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We develop a generalized quasilinearization method for nonlinear initial value problems
involving functional differential equations and obtain a sequence of approximate solutions
converging monotonically and quadratically to the solution of the problem. In addition,
we obtain a monotone sequence of approximate solutions converging uniformly to the
solution of the problem, possessing the rate of convergence higher than quadratic.
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1 Introduction

The method of quasilinearization pioneered by Bellman and Kalaba [1] provides a de-
scent approach for obtaining approximate solutions to a nonlinear differential equation
provided the nonlinearity involved is convex. Recently, this method has been general-
ized by relaxing the convexity assumption. This development was so significant that
it received much attention and the generalized quasilinearization method was applied
to a variety of problems [2, 3, 4, 5, 6, 7, 9, 10, 11, 12]. For a complete survey of the
generalized quasilinearization technique, see [8].

The future state of a physical system depends not only on the present state but also
on its past history. Functional differential equations provide a mathematical model for
such physical systems in which the rate of change of the system may not depend on the
influence of its hereditary effects. The impetus has mainly been due to developments
in control theory, mathematical biology, mathematical economics, and the theory of
systems which communicate through less channels. The simplest type of such a system
is a differential-difference equation of the form z'(¢t) = f(¢,x(¢),z(¢t — 7)), where 7 > 0
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is a positive constant. More general systems may be described by z'(t) = f(t, z;) where
f is a suitable functional.

The aim of this paper is to consider a nonlinear initial value problem (IVP)involving
functional differential equation and develop a method of quasilinearization for this prob-
lem without requiring the function involved to be convex/concave. A monotone sequence
of approximate solutions converging monotonically to a solution of the problem, with
convergence higher than quadratic (k > 2) is obtained.

2 Preliminaries

Given any 7 > 0, let I' = C[[—7, 0], R] and for any ¢ € I, define the norm

nole= _max | o] .

For any ¢ > 0, let 2; denotes a translation of the restriction of x € C[[—7,T], R] to the
interval [—7,0] and it is defined by

zi(s) =x(s+1t), —7<s<0,teJ=[-7,T)
Now, consider the IVP for the functional differential equation
¥ = f(t,xy), xo =o€ F, t€[0,T]=J, (2.1)

where f € C[J x I, R], and let J = [~7,T]. A function a € C[[-7,T], R] is a lower
solution of (2.1) if
Dia(t) < f(t,ou), t€[0,T], ao < o,

and 8 € C[[-7,T], R)] is an upper solution of (2.1) if

D"r/g(t) Z f(taﬁt)a te [OaT]a 60 Z ¢0~

Now, we state the following results, which play an important role in the sequel (for the
proof, see p: 34-35, [4]).
Theorem 2.1:  Let

(1) f e C[IJxT,R] and f(t,z, @) be quasinondecreasing in ¢ for eacht € J and satisfy
the condition

where ¢, € T, such that ¢(s) < (s), -7 <s<0,and 0 < L < 1.

(2) a, B € C[[—7,T], R] be such that

Dia(t) < f(t,ou)
D+ﬂ(t) > f(tvﬂt) fO’f‘ te [OvT]a
and a,(8) < Bo(s), —7 < s <0.

Then,
at) < B(t), for teJ.
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Theorem 2.2: Let a(t), 5(t) be lower and upper solutions of (2.1). Let f € C[J x
T, R] and f(t,®) be quasinondecreasing in ¢ for each t € J. Suppose that x = x(0, ¢,)
is any solution of (2.1) defined on [0,T). Then,

a(t) < (0,0,)(t) < B(1).

Theorem 2.3:  Let f € C[JxRxT, R] and f(t,x, ¢) be nondecreasing in ¢ for each
(t,x). Let x,y € C[[—7,T],R] and x, < y,. Assume further that «'(t) < f(t,x(t),z),
y'(t) > ft,y(t),y:). Then z(t) < y(t), fort € J =[-7,T).

