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1 Introduction

In this paper we establish the existence of single and multiple solutions to the semiposi-
tone discrete Dirichlet boundary value problem

{ A2y(i — 1)+ pf(i,y(i)) =0, i€ N={1,2,..T} L.1)
y(0) =y(T+1) =0, '

where p > 0 is a constant and T € {1,2,...}, Nt ={0,1,...,T+1}andy: NT — R.
Throughout this paper we will assume f: N x (0,00) — R is continuous. As a result
our nonlinearity f(4,u) may be singular at v = 0.

Remark. Recall a map f: N x (0,00) — R is continuous if it is continuous as a
map of the topological space N x (0, 00) into the topological space R. Throughout this
paper the topology on N will be the discrete topology.

We will let C(NT,R) denote the class of map « continuous on N+t (discrete topol-
ogy),with norm |u]g = maxgen+ |u(k)|. By a solution to (1.1) we mean aw € C(NT,R)
such that u satisfies (1.1) for ¢ € N and w satisfies the boundary (Dirichlet) conditions.

It is of interest to note here that the existence of single and multiple solutions to
positone singular boundary value problems in the continuous case have been studied
in great detail in the literature [6, 7, 8, 9, 14], and only recently (see for example [10,
16]) papers have appeared which discuss the semipositone nonsingular problem. Also
recently, R. P. Agarwal and D. O’Regan [5] discussed the semipositone singular problem,
and a very general existence theory was presented in [5] which showed, for example, that
the boundary value problem

" —a 5 _ —
{y +uly*+y’—-1)=0, 0<t<l, (12)

y(0)=y(1)=0, a>0, B>1, p>0small,

has a positive solution y € C[0,1] N C?(0,1) with y(¢) > 0 for t € (0,1). Existence is
established in [5] via a general cone fixed point theorem [6, 11]. However, for the discrete
case almost all papers in the literature [2, 4, 12, 13] are devoted to singular positone
problems, and only recently in [1] the semipositone nonsingular discrete problem has
been discussed.

This paper discusses the existence of single and multiple solutions for semipositone
singular discrete problems. Some general existence theorems will be presented in Section
2 and there we will show, for example, that the boundary value problem

A2y(0) 4 p((y()] "+ (@)~ 1) =0, i€ N, )
y(0)=0, y(T+1)=0, >0, [>1, pu>0small ’

has two nonnegative solutions. Existence in this paper will be established using the
upper and lower solutions method in [15] and a general cone fixed point theorem in [6,
11].

Theorem 1.1.1° Let E = (E,||-||) be a Banach space and let K C E be a cone in
E, and let || || be increasing with respect to K. Also, v, R are constants with 0 < r < R.
Suppose A : Qr N K — K( here Qr = {z € E,||z|| < R}) is a continuous, compact
map and assume the conditions

x# MN(x), for Ae€l0,1) and z €0, NK
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and
||Az|| > ||x]|l, for v €0OQrNK

hold. Then A has a fized point in K N{x € E :r <||z|| < R}.

In this paper we only consider discrete Dirichlet boundary data. It is worth remark-
ing here that we could consider Sturm Liouville boundary data also; however since the
arguments are essentially the same (in fact easier if not Dirichlet data) we will leave the
details to the reader.

2 Discrete Equations

In this section we present some new results for the semipositone singular problem(1.1).
Before we prove our main results we first state two well known results [1].
Lemma 2.1. Let u € (NT,R) satisfy u(i) > 0 fori € N*. Ify € C(Nt,R)

satisfies
A%y(i—1)+u(i) =0, i€ N={1,2,...T}
{ y(0) =y(T+1) =0,
then
y(i) = q(i)lylo for i€ N*;
here Ta1—i i
q(i) :mm{ T+1 7T}

Lemma 2.2. Let w be the solution of

{AQy(i—1)+1_O, 1€N
y(0) =y(T'+1) =0,
then

w(i) < Coq(i) for i€ N7;
here

(T +1)? T+1—i i

Co= 5 and q(i) = min{ 71 ’T}

Remark. In fact w(i) = W, ieNT.
Theorem 2.1. Suppose the following condition are satisfied:

f:N x(0,00) = R is continuous and there exists
a constant M > 0 with f(i,u) + M >0 (2.1)
for all i € N and u € (0, 00);

