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In this paper we study a class of integrodifferential equations considered in an arbi-
trary Banach space. Using the theory of analytic semigroups we establish the existence,
uniqueness, regularity and continuation of solutions to these integrodifferential equa-
tions.
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1 Introduction

In this paper we are concerned with the following integrodifferential equation in a Ba-
nach space X:
du(t)
dt

+ Au(t) = f(tu®) + Ku)(t), t>to, (1.1)
’U,(to) = Uup,

where

t
K(u)(t) = / a(t — s)g(s,u(s))ds. (1.2)
to
In (1.1), we assume that —A generates an analytic semigroup, S(¢), ¢t > 0 on X, the
function a is real-valued and locally integrable on [0, c0), and the nonlinear maps f and g
are defined on [0, 00) x X into X. We first establish that under Assumption FO0, stated
below, there exists a unique local mild solution to (1.1). Then under Assumption F,
stated below, we study the regularity of the mild solution to (1.1) and show under
additional condition of Holder continuity on a that the mild solution to (1.1) is in fact
the classical solution. Further, we analyze the continuation of the solutions to (1.1)

1The author would like to acknowledge the financial help provided by the National Board for Higher
Mathematics, INDIA, under its research project No. 48/3/2001/R & D-I1/2002 to carry out this work.

177



178 D. BAHUGUNA

under different conditions. Finally, at the end we give an example of a class of parabolic
integrodifferential equations as an application of the results obtained for the abstract
integrodifferential equation (1.1).

Equation (1.1) represents an abstract formulation of certain classes of parabolic
integrodifferential equations. These type of equations model the physical phenomena
involving certain type of memory effects. For instance, Nohel [12] has considered a
nonlinear Volterra equation of the type (1.1), in which g(¢, u(t)) = Bu(t), where —B is a
nonlinear accretive operator. For more details on such formulations and corresponding
techniques used to study such problems, we refer to Bahuguna and Pani [2], Barbu
[4, 5, 6], Crandall, Londen and Nohel [7].

Heard and Rankin [9] have considered the following integrodifferential equation in a
Banach space X:

dZit) + A@t)u(t) = [f(tu(t))+ /to a(t,s)g(s,u(s))ds, to<t<T, (1.3)

’U,(to) = U

where the linear operator —A(t) for each ¢ > 0 is the infinitesimal generator of an
analytic semigroup in X, the nonlinear map g, defined on [0, 00) x D(A(0)) into X, is
such that g(¢,.) is Lipschitz continuous on the domain D(A(0)) of A(0) into X with
respect to the graph norm of A(0), the nonlinear map f, defined on [0,00) x X, into
X, satisfies the condition that there exist constants L > 0,0 <n,v<land 0 < a <1
such that

1t @) = f(s,9)ll < L[t = s[" + [lz — yl3] (1.4)
for all (¢,x), (t,y) € [0,00) x Xq. Here X, for 0 < a <1 is the Banach space D(A%)
endowed with the norm ||ull, = ||A%u]|.

Webb [15] has also considered (1.3) and has assumed that f maps R x X into X,
and for each ¢t € R there exists a positive constant C(¢) such that

1f(t,x) = f(ty)lla < C@O)lz =yl (1.5)

for all z,y € X;.

The existence result is proved by first solving the following integrodifferential equa-
tion uniquely:

du, ()

o T A )

f(t,v(t))+/a(t,s)g(s,uv(s))ds, lo<t<T, (16)

to
uy(to) = o

where v(t) is chosen from a closed, bounded, convex subset S of an appropriate Banach
space. Existence of a unique u(t) is established by proving that the mapping K (v) = u,
is a strict contraction from S into S. This is possible because of the extra smoothness
assumption (1.5) on f. Since Heard and Rankin [9] assumed a weaker condition (1.4),
they require an estimate of the following type on the map K:

