(6) =by(|2(tog+T)|) SV, (b + T,x(to+T)
tg+T
<V (tgrzo) = / c1(| 2| )As < ay(6,9) —c1(6)T = by(61),
to
in view of the choice of T. This contradiction implies that there exists a t* €
[tg, to + T, satisfying | z(t*)| < 6,. Due to the uniform stability of the trivial solu-
tion of (2.1), this yields that |z(t)| <e€;,t>ty+T >t*, which implies that there
exists a ty < T, <T such that |z(tg+T)| =¢;. Now for any éy5, 0 < §y5 < 8;¢,

choose €, such that by(6y9) > ay(e;) and 0 < ey <€ <6y Suppose that 6y <
| zo| < é10- Let us define

by(830) — a5(€3)]
coler)
Since |xz(t)| < ¢, for t >ty + T, choosing o = ¢; and using (H,) with (3.9), we get
for t € [ty + Ty,ty+ T,
ay(l2(t)|) 2 V,(t,2(1))

t t
2 V,(t,2(0) = [ o 1(5)1)85 2 by6y0) — [ eall2(s) As
to tot Ty

> by(699) — ca(€9)[t — (o + 1))

Since t — (ty +T;) > 7, it follows that

r=[

yand Ty =T, + 7.

[b2(620) — ay(ey)]

ay(| () |) 2 by(b90) — co(eq) cy(€q)
2éy

This yields that

= ay(€y).

lz(t)| 2 €y, for t € [t +Ty,9+ T),
and therefore,

€g < |z(t)| <¢ for t €[ty + Ty, tg+ Ty,

which completes the proof.

Before proving the general result in terms of the comparison principle, we need to
consider the comparison differential system

{ ud = g1(tyug),uy(tg) =uy >0 (3.12a)
U = gyt uy), uy(ty = ug > 0 (3.12b)

where g;,9, € C 4[Tx R . ,R]. We shall say that the comparison system (3.12) is
strictly stable, if given ¢; >0 and t,€ T, there exists a §; >0 such that uy <é;
implies u;(t) < ¢}, t >t and for every 6, < §,, there exists an €,, 0 < ¢, <, such
that 6, < uy implies that e, < u,y(t), t > t,. Here, u;(t) and u,(t) are any solutions of
(3.12a) and (3.12b), respectively.

Based on these definitions, we can formulate other strict stability notions. The
next result is formulated in terms of comparison principles.



The Strict Stability of Dynamic Systems on Time Scales 203

Theorem 3.3: Let the assumptions of Theorem 3.1 hold, except that conditions
(3.1) and (3.2) are replaced by

, DY VA(t,z) < gy(t,v,(t,2)), (t,2) € TxR" (3.13)
an

DYVA(t,z) > g,(t,V (t,2)), (t,z)€TxR" (3.14)

where gy(t,u) < gy(t,u), 94,95 € CpyTX R, R], 91(2,0) =0, go(¢,0) =0. Then any
strict stability concept of the comparison system implies the corresponding strict
stability concept of the trivial solution of (2.1), respectively.

Proof: L et 0 < ¢; < p and t; € T be given. Suppose that the trivial solution of the
comparison system (3.12) is strictly uniformly stable. Then for any given b,(e;) >0
and t; € T, there exists 67 > 0 such that

0 < ug < 67 implies that u,(t) < by(eq),t > ¢, (3.15)
where u,(t) = u,(t,ty,uy) is any solution of (3.12a). Choose 6, >0 such that
a,(8;) < 67. Then we claim that

| £y | <6, implies |z(t)| <eq, t > 1. (3.16)

If (3.15) is not true, then there exist ty,t,,t; > t, > t; and a solution of (2.1) with
|z(ty) | =64, |2(t))] =€ and 6; < |z(t)| <€, for t €[ty t;]. Choosing n =6,
and using the theory of differential inequalities, together with (H,), we get, by (3.13)
and (3.15),

by(ey) < by(12(t) ) S V(ty,2(ty)) S vty ty, Vo (tg 2(ty))
< r(ty g a(8;)) < r(ty,t,,6™) < by(ey),

which is a contradiction. Here r(t,%y,uy) is the maximal solution of (3.12a). Hence,
(3.16) is true.

Now, by strict uniform stability of the comparison system, we also have, for any
65 < 67, there exists an €} < 67 satisfying

63 < ug implies uy(t) > €3, t > t. (3.17)

For any 6, < 6;, with by(6,) > 63, choose €, < 6, such that €5 > a,(e;). By following
an argument similar to the one used to establish (3.4) in Theorem 3.1, we can con-
clude that 6, < |x,| implies that ¢, < |z(t)| for ¢t >t;,. Let 0 =&,. Then using
the theory of differential inequalities, (3.12b), (H,) and (3.17), it follows that

ag(eg) > ay(|2(t) |) > V ,(ty, 2(12))
> p(tl’ tza Vo-(t2) w(tZ))
2 p(ty:9,b2(89)) 2 p(t1,9,83) > € 2 ay(ey)
where p(t,ty,uy) is the minimal solution of (3.12b). This is a contradiction and
consequently, the trivial solution of (2.1) is strictly uniformly stable.
Next, assume that the trivial solution of the comparison system (3.12) is strictly

uniformly asymptotically stable. We see that the trivial solution of (3.12a) is
uniformly stable. That is,
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| zg| < é; implies |z(t)| <ep,t >t

To complete the proof, we need to prove that the trivial solution of (2.1) is strictly
uniformly attractive. To show this, fix ¢; = p and designate §,, = 6,(p), so that we
have

| zg| < 6,0 implies |z(t)| < p, t > t,.

Let |z5| <6;p- Let ¢, >0 and t, € T be given. Choose oy = 6;4. Let €] <by(eq)
and o] > a,(8;0). For any ay = 654 < 8y, define a < by(8,5) and €5 > ay(ey) for any
€5 < €]. Assume that the comparison system is strictly uniformly asymptotically
stable. Since this implies strict uniform attractivity, given o >0, ¢] >0 and ¢, € T,
for every aj < of, there exist €5 < €] and T, < T, such that oj <uy < aj implies
that

€3 <uy(t) Suy(t) < e€fynltg+ Tyt + Tl (3.18)

Take any 6,, < 6;, and let 6,5 < |zy| < 6;5. Then using (H,), (3.15) and (3.12a),
we get for t € [ty + Tq,t5+ Ty,

b(12(t) ) S V(1)) < rltstg, V(tg, 2(t0))
Sty ay(12g 1)) Sty t9,630) < ef <by(eq)s (3.19)

which implies that |z(t)| <e,t € [ty+Tq,to+Ty). Similarly, using (H,), (3.17)
and (3.12b), we see that for t € [t, + Ty, t,+ T,),

a2 ) 2V, (L,2(0) > plty toyV o (tgr (1))
> p(t,t,05(1 20 1)) > p(t,tg,890) > €3 > ay(ey), (3.20)

which yields that z(t)| > €, to+7T; <t<ty+T, Thus (3.19) and (3.20) yield
that e, < |2(t)| <€, for t€[ty+T,,ty+T,] whenever 6,5 < |z5| <6y Thus
the proof is complete.
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