Theorem 2.4: Let y(u), z(u) be lower and upper solutions of (2.1) and f(t,x,¢) €
C[J x R x T, R] be nondecreasing in ¢ for each (t,x). Suppose that x = x(0, ¢,) is any
solution of (2.1) defined on [0,T] , such that

%S%S%-

Then,
y(t) < x(0,0)(t) < 2(1).

3 Main Result

Theorem 3.1: Assume that

(A1) feClJxT,R] and f(t,¢) is quasinondecreasing in ¢ for each t € J.

(A3) a, B € C[J,R) N CYJ,R] are lower and upper solutions of (1) satisfying

a(t) <B(t), teg.

(As) The derivatives fu(t,0) and fou(t, ¢) exist and are continuous and satisfying,
foo(t,0) > —=2m , 0 < fo(t,¢) < L, for some m >0,1>L>0,teJ.

Then there ezists a monotone sequence {u,(t)}, which converges uniformly to the unique
solution of (2.1) on J and that the convergence is quadratic.
Proof: In view of the assumption (As), we can write

F(t.0) = f(t,9) + (f5(t, ) + 2m) (& — ¥) — m(&® — ), (3-2)

where,

ar <Y< p< G for teJ and ¢,9€el.
Define the functional F(t, ¢, ) as

F(t, 0, 0) = f(t,9) + (fo(t,0) + 2map) (¢ — ) — m(¢? — ¢?). (3.3)
We observe that

B(t,¢,¢) < f(t,¢) and F(t, ¢, 0) = f(t, ¢). (3.4)
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Setting o = u,, and consider the IVP for functional differential equation:

u = F(t,u, o), U, =0¢, €L, t € (3.5)
Observe that
(%F(t,ut, ¢) = (%[f(fa 0) + (fo(t, d) + 2mo)(uy — ¢) — m(ui — ¢%)]

= (fos(t,®) +2m)(us — ¢) > 0,

and
Uy TP <wuy < f for teJ, and ¢,u €T,

which implies that F (¢, u, @) is nondecreasing in ¢ for each (¢, u;). Furthermore, in view
of (3.3) and (3.4), we have

F(t7 ¢17Uo,t) - F(tu ¢27Uo,t) (fqﬁ(ta Uo t) + 2mu, t)(¢1 - ¢2) - m(ﬂﬁ - ¢%)

= (fo(t,uo) +2mues — m(d1 + ¢2)(d1 — ¢2)
(fo(t,uot) —ml(d1 — uot) + (P2 — Uot)])(P1 — P2)
Jo(t, uot) (b1 — P2)

L(¢1 — ¢2), for some 1> L >0,

IAIA

where u,; < ¢o < ¢y < Gy fort € J, and ¢1, @2 € I'. This implies that F (¢, ¢, 1) satisfies
one-sided Lipschitz condition. Since F'(t,uy, uo,¢) is quasimonotone nondecreasing and
satisfies one-sided Lipschitz condition, it follows that (3.5) has a unique solution w; (t),
with w1 9 = ¢, on J. Now, in view of (Az) and (3.4), we have

D+uo(t) < f(t, uo,t) = F(t, Uo,ts uo,t)a Uo,0 < ¢o

and
D+6(t) > f(ta 615) > F(tvﬂt; uo,t), ﬂO > ¢o-
It follows that u,(t), 5(t) are lower and upper solutions of (3.5). Also,

Uo,0 < u1,0 < Po.
Thus, by Theorem 2.2, we conclude that
Upy <upy < By for te (3.6)
Now, consider the IVP for the functional differential equation
u = F(t,u,urg), up=¢o=1uig ,t€.J. (3.7)
Repeating the procedure used earlier, (3.7) has a unique solution us(t), with
U2.0 = Po- (3.8)

In view of (3.4), the quasinondecreasing nature of F'(t, ¢,v), and the fact that uq(t) is
a solution of (3.5), we obtain

Diuy(t) = F(t,uie,uor) < F(t,urg,ure), u1,0 = o,
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and,
DiB(t) > f(t,B:) > F(t,Br,u1e), Bo > do.

