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We analyse the transient behaviour of a fluid queue driven by a birth and death pro-
cess (BDP) whose birth and death rates are suggested by a chain sequence. For the BDP
suggested by a chain sequence, the stationary probabilities do not exist and hence the sta-
tionary buffer content distribution for fluid queues driven by such BDP does not exist.
However, their transient distribution is obtained in a simple closed form by two different
approaches: the first is the continued fraction approach and the second is an approach in
terms of recurrence relation by an analysis similar to that of Sericola (1998). The proba-
bility for the buffer content to be empty at an arbitrary time is also studied. The variations
in this performance measure are revealed in the form of graphs. Numerical illustrations
are included.

1. Introduction

Fluid buffer models are natural for problems involving continuous flow, for example,
control of dams, virtual waiting time in G/G/1 queue, and so forth. In addition, fluid
models are often useful as approximate models for certain queueing and inventory sys-
tems where the flow consists of discrete entities, but the behaviour of individuals is not
important to identify the performance analysis (Kulkarni [3]). A stochastic fluid flow
model describes the behaviour of a fluid level in a storage device. Such models are used
in ATM to evaluate the performance of fast packet switching and in the manufacturing
systems for the performance of producers and consumers coupled by a buffer.

Hence fluid queues modulated by a birth and death process provide a good approxima-
tion for modelling the traffic in telecommunication networks. However in most practical
situations, the state-dependent birth and death rates prove to be more realistic.

Steady-state behaviour of Markov-driven fluid queues have been extensively studied
in the literature (Virtamo and Norros [14], Adan and Resing [1], Parthasarathy et al. [7],
Parthasarathy and Vijayashree [5, 6], Barbot and Sericola [2], van Doorn and Scheinhardt
[13], Sericola [10]). Steady state analysis gives us important information on the conges-
tion of the statistical multiplexer, but it is not sufficient, for example, for controlling the
congestion. The transient analysis will be of critical value in understanding the dynamical
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behaviour of the statistical multiplexer in controlling the congestion and in studies relat-
ing to the rate of convergence to steady state. The problem is motivated by the need to
comprehend better the performance of fast packet switching in asynchronous transfer
mode (ATM), which will be adopted in broadband integrated service digital network (B-
ISDN).

The transient analysis of stochastic fluid models presents a host of new challenges and
opportunities to network designers and performance analyst. The solutions are either
obtained implicitly (Simonian and Virtamo [11]) or obtained in the Laplace domain and
inverted numerically (Tanaka et al. [12], Ren and Kobayashi [8], Sericola [9]).

In all the above-mentioned literature, the authors discussed the transient analysis of
the fluid models subject to satisfying the stability condition of the process. Here we con-
sider a fluid queue driven by an infinite-state BDP whose birth and death rates are sug-
gested by a chain sequence. The stationary solution for the background BDP suggested
by a chain sequence does not exist and hence the stationary distribution for fluid queue
driven by such BDPs also does not exist. However their transient probabilities yield a
simple closed form solution.

In this paper, we obtain the transient solution in closed form of a fluid queue driven by
a birth and death process on an infinite-state space whose birth and death rates are sug-
gested by a chain sequence. The probability with which the buffer content becomes empty
at an arbitrary time is also determined. Numerical illustrations are added to capture the
variations in the behaviour of this performance measure against time.

2. Model description

Consider a fluid queue driven by a birth and death process, {X(¢), t = 0} with rates sug-
gested by a chain sequence, viz, the birth and death parameters satisfy

An"'[/‘n:la Af’l—l!’ln:/j) i~e~) (l_ﬂn—l)‘unzﬁ, n=1,2,3,..., (2.1)

with A = 1 and gy = 0 so that {y,} is the minimal parameter sequence for the constant
term chain sequence {f,5,f,...}, 0 < < 1/4, so that A, and p,, are positive, given by

“Un+l(1/“)
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(2.2)
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where U, (-) is the Chebyshev polynomial of second kind of order # and « = 2\/5. Note
that

Yrlp -l = (2.3)
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The transition probabilities for the process {X(t), t > 0}, whose birth and death rates
are governed by (2.1), with X(0) = 0, are
P, (t) =2(n+1)U,,(l>—e Trr () (2.4)
o ot
(Lenin and Parthasarathy [4].)

