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In this paper, we study a mixed problem with integral boundary conditions for a high order partial
differential equation of mixed type. We prove the existence and uniqueness of the solution. The
proof is based on energy inequality, and on the density of the range of the operator generated by the
considered problem.
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1 Introduction

In the rectangle @ = (0,1) x (0,T"), we consider the equation

2y a0 oy
Lu = ‘?974—(— 1) grn (a(w,t)gmaat) = f(x,t), (1
where a(z,t) is bounded for 0 < ap < a(z,t) < a1, and has bounded partial derivatives such
that 0 < ay < W < a3 and ‘%‘ < by, i=1,a,for (z,t) € Q.

To equation (1) we add the initial conditions
hu = (2,0) = p(z), bu= %(w,()) =(x) x €(0,1), 2)
the boundary conditions
Zu(0,t) =0, for0<i<a—1,t€(0,7), 3)
Zu(l,t)=0, for0<i<a—2 te(0,7), 4)

and integral condition
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1
ﬁ u(,t)d¢ =0, t€(0,T), 5)

where ¢ and i are known functions which satisfy the compatibility conditions given in
equations (3)-(5).

Integral boundary conditions for evolution problems have various applications in
chemical engineering, thermoelasticity, underground water flow and population dynamics; see
for example Choi and Chan [6], Ewing and Lin [7], Shi [12], and Shi and Shillor [13].
Boundary value problems for parabolic equations with integral boundary conditions are
investigated by Batten [1], Bouziani and Benouar [2], Cannon [3, 4], Cannon, Perez Esteva and
Van der Hoeck [5], Ionkin [8], Kamynin [9], Kartynnik [10], Shi [12], Yurchuk [14] and many
references therein. A method was developed in [2], [10], and [14] based on energy
inequalities. In this paper, our objective is to extend this method to high order partial
differential equations of mixed type.

2 Preliminaries

In this paper, we prove existence and uniqueness of a strong solution of the problem stated in
equations (1)-(5). For this, we consider the problem in equations (1)-(5) as a solution of the
operator equation

Lu=F, (6)

where L = (£, 11,15), with domain of definition D(L) consisting of functions u € W,**(Q),
such that, g;;; 59;, (g(;g;) € L»(Q), i = 1, and, u satisfies conditions in problems (3)-(5);
the operator L is considered from E to F', where E is the Banach space consisting of all

functions u € Lo(Q), satisfying equations (3)-(5), with the finite norm

2 2
2 2 o a+1
||U||E—fQ(1x){gT§ +1% (a2 }dmdt
+Zf | Z (gt “dudi
1 a 9 9
iy a1, .12
" 0%t< Tf(; (1-2) [2; o t |5 1o ]d% (N
<i< o

and F is the Hilbert space of vector-valued functions F = (f, ¢, ) obtained by completion of
the space Ly(Q) x W5"?(0,1) x W5*?(0, 1) with respect to the norm

1 a
17 = [ - apiptaar s [ - [Z

where v is an arbitrary number such that 0 < v < 1.
We then establish an energy inequality:
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lullp < CrllLullp, ©)

and we show that the operator L has the closure L.

Definition 1: A solution of the operator equation Lu = F is called a strong solution of
the problem in equations (1)-(5).

Inequality (9) can be extended to u € D(L), i.e.,

lull z < C’leuHF, Yu € D(L).
From this inequality, we obtain the uniqueness of a strong solution if it exists, and the equality
of sets R(L) and R(L). Thus, to prove the existence of a strong solution of the problem in

equations (1)~(5) for any F € F, it remains to prove that the set R(L) is dense in F'.
Lemma 1: For any function u € E satisfying the condition (2), for ¢ > 8

1 1
j; exp(—ec7)(1 —2) %(.’L’,T)fd.%‘ < j{; (1- :t)|¢|2d:t

+3 ffexp —ct)( 1,:3)‘

%u Ju
o ot

(10)

Proof: Starting from fOTfolexp( —ct)(1 —x)
obtain equation (10).

Remark 1: We note the above lemma holds for weaker conditions on .

Lemma 2: Foru € E,

1 1
U 2
j;( 0‘2181|d:1c§j;(1—x)

o arv+1u o0u
) Gt Fa 1ot

dxdt and integrating by parts, we

0y 2
Oy da. (1)

Proof: Starting from [ (1

(1n).