*G,u) = fli,u) + M < g(u) + h(u) for (i,u) € N x (0,00)

with g > 0 continuous and nonincreasing on (0,00), h >0 (2.2)
continuous on [0,00) and % nondecreasing on (0, 00);
3 Ko > 0 with g(ab) < Kog(a)g(b) VYa > 0,b> 0; (2.3)
37 > uMCy with ! / du L ko +1); (2.4)
g(1 — M%)y 4 My Jy g(u) © 2
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and

for u e (0,e), and f*(i,u) > L for all (i,u) € N x (0, €). (2:5)
Then (1.1) has a solution y € C(Nt,R) with y(i) > 0 for i € N, |y + ¢lo < r, here
(i) = pMw(i) (w is as in Lemma 2.2).

Proof. Choose § > 0 and § < r with

{ there exists contants L > M and €y > 0 such that g(u) > L

1 /T du 1
> S uKoT(T +1). 2.6
g(1 — eMCy gy 4 My s g(u) T+ (26)

Let mg € {1,2,...} be chosen so that m%) < min{%,eo} and let No = {mg, mg +1,...}.
To show (1.1) has a nonnegative solution y € C(NT,R) with |y + ¢|o < r, we will

show
{( Aoy Gt~ o) =0, ie .
y(0) =y(1) =0 '
has a solution y; € C(NT,R) with y;(i) > ¢(i) for i € N and |y1]o < r, here f*(i,u) is
as in (2.2).
If this is true then u(i) = y1(i) — ¢(i)(: € N*) is a nonnegative solution (positive
on N) of (1.1), and |u + ¢|o < r, since

A?u(i— 1) = A2y, (i — 1) = A%¢(i — 1)
= —pf (691 () = ¢(0)) + pM
= —p(f (i, 91 () — @) + M) + pM

—Nf(Z y1(1) — ¢(i))
= —pf(i,u(i)), i€N.

As a result we will concentrate our study on (2.7).
The idea is to first show that

A?y(i— 1) + pf*(i,y(i) — ¢(i)) =0, i€ N (2.8)™
y0)=L, y(T+1)=2L, meN '

has a solution y,, for each m € Ny with yp,(i) > L and y,, (i) > ¢(i) for i € N, and
|’ym|0 <.

We have the followmg claim.

Claim 1 oy, (i) = L +1w(i) + ¢(i) = L + (I+puM)w(i), i € N is a (strict) lower

1
solution for problem (2.8)™, here 0 <! < min{u(L — M), Eolw";o }, m e No.
Proof. Notice ap,(0) = o, (T + 1) = L, and

A2, (i—1) + uf:;(i,am( ) — #(4))
(I + pM)A2w(i) + pf* (i, = + lw(i))
— (1 + pM) + pf* (i, L + L (i)
—(l+puM)+pL

0, 7€ N,

VIV

since lw(i) + L < lwlo + m%] < eg,and I < u(L — M).
In order to seek upper solutions of (2.8)™, we consider the following problem

{A2 y(i — 1)+ pg(y(i) — ¢(i)(1+ 25) =0, i€ N, (2.9)™
y(()):%, y(T+1) = m € Ny.

1
m’
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In the same way as Claim 1, we can easily prove oy, (i) = = + lw(i) + ¢(i) =
L 4 (I + uM)w(i) is also a (strict) lower solution of (2.9)™
Let 8%, € C(NT,R) be the unique solution of the discrete boundary value problem

A2y(i = 1) + pg(cm (i) — $())(1+ H3) =0, i€ N,
y0)==L, y(T+1) ==L meN,.

m’