It can easily be shown that the sequence {A,} is decreasing with »n and tends towards
(1++/1—4f)/2, so that it could represent a queue with discouraged arrivals. The se-
quence {u,} is thus increasing with n towards (1 — /1 —4f)/2, which means that the
service rate of the queue can be dynamically adapted in the function of the number of
customer in the queue, until a fixed limit. This kind of model is mathematically interest-
ing because it is indeed rare and has closed-form solution.

If C(t) denotes the content of the buffer at time t, the 2-dimensional process
{(X(1),C(¢)), t = 0} constitutes a Markov process. When the process X(t) is positive,
the fluid level in the buffer increases at a constant rate r > 0 and when X(¢) = 0, the
fluid level in the buffer decreases at a constant rate ry < 0. We suppose that X(0) = 0 and
C(0) = 0. Fluid models of this type find application in the field of telecommunication
for modelling the network traffic and in the approximation of discrete stochastic queue-
ing networks. For practical design and performance evaluation, it is essential to obtain
information about the buffer occupancy distribution.

If Fi(t,x) = P(X(t) = j, C(t) <x), j € ¥, t,x = 0, the Kolmogorov forward equations
for the Markov process {X(t),C(t)} are given by

oF(t, oF(t,
Oa(t ) _ —19 Oa(x *) = Fo(t,x) + u Fy (t,x),
oF;(t, oF;(t,
]ét o) =-r Ja(x o) +Aj1Fj1(tx) = Fi(t,x) + pji Fia(t,x), je€F\{0}, t,x =0,
(2.5)

subject to the initial condition
Fo(0,x) =1, F;(0,x) =0 forj=1,2,3,... (2.6)
and boundary condition
F;(t,0) = q;(t) for j=0,1,2,.... (2.7)

Here q;(t) represents the probability that at time ¢ the buffer is empty and the state of the
background Markov process is j. The content of the buffer decreases and thereby becomes
empty only when the net input rate of the fluid into the buffer is negative. Therefore,
when the buffer becomes empty at any time ¢, the background process should necessarily
be in state zero corresponding to which the effective input rate is ro < 0. Hence we have
qj(t)=0for j =1,2,3,... asr >0 when X(t) = j for j = 1,2,3,....
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The transient distribution of the buffer content is given by

Pr(C(t)>x) =1- iFj(t,x). (2.8)
j=0

In this sequel let F ;k (s,x) and F J** (s,w) denote the single Laplace transform (with re-
spect to t) and double Laplace transform (with respect to t and x) of F;(t,x), respectively.
3. Transient solution

The expression for the joint distribution of the buffer content of the fluid queue model
under consideration using an approach similar to Sericola [9] is given by

Fi(t,x) = ie-ft" s (Z) (%)k@ - ﬁ)n_kb,-(n,k), i=0,L2... (1)

nl
= e rt

for every t > 0 and x € [0,rt) where the coefficients b;(n,k) are given by the following
recursive expressions.

(i) Fori=0,
1 (2K 0 o
bo(n,n) = k+1<k>ﬁ =2k
0 ifn=2k+1, (3.2)
bo(n,k) = —To bo(n,k+1)+ B biin-1,k) forn=1,0<k<n-1.
r—r1 r—rop

(i1) Fori>1,

bi(n,0)=0 forn=0,

bimk) = hirbis(n— Lk—1) + b (n—Lk—1) forn>1,1<k<n O
From (3.1), the probability that the buffer is empty at time ¢ is given by
FO(t)O) = QO(t) = eit Z Ebo(nyo)’ (34)
n=0"""

where by(n,0) for all n > 1 are obtained from the recurrence relations (3.2) and (3.3). The
following theorem presents an alternate formula for the evaluation of by(n,0).