It follows that uy(t), B(t) are lower and upper solutions of (3.7), and since
w10 < ugo < Bo,
by Theorem 2.2, we have that
ury <ugy < By for ted (3.9)
Continuing in the same way, we obtain a monotone sequence{u, .} satisfying
Uop KUy Sugp <o Supy < By for ted,

where the element u,, + of the sequence is a solution of the IVP

u(t) = F(t,up, Un—14), U)= Po=1Uno ,tEJ. (3.10)

Since the sequence {u, .} is monotone, it follows that it has a pointwise limit z;. To
show that x is in fact a solution of (2.1) we notice that u, + is a solution of the following
linear IVP for functional differential equation:

u/(t) = F(tyun,tyunfl,t)y Un,0 = ¢ou teJ
= Ongt- (3.11)

where,0p,; = F(t, Un ¢, Un—1,), t € J. Since F' is continuous on [0,T7], it follows that
{on,¢} is bounded on [0,T]. Also,

Limitnﬂooon,t == F(t,.’L’t,.’I]t) = f(t,.’L't), teJ (312)

t
Un,t:/ On,sds
0

xt—/o f(s,z¢)ds, (3.13)

Thus, from (3.11), we have

Taking limit n — oco,we obtain

which is a solution of (2.1). Finally, we have to show that the convergence is quadratic.
For that, we define

en(t) = x(t) —un,(t), t € J. (3.14)
Observe that e, (t) > 0 and e, (s) = z(s) — un(s) = o — Un,0 = ¢o — $o = 0. Now,
en(t) = 2'(t) —uy(t)
= f(t,xe) — F(t,unt,Un—11)
= Sltw) = [f(tun—1) + (fo(b un—1.0) + 2mttn 1) (Ut — tn-14)
m(ufm Ui 1,t)]
= [, ivt) Ftun—14) = (fo(t,un—1¢) + 2mitn —1,4)(tUn,t — Un-1,)

+m(u; Upt — up 1 1)) (3.15)

)
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Define
G(t, ) = f(t,z¢) +ma}. (3.16)
Notice that Geg(t, 2¢) = fee(t, z¢) — 2m > 0, so that we can find C' > 0 such that
0 < Gyol(t,d) < C. (3.17)
Using (3.16) in (3.15) yields
en(t) = G(t,ze) = Gt un—1) = Go(t, tn—1,6) (tn,t — tn—1,) = m(x} = uy ;)

= /01 Gy(t,sxe + (1 — S)up—1,4)en—1,.ds — Go(t, Un—14)[(Tt — Un—1,¢)
—(zt —uns)] — m(ajf - ui,t)

— /01 Gy(t, sz + (1 — s)un—1,)en—1,4ds — Gp(t, Un—14)en—1+ +

[Go(t, un—1.4) — m(zt + un¢)len:.

/01 Go(t, sz + (1 — s)un—14)en—1,4ds — Gp(t, Up_1¢)€n—1,

+[G¢(t7 un—l,t) - Qmun—l,t)]en,t

IN

1
= / Go(t,swe 4+ (1 — 8)up—14)en—1,ds — Go(t, un—1,¢1)en—1,¢ + fo(t,Un—1,)€n
0

1
= / [Ge(t, sz + (1 — S)un—14) — Go(t, un—1.)]en—14ds + fo(t, Un—1,¢)€n -
0

Using (A3) and (Ay), the last result becomes

1 0
e (t) < / [Gy(t, sy + (1 — 8)up—14) — G(t, un—14)]en—1,ds + L/ ent(s)ds
0 -7
1 0
/ Lo | sy + (1 — $)up—1,4t — Un—1,t | €n—1,4ds + L/ en,t(s)ds
0

-7

IN

0
< Leep 14+ L[ enu(s)ds =w'(t) (say).