Then we have

. h(r .
B (i :—+MZG%J m(J) — ¢(J))(1+£), ieNT;
here G (3, j) is the Green’s function to the problem
A%u(i—1)=0, ieN
u(0) =u(T+1) =0,
so S
J(T'+1—1 . .
o I+ g<j<i—1
G(i.j) = 1 sJsrmh 2.10
,4) {Lﬁl”, i<j<T+1 (2.10)

Then we have

39, (i) —i+u2f L Gli, j)g(E +lw(i)(1+ 22)

> L1+ ’;§:5>g<m +wlo) Yo7-; G(i, 5)
=—+u1+Z§:§)g( +l|w|o) (i)

> L+ p(l+ 23)L

Z@"‘MLU’()

> L 4 (I+ pM)w(i)

am(i), i€ NT.
Thus we obtain
A2, G-v+ ng(3%,(3) = (1)) (1 + 33
= (1 + HD)[g(8%,() — 6(3) — g(am(i) — (i) <0, i€ N,

so that 89, is an upper solution for problem (2 9)™.

If we now take a2, = a,,, we have that ol and (39, are, respectively, a lower and
an upper solution of (2.9)™ with a2, (i) < ﬂ?n( ), for all i € N*. So by the upper and
lower solutions method in [15], we know that there exists a solution ,, € C(NT,R) of

(2.9)™ such that

am(i) = ap (i) < B (i) < O, (i), Vie NT.

Now we claim that |G,,]0 < r. Suppose this is false, i.e., suppose |Bm|o > 7. Since
A?Bp(i —1) < 0on N and B,(0) — L = 3,(T+1) — L = 0 then B (i) — & >
q(0)|Bm — Lo, i € NT(from Lemma 2.1). Thus, By,(i) > L + q(i)(|Bmlo — L) >
q(i)|Bmlo > q(i)r, i € Nt. Also, there exists 0,,, € N with Aﬂm( ;) > 0 on [0,0p, ) =
{0,cc,om =1}, ABR() <0on [0, T+1) ={0m, ... ,T} (note A%83,,(i—1) <00
N), and By, (0.m) = |Bm]o = . Notice also for i € N that

pMw(i), _ MG

ﬂm(z) - ¢(Z) = ﬂm(z)[ ]v
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since B, (i) > q(i)[Bmlo > q(i)r, and w(i) < Coq(i) for i € N*. Thus
uMCy

ﬂm(z) - ¢(Z) > ﬂm(z)[l -

since r > uMCy. Thus for ¢ € N, we have

]>0, for i€eN, (2.11)

h(r)

— A By (i = 1) = pg(Bm (i) — ¢(i)){1 + ()

b

and this together with (2.11) yields

h(r) W
o) 19Bm(@), P EN. (2.12)

Sum the inequality (2.12) from j(1 < j < 0,,) to o, to obtain

) MC,
—AQﬂm(z —1) < pKog(1 — i " O){l +

h(r), <

A (G~ 1) < A(on) + pKog(1 ~ L) 1 4

i.e.

h(r) | o=
g(r)} > 9(Bm(s+1)).

s=j
Since ABp(om) <0, and By, (s+ 1) > B, (j + 1) when j < s < oy, then we have

A () < Am(on) + pog(1 ~ L) 1 4

8B (7) < 9B+ Dakog( = 2O 1+ 20 =), < o,
N WMo, W),
m < uKog(1 - 1+ 9(r )}( —J)s J<Om:
Sin(;le 9(Bm (G +1)) < g(u) < g(Bm(f)) for Bm(j) < u < Bn(j+ 1), when j < o, then
[ e B g - MG 0 MOy e
u(j) gu) = g(Bm(G+1)) — g(r " ’ "
and then sum the above from 0 to o, — 1 to obtain
Bm (7m) du 7). Om(Om

Similarly, sum the inequality (2.12) from o, to j(om < j < T + 1) to obtain

h(r), < ,
g(r)} Z 9(Bm(3)), 7> om.