THEOREM 3.1. Foralln =1,

n—1 . ili-1)/2] 1
bo(n,0) = P > () (Zl>ﬁ—b0(n—zl—2,i—21—l)

r—ro o \r=r) = \l)I+1

(3.5)

+< —To )nbo(n,n).

r—ro
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Proof. The following propositions and lemma present a simplified formula for evaluating
the various terms involved in the determination of by(#,0) thereby reducing the compu-
tational complexity.

ProposITION 3.2, Foralln>1,0<k<n-1,

bo(n k) — (- )nkbo(n,n)z( P )E(r__rio)ikbl(n—l,i). (3.6)

r—ro

Proof. Recall (3.2),

bo(m k) = " bo(mk+ 1)+ iﬁm bi(n—1,k). (3.7)

Multiplying the above equation by (—r¢/(r — r5))""* and summing over all i from k to
n—1, we get

(3.8)

Hence we have

bo(n k) — (- (;O>nkb0(n,n)=( )i(r_r)ikbl(nl,i). (3.9)

O

LEmMMA 3.3. Fori>1, bj(n,k) =0 for0 <n<iand

0 if0<k<i,
i 1 L(k=i)/2]
bi(n,k) =1 (\B) U(m) > s(i,Dbo(n—21—ik—21—i) ifi<k=<n, (3.10)
1=0
0 ifk >mn,

where the numbers s(i,1) are referred to as the ballot numbers given by

(2l+i-1)!

@D =

(3.11)
Proof. Recall (3.3),
b,’(?’l,k) = /1,;1171;1(1’1 — 1,k - 1) +[4,‘+1bi+1(fl - l,k - 1) forn > 1,1< k <n. (3.12)

Foralln>1,1 <k < n, define

B()(T’l,k) = bO(”»k))

Bi(n,k) = (wipz - - - i) bi(n, k), i = 1. (3.13)
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Then (3.3) becomes
Bi(n,k) = AisquiBi-i(n— 1,k — 1)+ Biy(n— 1,k — 1).
From (2.1), Ai—1pi = 3, hence we have
Bi(n,k) = BBi—1(n — 1,k — 1) + By (n — 1,k — 1).

Now, define

H;(n,v) = ZVB nk),

then (3.15) reduces to

Hi(n,v) =vfHi_1(n—1L,v)+vHi(n—1v) i=1,nx=1

Again define

> u"H;(n,v)
¢,’(M,V) = 7
then (3.17) reduces to

&; (u,v) = vBdi—1 (u,v) + vei1 (u,v)  fori>1.

Laplace transform of the above equation with respect to u yields

z¢5 (z,v) = v (z,v) + v, (z,v).

Writing in the form of continued fractions, we get

¢ (zv) _ vB vBv2BviB

51 (zv)  z—v(oF (zv)/F(z,v)) z— z— z—

Solving the above continued fractions, we get

¢ @y) _FNEWE

oF1(z,v) 2v ’
¢F(z,v) WP 1—4/1—4(v2p/2%) —%C(vz—ﬂ>
5, (zv)  z 2(v2f3/22) Tz 22 )

Before we proceed further, we give a brief discussion on the function C(z) below.

Let C(z) be the complex function defined by

1-+v1-4z

C(z) = 2

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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For |z| < 1/4, we have
= Z c.z", (3.24)
n=0

where the numbers ¢, are referred to as the Catalan number given by

2n 1
Cn:(n>n+1- (325)

More generally, for k > 1 and |z| < 1/4, we have
= Z s(k,n)z", (3.26)
n=0

where the numbers s(k, n) are given by (3.11).
Continuing our discussion from (3.22), we easily get, for i > 1 and |vf/z*| < 1/4,

¢ (z,v) /5 ( 'B)(p,lzv)
. (327)
- (F)eiem L Saan () gicen -

zl

We thus have, for i > 1 and |vf/z*| < 1/4,

OOHI , 1100 [o+]
S Hn) VB Gy (2E) S Hol)

n=0 1=0 n=0

. ) -« Ho(n,v)
Z 1,21 Z AN

Zﬁll S(l’l)ﬁ v Ozzl+i+n+1
=0 n=

(3.28)