T

Clearly, w'(t) > 0. Since e, (t) < w(t) and w(t) is nondecreasing in ¢, we get

t t
w(t) < Lg/ eﬁ_mds + LT/ w(s)ds. (3.18)
0 0

Note that w(0) = 0. By Gronwall’s inequality [8], (3.18) can be written as

n—1,s

t
en(t) < w(t)gLQ/ e T=9e2 | s
0

LT
e
Lo i3

maxeZ_,, where t ¢ J.
- ;

Consequently,
LTT

e
n(t) <L
ent) 2

2
max €, ;, Wwhere t € J.

This completes the proof.
Theorem 3.2:  Assume that
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(A1) feC[JxT,R] and f(t,¢) is quasinondecreasing in ¢ for each t € J.
(A2) v, € C[J, RN CJ, R] are lower and upper solutions of (1) satisfying
Uo(8) < wo(s), —71<s<0.
(A3) The derivatives 864: ft, o) (1=1,2,3,...,k—1) exist and are continuous functions

of t on [O T] , and o kf( @) > —klmy, my > 0, t € J. Furthermore, fy(t,$) <
Lf s)ds, where ¢ v €T are such that

Uo,t S 92571/] S Vot fO’f’ ted

Then there exists a monotone sequence {uy,(t)} , which converges uniformly to the unique
solution of (2.1) on J and that the convergence is of order k > 2.
Proof: In view of assumption (A3) and generalized mean value theorem, we have

my (¢ — )", (3.19)

k=1 o; AV
IOES pEay DL

<.
Il
o

where
Ut SPY < Pp< v,y for teJ, and ¢,¢ €T

Define the functional F'(¢, ¢,) as

o) = Z a6 C2 L o — (320)
Observe that
F(t,0,9) < f(t,¢) and F(t,¢,9) = f(t,9), (3.21)

and F'(t, ¢, 1) is nondecreasing in 1) for each (¢, ¢). Furthermore,

( ¢1,9) = F(t, ¢2,9)
% ¢ _ )z

= ZaqbZ ) T—mk(éﬁl—ﬂ))k
_Zaq; U w-kmk(%—?ﬁ)k
1 14 Ji1-3 ;
= wa(t,w 2 (o (2 =) | (61— ¢2)
— =

—mkz¢1 ) (da — ) (61 — ¢).

I
—

7

1
P

7
%

Ean

(1 — ) 1 (¢ — )

<.
I
=)
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k-1
—my, Z(¢1 — )T (g — ) | (1 — 2).
=0

k=1 o i—1
= ; 8—¢1f(t’¢)% j:O(le - 7/’)i717j(¢2 - 1/))]@’1 - ¢2) < M(¢1 — ¢2)_ (3.22)
where
k=1 o = - |
0< Z @f(tvd’)ﬁ (b1 — ) 1 (g — b)) < M.
i=1 T 00

Clearly, F(t, ¢,1) satisfies one-sided Lipschitz condition with respect to ¢ for each (¢, ).
Now, consider the IVP for the functional differential equation

ul(t) = F(tvu(t),uo,t)v U = ¢o, teJ (323)

Since F'(t,u(t),uo,) is quasimonotone nondecreasing and satisfies one-sided Lipschitz
condition, it follows that (19) has a unique solution w1 (t), with u1 9 = ¢,. Now,

ug(t) < f(t,uos) = F(t, uo e, o), o0 < o,

and
vo(t) > f(t,v0,e) = F(t,v0¢,u0,t), V0,0 > ¢os

imply that wug(t) and vo(t) are lower and upper solutions of (3.21), respectively. Also,
ug,0 < u1,0 < Vo,0-
Thus, it follows from Theorem 2.4 that
ugr <y <oy forevery te (3.24)
Now, consider the following IVP for functional differential equation:

u'(t) = F(tu(t),u1s), uo=d¢o=u1o, t€e.L (3.25)