Since Al (om — 1) >0, Bn(s) > Bm(j) for op < s < j, then we have
pMCy h(r)
9(r)

_Aﬁm( ) < Aﬁm(‘jm - 1) + MKog(l K CO)

{1+

—ABm(4) < pKog(1 — HL+

Yg—om+1), j>om.
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So we have
om0 du _Aﬂm(j) . uMCqy h(r), . 3 .
Jryen 360 = ) < s = S0 SN o 413>

and then we sum the above from o, to T to obtain

Brn(am) oy T -0 -0
[ g S st = R 4 S Bt ERE B )

Now, (2.13) and (2.14) imply

Tdu o) du 1 uMCo h(r)
/a g(u) S/% gw) = 2" HEog(1 - {1+ (T)}T(T+1),

This contradicts (2.6) and consequently |G, |0 < 7
Observe that

F (@, Bm (i) = 6(i))

(B (i) = 6(3)) (1 + HE=H=2)

g
9(Bm (i) — G(i){1 + 25}, i€ N.

IN

Thus we have

A2, (i = 1) + uf (i, Bon (i) — 6(0))
—19 (B () — {1+ 2} + 1 f* (5, B (i) — 6())
0, 71€N,

IA I

so that 3, is an upper solution for (2.8)™. This together with Claim 1, implies that
o, and (3, are, respectively, a lower and an upper solution for problem (2.8)™ with
(1) < B (i), for alli € N*. So we conclude that (2.8)™ has a solution y,, € C(N*,R)
such that

am(i) Sym(z) Sﬁm(z)v iEN+'

Thus we have
. 1 )
Ymlo <7, ym () = 6(i) 2 — + lw(i) > lw(i), ieNT. (2.15)

The Arzela-Ascoli Theorem guarantees the existence of a subsequence N7 of Ny and
a function y € C(N*,R) with y,, — y in C(NT,R) as m — oo through Nj. Also
y(0) =y(T +1) =0 and

lylo <7, y(i) — ¢(i) > lw(i), ie Nt

Now fix i € N. Then y,,, m € Nj, satisfies

Z (8, 5)* (G ym (5) — 0(5))- (2.16)

Also
0< lmiﬁw(k) <ym(j) <r, for j €N and m € Ny.
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Let m — oo (through Ny) in (2.16) to obtain

We can do this for each i € N and so
A%y(i —1) + f*(i,y(i) — ¢(i)) =0, i€ N.
Theorem 2.2. Suppose (2.1)-(2.4) hold. In addition assume the following hold:

f*(z,u) = f(z,u) +M > gl(u) + hl(u) with
g1 > 0 continuous and nonincreasing on (0,00), hy >0 (2.17)
continuous on [0,00) and % nondecreasing on (0, 00)

and

(2.18)

4 R > r with
Rg1 (757 R)
gl(R)gl(TLHR)iJgrll(R)hl(T+lR) < MZ] 1G(0,7);

l‘]\éco Z €

here € > 0 is any constant (choose and fix it) so that 1 — (note € exists since

R>r>uMCy) and G(i,j) is the Green’s function for

{ —A%y(i—1)=0, ieN
y(0) =y(T' +1) =0,

and o € NT is such that

T T
ZG 0,7) = max » G(i,7).
j=1

1€N+J 1
Then (1.1) has a solution y € C(NT,R) with y(i) > 0 fori € N,r < |y+ ¢|o < R, here
(i) = pMw(i) (w is as in Lemma 2.2).
Proof. Choose § > 0 and § < r with

1 /T du 1
> —uKoT(T +1). (2.19)
m1‘M%HHﬁd}69W) 2 )
Let mg € {1,2, ...} be chosen so that - < g,
{mOa mo + 1a }
To show (1.1) has a nonnegative solution y € C(N*,R) with r < |y + ¢|op < R, we

will show AZy(i — 1)+ puf*(iy(i) — 8() =0, i€ N
2y(i — 1) 4+ pf (i, y( 1)) =0, €
{yww—m> 0 (220

has a solution yo € C(NT,R) with y2(i) > ¢(i) for ¢ € N and r < |y2]o < R, here
f*(i,u) is as in (2.2). If this is true, then u(i) = y2(i) — ¢(¢) is a nonnegative solution
(positive on N) of (1.1). As a result we will concentrate our study on (2.20).