B gy Tl Ak

n+l
n=2l+i z
1 L(n—i)/2]

o > DBV H(n— 21— i),
=0

Me L

/)Ji

n

where the last equality is obtained by exchanging the order of summations. This leads,
for i = 1, to the following expression of H;(n,v):

0 if0<n<i,

Hi(n,v) =4 0= ' (3.29)
B> sDBYHHy(n—21—iv) ifn=i.
1=0

This means, in particular, that bj(n,k) =0fori>=1and 0 <n<i.
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We consider now the case where i > 1 and n > i. By definition of H;(n,v), we have

n l(Vl*i)/ZJ n—21—i
z (mk)=p" > sGDBY > v"By(n—21—i,m)
k=0 1=0 m=0
[(n—i)/2] n—21-i
=g > sDB D vmHiBy(n—21—i,m)
=0 "o (3.30)
[ (n—i)/2] n
=p" > si,DB > vEBo(n—21—ik—21—1i)
1=0 k=2l+i
n [ (k—i)/2]
=BV > s(i,)Blbg(n 21— ik — 21— i),
k=i 1=0

where the last equality is obtained by exchanging the order of summations. This leads,
for i > 1 and n > i, to the following expression of B;(n, k):

0 if0<k<i
L (k—i)/2]
Bi(m,k)=1p" > s(i,))f'Bo(n—21—i,k—1-i) ifi<k<n, (3.31)
1=0
0 ifk >n.

Using the transformation (3.13) and also from (2.3), we get

0 if0<k<i
; 1 [ (k—=i)/2]
bi(n,k) =1 (\B) Ul-<2ﬁ> S sy Dbo(n—21—ik—1-i) ifi<k<n, (332)
1=0
0 ifk >n.

In particular, for i = 1, the ballot numbers s(1,]) are the Catalan number ¢;. Thus,

0 ifk=0,
| (k—i)/2] 2l ﬁl
bink)=1 > | ippbotn=2l=Lk=1-1) if1<k=n, (3.33)
1=0
0 if k >n.
O
The proof of Theorem 3.1 is thus completed by replacing (3.33) in (3.6). O

Note that in the modified recurrence relation given by (3.6), b;(n,k) is explicitly ex-
pressed in terms of by(-, -) with lower orders of n and k thereby reducing the computa-
tional complexity involved in the evaluation of by (#,0).
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ProprosSITION 3.4. Foralln > 0,

ki, —
bo(n,n) = ( )ﬁ ¥n =2k (3.34)

ifn=2k+1.

S X
‘H

Proof. For every t = 0 and x € [0,7t), the solution (3.1) can be simplified as

0

Fi(t,x) = Ze*finz (rt = xk), bi(nk), i=0,1,2,.... (3.35)

Therefore, we get
F(60) = Tim > e &0 3 (7 (1)k(1—ﬁ)nkb-(n b= e Dhmno. (336
e =0 =" nl e \k) \rt rt e = oal

Note that F;(¢,0) = 0 for i = 1,2,3,... because when X (t) = i, the corresponding net ef-
fective rate r is positive. Hence we have

bi(n,0)=0, n=0,i>1. (3.37)
Also for t > 0, we have
Fo(t,rt) = litho(t,x) =P(X(t) =0). (3.38)
From (3.35), we obtain
hmFo t,x) z e bo(n n). (3.39)

Hence from (3.38) and (3.39), we obtain
> e’t%bo(n,n) =P(X(t) =0). (3.40)
n=0 :

Also, from (2.4), we have

zeftll(“t) 3 e 'L (2 ﬁt) B had —ttzk ‘Bk

P(X(t)=0) = e \/Bt = goe PR (3.41)
Hence, we have
B *© B t2k k
Ze ! bo(n n) = Ze tk' kf—l)!' (3.42)

Collecting the coefficients of powers of t on both sides, we get (3.34). O
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In this way, we determine by(n,0) for all n > 1 from Theorem 3.1 where the by(n,k)
for 0 < k < n—1 and hence b;(n,k) for 1 < k < n are obtained from the simple relation
established in Proposition 3.2 and Lemma 3.3, respectively. Further, for all n > 1, by(n,n)
are calculated from the compact formula derived in Proposition 3.4.