Employing the earlier arguments, we find that (3.25) has a unique solution wus(t), with
Uz,0 = Po.
In view of the nondecreasing nature of F'(t, ¢, 1), it follows that
ui(t) = F(t,ure, uoy) < Ft,uig,uryg),  u1,0 = o,

which implies that uq(t) is a lower solution of (3.25). Similarly, it can be shown that
vo(t) is an upper solution of (3.25), and

u1,0 < uz,0 < Vo,0.
Hence, by Theorem 2.4, there exists a solution us; such that

upy <ugy <wgy forevery te
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Continuing in this way, we obtain a monotone sequence{u,, ;} satisfying
oy Sury Sugy <o Sugy Swgy for t e,
where the element u,, + of the sequence is a solution of the IVP
u'(t) = F(t,u(t),un—11), Uo=¢o=1uno ,t€.J.

Since the sequence {u,} is monotone, it follows that it has a pointwise limit z;. To
show that x, is in fact a solution of (2.1), we notice that u,, ; is a solution of the following
linear IVP for functional differential equation:
’U,/(t) = F(tyun,tyunfl,t% un,O = ¢07 t S J
= o—n,t- (326)

Since F is a continuous function of ¢ on [0, 77, it follows that {o,, .} is bounded on [0, T7.
Also,

Lim, oo0n = F(t, x4, 20) = f(t, 2¢), t € J. (3.27)
Thus, from (3.26), we have

t
Un,t = bo +/ Un,sd3~
0

This proves that {u, } is uniformly bounded on J. Passing on to the limit n — oo, we
obtain

¢
Ty = /0 f(s,ze)ds + ¢, (3.28)

which is a solution of (2.1).
Now, we show that the convergence is of order k£ > 2. For that, we define

en(t) = z(t) — un(t), an(t) = uni1(t) —un(t), t €J,

so that, e, (t) > 0, a,(t) > 0 and e, (s) = z(s) — un(s) = o — Uno = Po — Po = 0,
an(s) =0, s € [-1,0].
In view of assumption (As) and the generalized mean value theorem, we have

eiz+1(t) = a'(t) - u;wrl(t)
= f(taxt) - F(t; un+1,t,un,t)
¢t~ Uny) 9 (T — un )
— [ t n - 9 - t’ 3
;a(ﬁzf(’u 7t) i +8¢kf( gt) K
k=1 o ,
0 Upilt — Unt)
-3 ==t un,t)w + Mg (Un 14— tng)*
pare dP? 7!
< X g (b uma) g (Che = )+ g el
1=
k=1 o; 1 i—1
o
< > aﬁwf(tvun,t)ﬁ 4 ey al, (ent —any) + Cel
i=1 7=0
oy P
= Z 3¢if(t’ “nvt)*, egtlﬂait,tenﬂ,t + Ce’fht, (3.29)
i=1 " j=0
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where

_ M + myk! o

c il y Endlt = €nt — Qny, Wf(tvgt) <M, epy > ang.

Taking

k—1 i—1
1 o
Qni =) @f(t, ’U/n,t)ﬁ > e al,,
i=1 T j=0
the expression (3.29) becomes

eni1(t) < Quuengrs + Cel .

Notice that
limnﬂoan,t = fd)(tu :Et)-

This implies that {@Q, .} is bounded .It follows that there exists some L > 0, such that
Qn,t < L. Thus, we have

e’/rl+1 (t) < LenJrl,t + Cefl’t y Ent+1,0 = 0<¢,,teld
= w(t) ().

Clearly, w'(t) > 0. Since e, (t) < w(t) and w(t) is nondecreasing in ¢, we get

i t
w(t) ng/ eﬁ7175d8+L7/ w(s)ds. (3.30)
0 0

Noting that w(0) = 0 and using Gronwall’s inequality [8], (3.30) can be written as

¢
en(t) < w(t)SLg/ ebT(t=S8)ek | ds
0

n—1,s
eLTT
< Ly maxe®_,, where ¢¢€ J.
- ;
Consequently,
k
len(@)Il < Cllen—1.ll
where C' = Lo SZTTT. This completes the proof.
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