1K (v1) = K(v2)llcrix,) < Cllor = v2lléy v,y + € (L.7)

and they use Schauder’s fixed point theorem to establish the existence.
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When (1.4) is replaced by the stronger assumption (2.1), stated below, the methods
used by Heard and Rankin [9] do not automatically imply that the solution is unique.
They are able to prove uniqueness in the case in which X is a Hilbert space. Further-
more, the nonlinear map ¢ is assumed to be defined from [ty,T) x W into X where W
is an open subset of X7 and satisfies the local Lipschitz condition:

lg(t,z) — g(s,y)|l < bollz — vyl (1.8)

for all t,s € [to,T) and x,y € B1(yo;7) ={z € X1 : ||z —yol1 <7}

2 Preliminaries

Let X denote a Banach space and let J denote the closure of the interval [to,T') tg <
T < oo. Let —A be the infinitesimal generator of an analytic semigroup S(t), ¢ > 0
in X. We note that if —A is the infinitesimal generator of an analytic semigroup then
—(A 4 «l) is invertible and generates a bounded analytic semigroup for a > 0 large
enough. This allows us to reduce the general case in which —A is the infinitesimal
generator of an analytic semigroup to the case in which the semigroup is bounded and
the generator is invertible. Hence for convenience, we suppose that

SO <M for t>0

and
0e p(_A)v

where p(—A) is the resolvent set of —A. It follows that for 0 < a < 1, A® can be
defined as a closed linear invertible operator with its domain D(A®) being dense in X.
We denote by X, the Banach space D(A®) equipped with norm

[z]la = [[A%]
which is equivalent to the graph norm of A%*. We have
Xg— Xy for O<a<p

and the embedding is continuous.

By a classical solution to (1.1) on J, we mean a function v € C(J; X)NCY(J\{to}; X)
satisfying (1.1) on J. By a local classical solution to (1.1) on J we mean that there exist
a Ty, to < Tp < T, and a function u defined from Jy = [to, Tp] into X such that u is a
classical solution to (1.1) on Jp.

To establish the existence of a unique classical solution to (1.1) in later sections, we
shall require the following assumption on the maps f and g.

Assumption F: Let U be an open subset of [0,00) x X,,. A function f is said to
satisfy Assumption F if for every (¢t,2) € U there exist a neighborhood V' C U of
(t,z) and constants L > 0, 0 < 6 < 1 such that

1 (s1,u) = f(s2,0)[| < Llls1 — s2|” + [lu — v]la] (2.1)

for all (s1,u) and (s2,v) in V.
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By a mild solution to (1.1) on J we mean a continuous function u defined from .J
into X satisfying the following integral equation

¢
u(t) = S(t —to)ug + / St —s)[f(s,u(s) + K(u)(s)]ds, teJ (2.2)
to

We say that (1.1) has a local mild solution if there exist a Ty, 0 < Ty < T and a
continuous function u defined from Jy = [tg, Tp] into X such that u is a mild solution
to (1.1) on Jp.

To establish the existence of a unique local mild solution, we only need the following
assumptions on f and g.

Assumption F0: Let U be an open subset of [0,00) x X,. The function f is said
to satisfy Assumption FO if for every (¢,x) € U there exist a neighborhood V C U of
(t,z) and a constant Ly > 0 such that

[1f(s,u) = f(s,0)|| < Lollu = vlla (2.3)

for all (s,u) and (s,v) in V.

3 Local Existence of Mild Solutions

As pointed out earlier, we may suppose without loss of generality that the analytic
semigroup generated by —A is bounded and that —A is invertible. Furthermore, we
assume that 0 < T' < oo to establish local existence. With these simplifications we have
the following theorem.

Theorem 3.1: Suppose that the operator —A generates the analytic semigroup S(t)
with ||S@)|| < M, t >0 and that 0 € p(—A). If the maps f and g satisfy Assumption
FO and the real valued map a is integrable on J, then (1.1) has a unique local mild
solution for every ug € Xg.