4. Numerical illustration

In this section, we discuss the numerical investigation carried out to study the behaviour
of go(t) given by (3.4) with respect to time. Towards this end, we define the truncation
step as

N(e,t)zmin{nzO i h—h - } (4.1)

It is easy to check that N (e, t) is an increasing function of . So if qo(¢) has to be eval-
uated at M points, say t; < - - - < tp;, we only need to evaluate by(n,0) for n=0,1,...,
N(e, tm), and to compute

N(e,tm) n

s
Z e bo (n,0). (4.2)
Indeed, for every t < tjr, we have
o0 tn
D) =5 ()= > e —by(n,0)
n=N(ea)+1 TV
0 o N(e,tm) o N(et) fn (43)
—-t- _ —-t> _ —t-
s_z en!_l Zen!—l Zen!SS,
n=N(gty)+1 n=0 n=0

where the first inequality comes from the fact that the b;(n,k) are between 0 and 1 as
shown in [6].

Below we give the algorithm which we developed to bring out the variations in the
form of graphs.

Algorithm 4.1.

input: < - <ty €

output: qo (tl) - < q((,N)(tM)

Compute N = N(s, tyr) from relation (4.1).

bo(0,0) = 1; b;(0,0) = 0

forn=1toN do
Compute by(n,n) from relation (3.34).
fork=n—1step —1to0do

Compute by(n, k) from relation (3.2).

endfor
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Figure 4.1. Variation of qo(t) against ¢ for varying r when § = 0.1 and varying 8 when r = 1 with
To = —1.

b1(n,0) =0
fork=1tondo
Compute b; (n,k) from relation (3.33).
endfor
fori=1toM do
Compute q(()N)(t) from relation (4.2).
endfor
endfor

Figure 4.1 depicts the variation of the function qo(t) against ¢ for ry = —1, varying
values of r when f8 = 0.1, and varying values of § when r = 1. As the net input rate of
the fluid increases, the probability with which the buffer becomes empty over a period of
time decreases faster and hence qo(t) approaches zero, as seen in Figure 4.1. In Figure 4.2,
the variation in go(t) against time is plotted for r = 1.0, = 0.1 and r = 0.1, § = 0.25. It is
observed that for other values of r and 3, the curves lie in the intermediate region.

5. Analytical solution

In this section, we present an explicit transient solution for the fluid model under con-
sideration. We discuss the method of continued fractions to solve the governing system
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Figure 4.2. Variation of go(t) against ¢ for varying r and 8 with ry = —1.

of partial differential equations. Laplace transform of (2.5) with respect to ¢ yields

sEi (s,x) — Fy(0,x) + ro (s x) = =F§ (s,%) + p1 Fy (s, %),

?k

SFf (s,x) = Fj(0,x) + r—=2(s,x) (5-)
0x
= )Lj,lF;"_l(s,x) —F]?“(s,x) +yj+1F;k+1(s,x) for j =1,2,3,....
Taking Laplace transform of (5.1) again with respect to x, we get
sFg " (s,w) — %+7’0WF6’<*(S,W) —10F5(5,0) = —Fg* (s, w) + i F{™* (s, w),
sF**(s,w) +er**(5,w) (5,0) =1 F (s, w) —F;“*(s, )+ i ]H(s,w).
(5.2)

Rewriting the above system of equations,
(s+row+1)Ef* (s, w) — pr Fy* (s, w)

= %+r0q8‘(s) Aj- F s w)+(s+1 +rw)F]-**(s,w) —yjHF]*;'j(s,w) =0, j=1
(5.3)

Define

fo* (s,w) = F§ ™ (s,w),

(5.4)

[ (sw) = (—1)j%F]**(s,w) for j > 1.
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Making use of the above transformation, (5.3) becomes

(w+5:0 )fo**(sw) £ (s,w):miwwg(s),

A
O”‘f**(s W) <w+ #)ﬁ**(s,wnfz**(s,w):o, (5.5)

Aj- 1!41

fj *(s,w) +<w+¥>fj**(s,w)+fjﬁ(s,w)=0, j=2,3,....

