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This paper is devoted to prove, in a nonclassical function space, the weak solvability of
a mixed problem which combines a Neumann condition and an integral boundary con-
dition for the semilinear one-dimensional heat equation. The investigation is made by
means of approximation by the Rothe method which is based on a semidiscretization of
the given problem with respect to the time variable.
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1. Introduction

In our earlier work [5], an investigation was made for an initial-boundary value problem
with an integral condition for the two-dimensional diffusion equation. There, a suitable
transformation has allowed us to bring the considered problem back to an equivalent
problem of the following form:

% - % = f(x1), (x1)€(0,1)x[0,T],
u(x,0) = Up(x), x€(0,1),
%(O,t) =a(t), te[0,T], (1)
ox

1
| utsndx=E@, tei0T)
0
whose weak solvability was then proved with the help of the Rothe time-discretization
method.

In the present paper, we consider a generalization of problem (1.1), namely the prob-
lem of finding a function v = v(x, ) which obeys, in a weak sense, the semilinear diffusion
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2 A semilinear heat equation with a nonlocal condition
equation

ov v

g - W = f(X,t,V), (X,t) S (0:1) X [Oy T]y (12)
subject to the initial condition
V(X,O) = V()(x), X e [0)1]) (13)
the Neumann condition
@(0 H)=g(t), te][0,T] (1.4)
ax > - g > > > .

and the integral boundary condition

le(x,t)dsz(t), te (0,71, (1.5)
0

where f, Vj, g, and E are given functions, and T is a positive constant.

The method used here to investigate problem (1.2)—(1.5) is the same as in [5], the so-
called “Rothe method.” However, the presence of the semilinearity in (1.2) complicates
the process of derivating the necessary a priori estimates and proving the convergence of
the method. Moreover, we follow in Section 5 a slightly different way which is simpler
and shorter than the one in [5].

It is interesting to note that problem (1.2)—(1.5) has, like (1.1), many practical in-
terpretations in the context of chemical engineering, thermoelasticity, heat conduction
theory, population dynamics, and so forth (see the references in [5]).

Introducing a new unknown function u by setting

u(x,t) = v(x,t) — r(x,t), (1.6)
where

r(x,0) = g(t) (x _ %) +E(D), (1.7)

it clearly follows that u satisfies the following problem:

ou d*u

a—@zf(x,t,u), (x,t) € (0,1) x I, (1.8)
u(x,0) = Up(x), x€[0,1], (1.9)
%(o,t) =0, tel, (1.10)

ox

1
J u(edx =0, tel, (1.11)
0
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where I stands for the time interval [0, T] and

or(x,t)
ot ’ (1.12)
Up(x) := Vo(x) — r(x,0).

flxtu) =t t,but+r) -

Hence, instead of studying directly the problem (1.2)—(1.5), we concentrate our atten-
tion on problem (1.8)—(1.11). Once u is known, the function v is immediately obtained
through the relation v = u+r.

The plan of the paper is as follows. In Section 2, notations, assumptions on data, and
some useful results are given before stating the precise sense of the required solution as
well as the main result of the paper. In Section 3, a semidiscretization in time of problem
(1.8)—(1.11) is performed to construct approximate solutions, the so-called “Rothe ap-
proximations.” Some necessary a priori estimates for these approximations are derived in
Section 4, and then used, in Section 5, to establish a convergence and existence result for
the problem under study.

2. Preliminaries

In the course of the paper, (-, -) denotes the usual scalar product in L?>(0,1) and || - || the
corresponding norm, while H2(0,1) denotes the usual (real) second-order Sobolev space
on (0,1) with norm | - [|[g2(0,1). Let V be the set which we define as follows:
1
V= {qseLz(o,l);J (/S(x)dx:O}. (2.1)
0

Clearly, V is a Hilbert space for (-, -).

In addition to the standard functional spaces of the types C(I,X), C*!(I,X), L*(I,X),
and L™ (I,X) of continuous, Lipschitz-continuous, L?-Bochner integrable, and essentially
bounded functions from I into a Banach space X, respectively (see, e.g., [4]), our analysis
requires also the use of the nonclassical function space B}(0,1) introduced by the sec-
ond author (see, e.g., [1, 2]) as the completion of the space Cy(0,1) of real continuous
functions with compact support in (0, 1) with respect to the inner product

1
(u,v)py = J Jeu - Svdx, (2.2)
0

where J,v = f(f v(&)dE for every fixed x € (0,1). If || - ll 51 denotes the corresponding

norm, that is,
”V”Bé = A (V>V)B£3 (23)

then, the lnequality
V Bl X 2 V 2

holds for every v € L2(0, 1), and hence the embedding L?(0,1) — B2(0,1) is continuous.
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We should note that any given real function 6(x,t) on (0,1) X I is automatically identi-
fied with the corresponding abstract function t — 0(t) = 6(-,t) defined from I into some
functional space on (0, 1) by setting (6(¢))(x) = 0(x, ) for x € (0, 1).

Strong and weak convergence are denoted by — or —, respectively, and the symbol ¢
will stand for generic positive constants which may be different in the same discussion.

At several places, we will use the following continuous and discrete forms of Gronwall
lemma.