Proof: We shall use the notions and notations introduced in the preceding section.
We fix a point (tg, ug) in the open subset U of [0, 00) x X, and choose t] > tg and § > 0
such that (2.3), with some constant Ly > 0 holds for the functions f and g on the set

V={(tz)eU : tog<t<t), |x—uglla <3} (3.1)
Let
By = sup |[|f(t,uo)ll
to<t<t)
and
By = sup |lg(t, uo)l-
to<t<t)
Choose t1 > tg such that
1
||S(t — to) — IHHAQUOH S 56, for to S t S tl (32)

and

1) 1
t1 — to < min {t’l —to, [5()(;1(1 — a){(Lo6 + By) + ar(Lod + Bg)}l]la} (3.3)
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where C, is a positive constant depending on « satisfying
[A*S(t)|| < Cut™®, for t > to, (3.4)
and

T
aT:/O la(s)|ds. (3.5)

Let Y = C([to, t1]; X) be endowed with the supremum norm
lylly = sup [ly(®)]-

to<t<ty

Then Y is a Banach space. We define a map on Y by Fy = § where § is given by

S

g(t) = S(t — to) A% + / AYS(t— 8)[f(s, A" %y(s)) + / a(s —1)g(r, A= %(7))dr]ds.

to to

Now, for every y € Y, Fy(ty) = A%up and for ¢y < s <t <t; we have
Fyt) — Fy(s) = [S(t—to) = S(s—t0)]A%u0

+ St —71)f(r, A" (1))

_|_

(t
+ / a(r — n)g(n, A=*y(n))dnldr
/t A[S(t —7) = S(s — 7)][f (7, A~ y(r))

/ g, A=%y(n))dildr. (3.6)

It follows from Assumption FO on the functions f and g, (3.4) and (3.5) that F :
Yy —Y.
Let S be the nonempty closed and bounded set given by

S={yeY : y(to) = A%, |Jy(t) — A%ugl| < d}. (3.7)
Then for y € S we have
[Fy(t) — A%uol| < [|S(t —to) — I|| |A%uol|

+ / JA“S(E — )| 1£(s, Au(s)) — F(5,u0)l|ds

t
+ [ lansa- s
to

[ als = ) lg(r, A=y()) — g(r, o)l drlds

to

v [ 1S 1 150, w0

+ / JA°S(t - 9)] | / la(s — 1) g uo)l|drds

%(5 + Ca(l — a)_l[(Lo5 + B1) +ap(Lod + Bz)](tl — t())l_

5 (3.8)

IN

IN
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where the last two inequalities follow from (3.2) and (3.3). Thus, we have that F': § —
S. Now we show that F' is a strict contraction on & which will ensure the existence of
a unique continuous function satisfying equation (2.2). Let y and z be in S; then

1Fy(@t) — Fz@)
= g = 2@l

/t 1AS(t — )| | F(s, A*u(s)) — f(s, A=x(s))]|ds

IN

t
4 / |A°S(t — 5]
to

[/ts la(s = 7)| llg(r, A=%y(7)) — g(7, A “2(7))[[dr]ds.  (3.9)

Using Assumption FO on f and g and (3.4), (3.5), we get

t

IFo)) = F=(0)l < Lol +ar) [ 147S( = o)y~ =l
< Lo(L+ar)Ca(l - a) (11 — t0) =y — 2lly
< %Loé(l +ar)Ca(l — a) "Mty — t) ||y — 2|y
< %[Loé + By + ar(Lod + By)|Co(l — ) 1ty — to) |y — 2|y
< Sly==lv, (3.10)

using (3.3) in the last inequality. Thus F is a strict contraction map from S into S and
therefore by the Banach contraction principle there exists a unique fixed point y of F'
in S, i.e., there is a unique y € S such that

Fy=y=g. (3.11)
Let u = A=%y. Then for t € [tg, 1], we have
u(t) = A™%(t)

S(t —to)ug + / S(t—9)[f(s,u(s)) + K(u)(s)]ds. (3.12)

to

Hence u is a unique local mild solution to (1.1).

4 Regularity of Mild Solutions

In this section we establish the regularity of the mild solutions to (1.1). Again, let J
denote the closure of the interval [to,T), to < T < co. In addition to the hypotheses
mentioned in the earlier sections, we assume the following on the kernel a:

(H) There exist constants Cp > 0 and 0 < 8 < 1 such that
la(t) —a(s)| < Colt — s/’

for all t,s € J.
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Theorem 4.1:Suppose that —A generates the analytic semigroup S(t) such that
IS < M fort >0, and 0 € p(—A). Further, suppose that the maps f and g satisfy
Assumption F and the kernel a satisfies (H). Then (1.1) has a unique local classical
solution for each ug € X.