These equations can be conveniently rewritten in the form of continued fractions as fol-
lows:

- B /row+4qg (s)
Jo (s w) +(s+1)/ro = fi** (s, )/ fo"* (s,w)’
fi"sw) B/ror
fo*(s,w)  wH(s+1)/r+ 55 (s,w)/ ¥ (s, w)’ (5.6)
fj**(s’w) - ﬁ/rz o
fiSi(s,w) T owH(s+ D/r+ fii7 (s, w)/ £ (s,w) forj=2,3,...

e _ Vrgw+45 (s) B/ror B/r? o
Jo (sw) = w+(s+1)/ro— w+(s+1)/r—w+(s+1)/r— (5:7)
Define
3 1 B/r? B/r?
flow) = wH+(s+1)/r—w+(s+1)/r—w+(s+1)/r— o
1 (5.8)
T wr s+ D/r— (B/2) fls,w)
That is,
%(f(s,w)y_ <W+ #)f(s,w)ﬂ ~o. (5.9)
Solving the above quadratic equation, we obtain
wH+ (s+1)/r) =+ (w+ (s+1)/r)” —4p/r?
fs,w) = ( ) \/Z[S/ﬂ )’ P . (5.10)
Using the above definition, we have
[T sw) B
fo " (s,w) ror (&w),
(5.11)
£ (sw) B ,
W__ﬁf(s’u/) fOI'_]—2,3...,
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and hence
. 3 /row+qg (s)
fo ow) = w+ (s+1)/rg — (B/ror) f(s,w)
3 /row+4qg (s)
+(s+1)/r0—(r/2ro)[(w+(s+1)/r)—\/(w+(s+1)/r)2—4ﬁ/r2]
(5.12)
We denote w+ (s+1)/r = 6 and 2,//r = », then
s row +qq (s)
W) = . 1
W) = T D) = (r/2r0) (6= V= 7) (5.13)
From (5.4), F;* (s,w) = f;"* (s,w), and hence we get
had _ 2 _ 2 2)\k
Firoon = 5600 L) (L) OTRE g i
r()w SN2/ (W (s+1)/r) r(row+s+1)
(5.14)
Also from (5.11), we have
r B J
fj**(s,w):r—(—r s, w)) “(s,w) forj=1,23.... (5.15)
0
Getting back to the transformation using (5.4), we obtain
ri /
Ff*(s,w) ( 2f(s,W)) Fi*(s,w)
Mtz = - - Yj (5.16)
~(5) s w0 b S () AL T
2) s Hj 1 row/ =\ 210 (w+(s+1)/r0)k+l'
Hence from (2.3) we have
j - k(H_ Gz—vz)j+k
F**(s,w)=< r ) ( )( (s)+ ) ( ) . (5.17)
’ ) UGN ) 2 e e

Inverting the above expression, we obtain the transient buffer content distribution as
given in the following theorem.
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THEOREM 5.1. Forevery t > 0 and x € [0,rt), we have

Fy(t,x) = e_x”‘)q ( ) — g ¥/T0 p=(t=x/10)
s (L) r W PRI (V= )
o1 \2 0 kl(x—y)

. k ,—y/ro _x_y_l> (_X—)’_Z>
{ye H<t 1o th r 1o

k
+ré‘e’<t’(x’y)/’)(t—x_y) }d}/,

-~

e k x j+k . . _
r —m e GOk (v(x = )
% Z ( ) Jo et g k!'(x—

¥)
R N
k

4 kg M= y)/r)( Xr)’> }dy fori=12,...,
(5.18)

where H(-) denotes the Heaviside function.
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