Lemma 3: For u € E satisfying the condition in equation (2),

Zfexp (—c7) 1—:10)’6”(” d$<2f l—x‘ ’dw
-I-(oz—l—l)j;j;)exp(—ct)(l—x)‘azg;

Proof: Integrating the expression fUTexp — ct) gjg}f g:f dt by parts for ¢ = 0, «r, using

elementary inequalities and Lemma 2, we obtain expression (12).

dx and using elementary inequalities yields

dzdt. (12)

3. An Energy Inequality and Its Consequences

Theorem 1: For any function u € D(L) we have the inequality

[ull p < Cil|Lul|p, (13)
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exp(cT)max((4a?/(1-v)*)+3,a1)
min(dg,a0)

where constant C; = , with the constant c satisfying

c>8andcag— (a+1) > a3+ (361 — 6). (14)
Proof: Denote
Mu = (1—z)%% 4 a.J 2% where Ju = fo u(€, t)de.

We consider the quadratic formula

1
Rej; j; exp( — ct)LuMudzdt, (15)

with the constant ¢ satisfying condition (14); obtained by multiplying equation (1) by
exp( — ct)Mu; integrating over @7, where Q7 = (0,1) x (0,7), with 0 <7 < T; and by
taking the real part. Integrating by parts o times in formula (15) with the use of boundary
conditions in equations (3), (4), and (5), we obtain

T 1 T 1
Mu - _ _ )| L
Re‘f0 L[; exp( — ct)LuMudzdt = ﬁ L[; exp( — ct)(1 x)‘ 5

1
8a+lu 8a+2u
+ Refo j; exp( — ct)(1 — z)afg +apmdadt. (16)

By substituting the expression of M« in formula (15), using elementary inequalities and the

inequality
f1|J%2d < 4 fll *u
e < iy ), -5

yields:

T 1 T 1
Rej; j; exp( — ct) LuMudzdt < (% + 1)j; j{; exp( — ct)(1 — )" |Cul2dedt

T 1
2u
+%Lﬁexp(fct)(lfx)“?37

From equation (1) we have:

a7)

o° ( 6a+1“) 2

110%
2| 9z \7" 9z Ot

(18)

Using elementary inequalities, we obtain

a-l T 1
1 _ 2% 2i+1
D2, S, e e -

81 (a 8a+lu)

9zt \Y 9ot d dt
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2
_2f f exp(— ct)(1 —x) g[( g:zgf) dzdt
T 1 g2
+(3ﬁ1—6)j;j;aexp(—ct)(l—x) ol dzdt, (19)

where (31 > 0.

By integrating the last term on the right-hand side of expression (16) and combining the
obtained results with Lemmas 1 and 3, and the inequalities in equations (17), (18), and (19), we
get:

T 1 1
(%—&—%)ﬁj{;exp(—ct)(l—x)”|£u|2d:1:dt+a1j;(1—96) dx+f (1 —z)[¢|*dz

8’I‘Q

Jer 1,:3‘ ’dx>2feXp (—er)(1—2)
ffexp —ct)( 1*1‘)’

a+ 2
d lu 32f f exp( — ct)( 1—.%')‘ ,“( gggﬁ) dzdt

“81

2
d’u(r 7)
o | dz

1
—l—aoj; exp(—em)(1 —x)

a-l T pl
, P garigy |2
—l—éZf f exp(—ct):z:m —2)? L (0T )| dadt
i=1
du(w,T) 2
+ exp —cr)(1 —x)| =5 | dz

+ (cap—ag — (a+1) — 13[’1 f fexp —ct)(1—2)|Z

Using elementary inequalities and condition (14), we obtain:

s (20)

‘ ! o |2
(—(ﬁaj)z + %f@(l — :10)”|£u|2dxdt+ alj; (1—x) ggj )|¢|2dx
o 1 81 2
+7ZU:]; (1—:10)’(%1 dx
zexp<—cT>[;ﬁ - oz [ fa-
1 0 1 1
o+ 7 Q -+
vanf (- 0|2 g [ [ 0 - 0| i e
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64Zf f A 2d:tdt+ j:(l — )

As the left-hand side of equation (21) is independent of 7, by replacing the right-hand side by
its upper bound with respect to 7 in the interval [0, T'], we obtain the desired inequality. O
Lemma 4: The operator L from E to F' admits a closure.
Proof: Suppose that (u,) € D(L)is a sequence such that