Proof: From Theorem 3.1, it follows that there exist Ty, tg < Ty < T and a function
u such that v is a unique mild solution to (1.1) on Jy = [to, Tp) given by

u(t) = S(t — to)uo + /t St —s)[f(s,u(s)) + K(u)(s)|ds, te€ Jy, (4.1)

where
K(u)(t) = /t a(t — s)g(s,u(s))ds
Let
v(t) = A%u(t). (4.2)
Then
U(t) = S(t — tQ)Aa'U,O
+ /t AOS(t— 8)[f(s, A=v(s)) + /t a(s — 7)g(r, A=v(r))dr]ds. (4.3)
For simplification, we set
Ft) = f(t, A7 0(1)), §(t) = g(t, A= 0(t)). (4.4)
Then (4.3) can be rewritten as
’U(t) = S(t - to)AauO
+/1t A“S(t — s)[f(s) +/1t a(s — 7)g(7)dr]ds. (4.5)

Since u(t) is continuous on Jy and the maps f and g satisfy Assumption F, it follows
that f and g are continuous, and therefore bounded on Jy. Let

Ny = sup ||f(t)]| and Ny = sup ||§(t)]]. (4.6)
t teJo

€Jo

We show that f and g are locally Holder continuous on Jy. For this, we first show that
v(t) is locally Holder continuous on Jy. From Theorem 2.6.13 in Pazy [13], it follows
that for every 0 < 8 <1 — a and every 0 < h < 1, we have

[(S(h) = DAS(t—s)[| < CghP||A*T0S(t —s)
< ChP(t — s)~(@F), (4.7)

Next, we have

[ot+h) = w@ <(S(h) = 1St = to) Auo|

+ 1(S(h) = DA®S(t = s)]| |f(8)+/tsa(s—T)§(T)dT|d8

t+h 5 s
+/t |A“S(t+ h — )| Hf(s)—l—/t a(s — 7)g()dr||ds. (4.8)
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Now

7

1(S(h) = 1)S(t = to) A%uol| < C(t — to)~“*Pn? < MR, (4.9)

where M; depends on t and blows up as t decreases to ty. Furthermore

/t 1(S(h) — DAS(t — )| | F(s) + / " as — 7)g(r)dr | ds

to

IN

t
[N1 + aTONQTo]hBCg/ (t—s)~ (@A gs

to

Mah?, (4.10)

IN

where My is independent of ¢. Also, we have

t+h B s
| 1aesaen=a)l 1)+ [ ats=nirarias

to

IN

t+h
[N1 + ag, NaTo|Co / (t+h—s)"“ds
¢

< Msh”, (4.11)

where M3 is also independent of ¢. From the estimates (4.9)—(4.11), it follows that there
exists a constant C such that for every t{, > to, we have

lo(t) = v(s)|l < Cuft — 5|7, (4.12)

for all tg < t{; < t,s < Tp. Now, Assumption F together with (4.12) implies that there
exist constants C3,C3 > 0 and 0 < v,n < 1 such that for all tg <t < ¢,s < Ty, we
have ~ _
1F() = F(s)ll Colt — s]7,
g

<
lg(t) —a(s)| < Cs|t—s|m. (4.13)

Let

h(t) = f(t) + / a(t —7)g(7)dr. (4.14)

to

Now we show that h(t) is locally Holder continuous on Jy. For s < ¢, we have

1A (t) = h(s)l| (1) — ||+/ la(t = 1) —a(s = )| |g(7)[| dr

/\at—ﬂug Il dr

Cg‘t — S|’Y + NQC()T()|t - Slﬁ + NQGTD (2T())1_B|t - Slﬁ
Cylt — s° (4.15)