The idea is to first show that

A%y(i = 1)+ pfn(i (i) = 6(i)) =0, €N, i
{mm—i é#nyg,me% (2.21)

m’

mo T+1’ m—o < T—H(T—MMCO), and Ny =
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has a solution y,, for each m € Ny with y,, (i) >
r < |ymlo < R, here
. *(i,u u> L
fm(l,u) _ { f (’L) *<m7
'm =

Note fp (i, u) > 0 for u € (—00, 00).
Fix m € Ny. Let E = (C(N*,R), |e|y) and

K={ueC(NT,R): u(k)>qk)|ulp for ke NT },

here ¢(k) is as in Lemma 2.1.
Let A: K — C(NT,R) be defined by

T
(AD0) =+ 1> Gl i) FnlGiyl) — 6G)), i€ NT.

j=1

A standard argument [3] implies A : K — C(NT,R) is continuous and completely
continuous. Next we show A: K — K.If u € K, then clearly (Au)(i) >0 fori € N*.

Also notice
{ A%(Au)(i) <0 on N
(Au)(0) = (Au)(T+1) =L

m

then by Lemma 2.1, (Au)(i) — £ > q(i)|Au— L|o for i € NT, and so we have (Au)(i) >
L4 q(i)(|Aulo — L) > q(i)|Aufo. Consequently Au € K so A: K — K. Let

U ={ueC(N",R): |ug| <r}and Qo ={ueC(N",R): |ug| < R}

We first show
y # My for A € [0,1) and y € K N 9%;. (2.22)

Suppose this is false i.e. suppose there exists y € K N9Q; and A € [0,1) with y =
AAy. We can assume A # 0. Now since y = AAy we have

{ A?y(i — 1) + Auq(t) fm (i, y(i) — 6(i)) =0, i€ N,
y(0) =y(T +1) =5

m
with y(i) > q(i)r for i € NT. Since A?y(i—1) < 0on N and y > 2 on N7, there exists

ip € N with Ay(i) > 0on [0,4) = {0, ....50— 1}, Ay(i) <0on [ig, T+1) = {io,......, T}
and y(ip) = |y|o = r. Notice also for i € N that

Vi) = 600) = (i1 ~ 25 >y - LR,
since y(i) > q(i)r and w(i) < Coq(i) for i € N*. Thus
y(i) — (i) = y()[1 — &CO] >0 for i€ N, (2.23)

r

since r > uMCy. Also notice

T+1 r
—_ 1€ N.

y(i) — ¢(i) > y(i)[1 — LM
> q(i)r[l — #2Ce]
> Loyl — #MC
2
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Thus we have

fm(y(@) = o) = f(y (@) — o(0)) < g(y(i) — &(i)) + hy(i) — ¢(2)), i€ N.

Now for i € N we have

5 . (
—A%y(i — 1) < pg(y(i) — ()){1+g((

and this together with (2.23) yields

MMC’O h(r)
g(r)

The reasoning used to obtain (2.13) and (2.14) in Theorem 2.1, yields

vGo) gy ), do(i
[ s < uaga = MR E 1 My e D), (2.29)

~A%(i - 1) < pKog(1 — b)), ieN.  (2:24)

o1+

and

h(’l") (T—i0+1)(T—i0+2).

oL : (2.26)

vlio) gy MC,
/ —— < uKog(1 - 0
A2 glu) r

Now (2.25) and (2.26) imply
Tﬂ_ y(io)d— 1 MMCO W)
/5 glw) —Js  glu) ~ 2 Kog(1 = HL+ (T)}T(TH).