0 ( 60+171) de] . 2D

9z \" 9rt

Ou(z,T)
ot

u, — 0 in E, (22)

and
Lu, — F in F. (23)
We must show that F = (f, p1,¢2) = 0. The fact that ¢; = 0; i = 1,2 results directly from

the continuity of the trace operators /;.
Introducing the operator

02 o1 oY
Lov = % + (= 1)t 6‘1:& (a(z,t) ng),

defined on the domain D(L,) of functions v € Wi*?*(Q) verifying

_ _ v o .
Vg =0, 6t|TT 0, 5iloeo =0, i=0,a0—1 1,81,T1—0,Z—0,oz,

we note that D(L) is dense in the Hilbert space obtained from the completion of Ls(Q) with
respect to the norm

lo]|* = fQ(l — )" |v|*dadt.
Additionally, since
fQ(l —z)” fodxdt :nliglocfQﬁun(l — z)"vdzdt :nligloonunCo((l — x)"v)dzdt = 0,

this holds for every function v € D(Ly), and yields f = 0.
Theorem 1 is valid for strong solutions, i.e., we have the inequality

lull p < C1|Zul

m VUuE D(L),

hence we obtain

Corollary 1: A strong solution of the problem in equations (1)-(5) is unique if it exists,
and depends continuously on F = (f, ¢, ) € F.

Corollary 2: The range R(L) of the operator L is closed in F, and R(L) = R(L).

4 Solvability of the Problem
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To prove the solvability of the problem in equations (1)-(5), it is sufficient to show that R(L) is
dense in F. The proof is based on the following lemma.

Lemma 5: Suppose that ‘“—,at‘ <b;, i =1, q, is also bounded. Let Dy(L) = {u €
D(L) : lyu = 0, lyu = 0}. If, for u € Dy(L) and some w € Ly(Q), we have

Jo(1 = 2)** Luodadt = 0, (24)

where v is an arbitrary number such that 0 < v < 1, then w = 0.
Proof: The equality (24) can be written as follows:

—fQ(l—x)WH@“ wdadt = (—1)“fQ(1—x)“*”“%(ag;ﬁ;;)wd:pdt. 25)

If we introduce the smoothing operators with respect to ¢ [14] J ! = (I + ¢ 81‘) Land (J71),
then these operators provide the solutions of the problems

el 4 g (1) = g(t),

ge(t) |t:0 =0

(26)

and
dg
Ul + gi(t) = g(1),

9:()];—r =0,

27)

and also have the following properties: for any g € Ly(0,T), the functions g. = (J!)g and
g: = (J71)*g are in W} (0,T) such that g.|,_, = 0 and g’|,_; = 0. Moreover, J ! commutes
with 2,50 [\[|gc — g*dt — 0 and [} |g7 — g|*dt — 0, for e — 0.

Now, for given w(z, t), we introduce the function

T

owt) = (=2 [ (1 e~ (arv+ 1)1 -0 [ (1 grule e
Integrating by parts, we obtain
1
(1—z)v+aJv=(1-2z)*""w and j; v(z,t)dz = 0. (28)
Then from equality (25), we have

f g;;Nvdxdt fQA( Qupdzd, (29)

where Nv = (1 —z)v+ aJv, and A(t)u = (—1)*Z((1 - z)a(z, t) 52

ox®
equation (29) by the smoothed function J_~ 1‘?97,‘, and using the relation

). Replacing g—t in
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At)J =

€

TLA(T) + e 12 g

€

we get

u nr OV} ¥ *
ngfN “dadt = fA )G dedtJref%( Y) vidzdt. (30)

By passing to the limit, we satisfy the equality (30) for all functions satisfying the conditions in

equations (2)-(5), such that au( g:z;t) € Ly(Q) for 0 < i < au

The operator A(t) has, on L(0, 1), a continuous inverse defined by the relation

SRS A S s SO

+Zc ]dndm o, 31)

where

f A=Y (t)gdr = 0. (32)

Hence the function (%) can be represented in the form (%) = J;lA’lA%. Then,

@(@)6 = A (t)A(t) 2 "

5 (ot where

at’

a—k

Eu fl
g—Zcfﬁz%t ay = ( [ st vagac...ae. 1)
=0

€

e o a—/
o () ortr
ZC"’Z Ci@ﬂatZ( OxP Qxo—l-p (/cfl)!>( . (33)
k=1 (=0 p=0 '
Consequently, equation (30) becomes
fQ‘?;;Nal dadt = f A() 2 (vf + eArv?)dadt, (34)

in which A*(t) is the adjoint of the operator A.(t).