INIA

for some constants Cy > 0 and 0 < § < 1. Consider the following initial value problem

du(t)
dt

+Au(t) = R(t), t>to, (4.16)

v(tg) = wup.
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By Corollary 4.3.3 in Pazy [13], (4.16) has a unique solution v € C*((tg, Tp]; X) given
by
t
v(t) = S(t—to)uo+ [ S(t—s)h(s)ds. (4.17)

to

For t > tg, each term on the right hand side belongs to D(A) and hence belongs to
D(A®). Applying A® to both sides of (4.17) and using the uniqueness of v(t), we have
that A%v(t) = u(t). Thus, it follows that u is the classical solution to (1.1) on Jy.

5 Global Existence
In order to establish the global existence of classical solutions to (1.1), we need the
following lemma.

Lemma 5.1:Let ¢(t,s) > 0 be continuous on 0 < s < ¢t < T < co. If there are
positive constants A, B and « such that

t
o(t.5) <A+ B [ (t=0)" oo, 5)do (5.1)
for 0 < s <t <T, then there is a constant C such that
o(t,s) < C.

Proof: For 0 < s <t < T, we have

/S (t — 1) 7 —8)dr = (t — 8)a+6—1711:((z)£(§)), (5.2)

which holds for every «, 5 > 0. Integrating (5.1) n — 1 times using (5.2) and replacing
t—s by T, we get

o(t,s) < Az_:

=0

(BTa)j L (BL(@)"

a T(na) /S (t—0)" " ¢(o,s)do. (5.3)

Let n be large enough so that na > 1. We majorize (t — o)"*~! by T"*~! to obtain

o(t,s) <c1 + 02/ o(o, s)do. (5.4)

Application of Gronwall’s inequality leads to
o(t,s) < c1e2t=9) < cre2T < O, (5.5)

This completes the proof of the lemma.
The following theorem establishes the global existence of classical solutions to (1.1).
Theorem 5.2:Let 0 € D(A) and let —A be the infinitesimal generator of an analytic
semigroup S(t) satisfying
IS <M
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fort > tg. Let f,g : [to,0) X Xo — X satisfy Assumption F and let the kernel a
satisfy (H). If there exist continuous nondecreasing functions ki and ko from [tg,c0)
into [0,00) such that

[ft o)l < k@)L + |[zlla) for ¢ =10,z € Xa,
lgt; ) < k(O + [|2lla)  for &= to,2 € Xa,

(5.6)

then the initial value problem (1.1) has a unique classical solution u on [tg, 00) for every
ug € Xq.

Proof: From Theorem 4.1 it follows that there exist a Ty, tg < Tp and a unique
classical solution u on Jy = [to, Tp]. If

[u(®)]la <C (5.7)

for t € Jy for some positive constant C, then the solution «(¢) may be continued further
on the right of Ty. Therefore it suffices to prove that if a classical solution u to (1.1)
exists on [to, T, to < T < oo then ||u(t)|q is bounded as ¢ T T'. Since u(t) is a classical
solution as well it is a mild solution. Therefore we have

u(t) = S(t—to)uo
+ /t S(t—s)[f(s,u(s)) + /t a(s — 71)g(7,u(r))dr]ds. (5.8)

Making use of the fact that S(¢) commutes with A and that
1S < M,
[A*S(@B)]| < Cat™
for t > to in (5.8), after applying A® and taking norms on both sides, we get
[u(®)la < M[A%uol|
1 s
+Co | (t—98)"%f(s,u(s)) + / a(s —7)g(r,u(r))dr| ds. (5.9)
to tO

For the last term in (5.9), we have the estimate

S

la(s — )| lg(7, u(r))dr|| < arks(T) /:[1 + [lu(r)lla]d7. (5.10)

to

Incorporating the estimate of (5.10) in (5.9), we get
[u)lla < M[A%uoll

+Co[k1(T) + arks(T)] /t(t —s)“

[1+ |lu(s)|la + [(1 + [Ju(7)||lo)dT]ds. (5.11)