This contradicts (2.19) and consequently (2.22) is true.
Next we show

{1+

—_

|[Aylo = |ylo for y € K N0NQs. (2.27)
To see this let y € K N 9N so y(i) > q(i)R for i € NT. Also for i € N* we have

(i)~ 600) 2 y(i) — M Coa(i) 2 y(i)[1 — 1) > eyi) > cqli) R

Thus for i € N we have

and so

Fn (i) = 6(0)) = £ (y(i) = 6(1)) > g1(y(i) — (1) + ha (y(i) — 6(i)), i€ N,
since y(i) — ¢(i) > 7R > - for i € N. As a result we have
(Ay)(o) = % + 121 TG (0, 5) fin (y () — 6(5))
> 3 GO g () = DN+ T
> pgn (R){1+ 55} X1y Glo )
R = |y‘0a
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using(2.18). Thus |Ay|o > |ylo, so (2.27) is true.

Now Theorem 1.1 implies A has a fixed point ¥, € K ()(Q2\Q1) i.e., r <|ymlo < R
and Y, (1) > rq(i) for i € Nt 1In fact |ymlo > 7 (note if |ym|o = r then essentially the
same argument from (2.24)-(2.26) will yield a contradiction). In addition y, (i) > ¢(4)
for ¢ € N since

Ym (i) > rq(i) > pMCoq(i) > pMuw(i) = ¢(i).
Thus y,, is a solution of (2.21)™.

Essentially the same argument as in the proof of Theorem 2.1, guarantees the ex-
istence of a subsequence Nj of Ny and a function y € C(NT,R) with y,, — v in
C(NT,R) as m — oo through N;. Also, y € C(NT,R) is a nonnegative solution
of (2.20) such that r < |ylo < R, y(i) > q(i)r for ¢ € NT. In addition y(i) > ¢(i)
for i € N. Finally it is easy to see that |y|o > r(note if |yg| = r then essentially the
argument from (2.24)-(2.26) will yield a contradiction).

Theorem 2.3. Suppose (2.1)-(2.5) and (2.17)-(2.18) hold. Then (1.1) has two
solutions y, € C(NT,R) (n = 1,2) with y,(i) > 0 fori € N, 0 < |y1 + ¢lo <7 <
ly2 + dlo < R, here ¢(i) = pMw(i) (w is as in Lemma 2.2).

Proof. The existence of y; follows from Theorem 2.1 and the existence of y, follows
from Theorem 2.2.

Example. Consider the boundary value problem

A2y (i) + p([y(i)] + [y(D))? = 1) =0, i€ N,
{y(0%=0,uy(yT+1):(§/, a>0, B>1 (2.28)

with € (0, o) is such that

T+1)2
+NO( 2+ ) <1 (2.29)

Q=

[T (T + 1)(a + 1)]

Then (2.28) have two solutions y, with y,(i) > 0, for i € N, n = 1,2, and 0 <
lv1 + ¢lo < 1 < |y2 + &lo, here ¢(i) = pw(i) = LD e N+,
To see this we will apply Theorem 2.3 with (here R > 1 will be chosen below; in fact

here we choose R so that e = % works i.e., we choose R so that 1 — %RCO > %)
(T +1—1 (T +1—1
M=1, w(i):l( + z)7 ¢(i)=m( + z)7
2 2
and
—a 1 T+1)2
9W) =q1() =y~ h(y) =h(y) =y’ e= 5, Ko=1, Co = ( 5 )
Clearly (2.1),(2.2), (2.3), (2.4), (2.5),(2.17) hold. Also note
1 /T du _ ,u(T—l—l)Q)a 1 rotl
g(1— M) {1+ by Jo glu) or ) T+rofPatl

Now (2.6) holds with r = 1 since

T 2
(17 1o ( 2Jrl) )a

1 _ uT(T+1) T(T+1)

SUKOT(T +1) = ) < ol < e
(171L(T+1)2)04 1 "o

< 2 = gu_

— 2 1 - _ MGy h()y Jo
(a+1) g(1— 220 ) {14231 JO g(u)
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from (2.29). Finally notice (2.18) is satisfied for R large since

Rgi (751 R) Ri+o

= — O
91(R)gi (755 R) + gn(R)h (75 R) 1+ (757)*TPRB

as R — oo, since 4 > 1. Thus all the conditions of Theorem 2.3 are satisfied so existence
of two positive solutions is guaranteed.
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