The left-hand side of equation (34) is a continuous linear functional of %. Hence the
function he = vf + eAfvihas the derivatives %q}f{ € Ly (Q), %(a(:ﬁ,t) %Zif) € Ly(Q),
1 = 1, a, and the following conditions are satisfied

O _y=0,i=0,a—1, 2%  =0,i=T1a. (35)
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The operators A (¢) are bounded in Ly(Q). For e sufficiently small, we have |[e A7 (¢)l| .,
1, hence the operator, I + e A*(t) has a bounded inverse in Ly(Q). In addition, ang >, =
1, a, are bounded operators in Ly(Q). So from the equality,
kAX(1) O byt .
G = (I +€eAL(t aw - + chaaik %mkéa i =0, (36)
We conclude that the function v} has the derivatives ;T € Ly(Q), i =0, . Taking into
account equations (36) and (35), we have
(I + €A (t) c“’ A 9w —0,i=0,a_1, (37)
=0
and
k * I,*k',U* .
(I + eAr(t)) 2% + ZCW A0 0l g = (38)
=0
Similarly, for e sufficiently small, in each fixed point = € [0, 1], the operators 2 g*f L i=0,a

are bounded in Ly(Q), and the operator I + €A} (¢) is continuous inversible in Lo(Q). And so
from equations (37) and (38), v} satisfies the conditions

i, %
v}

O,y =0, i=0,a—1,

=0

v *
02‘7

=0, i=0,a. (39)

=0

So, for e sufficiently small, the function v} has the same properties as h.. In addition, v}
satisfies the integral condition in equation (28).
Puttmg u= fo Jo exp(cn)vi(n, T)dndT in equation (29), where the constant ¢ satisfies

cay — ag — > 0 and using equation (27), we obtain

erxp(ct)va_vd:z:dt f At exp —ct) ?)tg dxdt + efQA( (?9? %”;d dt. (40)

Integrating each term in the left-hand side of equation (40) by parts and taking the real parts,
we have

2
Ref At exp —ct) gfj dxdt > 4 an(z, t)exp( — ct)(1 — x) g;;’; dxdt
1 iy |2
~ 3,0 exp( —ct)(1 — x)|55m5; | dxdt. 41)
v (lQ Tl 2
Re( - efQA( t)ou %; d;z:dt) Tﬂerxp( —ct)(1—xz) gxilm dzdt. 42)
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Now, using inequalities_(41) and (42) in equation (40) with the choice of ¢ indicate_d above, we
have 2Reerxp(ct)v:Nvd:z:dt < 0; then for ¢ — 0, we obtain 2Reerxp(ct)vadxdt <o,

ie., 2Reerxp(ct)(1 — z)|v)*dzdt + 2Reerxp(ct)vJ@dxdt <0.
Since Reerxp(ct)vJ@dxdt = 0, we conclude that v = 0; hence w = 0, which ends the

proof of this lemma. O
Theorem 2: The range R(L) of L coincides with F.
Proof: Since F is a Hilbert space, we have R(L) = F if and only if the relation

[0}

1
fQu — 2) Lufdedt + fo (1-a) (Z%’;j‘ 7 4 Zhu 99 4 121@) dr —0. (43)

i=0

for arbitrary u € E'and F = (f, ¢,¢) € F, implies that f = 0, ¢ = 0 and ¢ = 0.
Putting w € Do(L) in relation (43), we obtain fQ (1 —z)"Lufdxdt =0. Taking

w= %, and using Lemma 5, we obtain w = e = =0, then f = 0.

(1—z
Consequently, Vu € D(L) we have

IT)

f 1—z ( Phu 99 4 Fhu 0% 12@) dz = 0. (44)

The range of the trace operator (I3, l5) is everywhere dense in Hilbert space with the norm

[fo (1-a) (2; + W) dx] ,

hence (¢, 1) = (0,0). O

d'e 2
Oxi

™Y
ox™

+
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