After a slight modification in (5.11), we get
[u®)lla < M[A%u0l

11—«

+Co(1 4+ T)[k1(T) + arks(T)]

l—«

T / (t = ) [lu(s)]a + / () ladr)ds. (5.12)

t
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The estimate in (5.12) is of the type
[u@la < C1

e / (t— ) [lu(s)]a + / () adrlds,  (5.13)

for some positive constants C; and Cs depending on « and T only. Integrating (5.13)
over (to,t), we get
t
[u(@llads < CiT

0 t 5 s
+02/t /t (5—8)—a[|\u(s)||a+/t |u(T)||adr]dsdE. (5.14)

Changing the order of integration in (5.14), we obtain

t

[u(@lladé < C1T

+02/t /(ﬁ—s)_a[lu(s)llaJr/: | u(T)||adr]déds. (5.15)

We rewrite (5.15) as

t
lu(@)llads < C.T

to

t o rg s
+Co [ ([ (€= aluts)lo+ [ u(r)odrlas

to Yo

CT
< 01T+12

t s
[ =9+ [ Jur)ladrlds. (5.16)
to to

The estimate (5.16) is of the form

t

[u(@)ladé < Cs

el / (t = ) [u(s)]a + / u(n)ladrlds,  (5.17)

for some positive constants C3 and C4, depending on « and T only. Adding (5.13)
and (5.17), we have

) o + / lu(@)ade < O

G / (t— ) [u()]lo + / ()l ds (5.18)

to

for some positive constants C'5 and Cg, depending on o and T  only. Applying Lemma 5.1
to (5.18), we conclude that
lu®)|l < C

on [tg, T]. This completes the proof of the theorem.
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6 Applications

Let © C R™ be a bounded domain with smooth boundary 9. Consider the linear
partial differential operator

A(z,D)= > an(z)D". (6.1)

jal<2m

where a,(z) is a real or complex valued function defined on € for each multi-index a.
We assume that A(z, D) is strongly elliptic, i.e., there exists a constant ¢ > 0 such that

S aa(0)e > clgPm (6.2)

|a|=2m

for all z € Q and £ € R™. Consider the parabolic integrodifferential equation

W + A(I,D)u(x,t):f(x,t,u(x,t),Du(x,t),-~-,D2m71u(x,t))
t
+ / a(t — s)g(z, s, u(x, s), Du(x,s),---, D*™ tu(x, s)) ds, (6.3)
to
r € Q, t>ty,
u(z,to) = wuo(z) xze€Q
u(z, t) = 0, xz€Q, telty,T), to<T < o0,

where D7 stands for any j-th order derivative. We assume that f and g are continuously
differentiable functions of all their variables, except possibly in z.

The parabolic integrodifferential equation (6.3) can be reformulated as the following
abstract integrodifferential equation in X = LP(Q):

du(t)
dt

+ Apu(t) = F(t,u(t)) +/ a(t — s)G(s,u(s)) ds, t>to, (6.4)
’U,(to) = Ug,

where A, : D(A,) C X — X given by
D(A,) = W2mP(Q)nWe™P (), Apu= A(z, D)yu+ A u for ue D(A,), A>0
and F,G : [to,T) x D(A,) — X are the Nemyckii operators given by

F(t,u)(x) = f(z, t,u(z,t), Du(z,t), ..., DQm*lu(x, 1)) (6.5)
G(t,u)(x) = g(z,t,u(x,t), Du(z,t), ..., D*™ tu(x,t)) (6.6)

where we assume the usual sufficient Caratheodory and growth conditions on the func-
tions f and g for the Nemyckii operators in (6.5) and (6.6) to be well defined. Here
we assume that A is large enough so that A, is invertible. It follows that —A, is the
infinitesimal generator of an analytic semigroup on X. Also, from imbedding theorems
it follows that X, is continuously imbedded in C?™~1(Q) for 1 — 1/2m < a < 1 and
p large enough. It can be verified that the Assumption F is satisfied by F' and G.
Under suitable assumptions on the kernel a, Theorem 4.1 assures the existence of a
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unique global classical solution to (6.4) for p large enough which in turn guarantees the
existence of a unique global classical solution to (6.3).
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