LemMa 2.1. (i) Let x(t) > 0, h(t), y(t) be real integrable functions on the interval [a,b]. If
t

y(t) < h(t) +J x(1)y(r)dr, VtE [a,b], (2.5)

a

then
t t
() < h(t)+J h(T)x(T)exp(J x(s)ds) dr, Vtelabl. (2.6)
In particular, if x(1) = C is a constant and h(t) is nondecreasing, then
y(t) <h()e“",  Vte [a,b). (2.7)
(ii) Let {a;} be a sequence of real nonnegative numbers satisfying
ay < A)
o 2.8
ai<A+Bh> ar, Vi=2,.., (28
k=1

where A, B, and h are positives constants. Then
a; <ABEVR L yi=12,.... (2.9)

Proof. The proof of assertion (i) is the same as in [3, Lemma 1.3.19]. As for assertion (ii),
it suffices to see that from our hypothesis, the following estimate follows:

a; <AQ+Bh)™Y, Vi=1,2,.... (2.10)

Indeed, we have first a; < A and a; < A +a;Bh < A(1 + Bh). Next, let us suppose that
ar < A(1+Bh)* ' holds forallk = 1,...,i — 1, then

i-1 i—1
ai<A+Bh> A(1+Bh)*! = A[l +Bh> (1 +Bh)k1}
k=1 k=1 (2.11)

1=+ bRy (”Bh)”] — A(1+Bhy,

1
—A[1+Bh I~ (1+Bh)

Hence, using the elementary inequality 1+t < ¢!, for all ¢ € R, we have a; < AeBU~Dh
which was to be proved. U
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Also, the elementary Cauchy inequality
ap < §a2+ %ﬁz, Va,BER, Ve € RY, (2.12)
€

will be useful to us thereafter.
Throughout the paper, we assume that
(H1) f(t,w) € L*(0,1) for each pair (t,w) € I x L?(0,1) and the Lipschitz condition

£ (tw) = £ W)l <I[1E= 11+ Iwllg + 1w D) + lw—wllg ], (2.13)

forall t,¢" € I, for all w,w’ € V, holds for some positive constant I;
(H2) Uy € H2(0,1);
(H3) (dUy/dx)(0) = 0 and fo Up(x)dx = 0, for consistency.
We will be concerned with a weak solution in the following sense.

Definition 2.2. Under a weak solution of problem (1.8)—(1.11), a function u: I — L?(0,1)
is understood such that
(i) u e L*(I,V) n C»(I,Bi(0,1));
(i) u has (a.e. in I) a strong derivative du/dt € L (I,B3(0,1));
(iii) u(0) = Up in BX(0,1);
(iv) the identity

(%(t)’¢> (@), ¢) = (f (tu(0), )5 (2.14)
BZ

takes place forall ¢ € V anda.e. t €1.

We remark that the fulfillment of the integral condition (1.11) is included in the fact
that u(t) € V forae. t € 1.
To close this section, we announce the main result of the paper.

TaEOREM 2.3. Under assumptions (HI1)—(H3), problem (1.8)—(1.11) admits a unique
weak solution u in the sense of Definition 2.2 that depends continuously on the right-hand
side f and the initial function Uy. Moreover, the following convergence properties hold:

u™ — u in C(I,Bi(0,1)),

W(t) —u(t) inV,Vtel,
ut(t) —= u(t) (2.15)

du(") du . 2 1
—_— = L~(I,B,(0,1)),
i di in L*(1,B,(0,1))

as n tends to infinity, where {u'"},, is the sequence of Rothe approximations defined in (3.7).

The proof of this result will be carried out along the following sections.



6 A semilinear heat equation with a nonlocal condition

3. Rothe approximations

Let n be a positive integer. Following the idea of Rothe, we solve the recurrent system of
time-discretized problems:

d*u;
Su; — sz =fi, x€(0,1), (3.1);
duj
ld—x(o) =0, (3.2);
J uj(x)dx =0, (3.3);
0

successively for j = 1,...,n, commencing with the initial value uy = Uy, where tj = jh,
h=T/n,and
Ui — Ui
Suji= L —1—,
/ h (3.1)
filx):= f(x)tj’”j—l)-

For the functions u; which can be viewed as backward finite difference approximations
of u(tj, -), we have the following result.

Tueorem 3.1. Foralln > 1andforall j = 1,...,n, problem (3.1);—(3.3); possesses a unique
solution uj in H*(0,1).

Proof. Similarly as in [5], the proof consists of the following two steps.
Step 1. We first look for the functions w;(x) = w;(x;A) which solve the associated classical
Neumann boundary value problems

dZWj 1 de de
_ i -‘rﬁWj—Fj, xE(O,l), E(O)—O, E(l)—l, (34)1

successively for j = 1,...,n, where F;(x) := f(x,tj,wj-1) + (1/h)w;_1(x), wo = Up and A is
a real parameter.

Since, according to assumptions (H1) and (H2), F; := f(t1,Uy) + (1/h) Uy € L2(0,1),

the Lax-Milgram lemma guarantees the existence and uniqueness of a strong solution
wy = wi(-;A) € H2(0,1) to the elliptic problem (3.4),. Then F, := f(t,,w1) + (1/h)w; €
L2(0,1), so that problem (3.4), admits a unique strong solution w, = w,(-;A) € H2(0,1)
thanks to Lax-Milgram lemma. Step by step, each w; is then uniquely determined in
terms of Up, wi,...,wj_1. Thus, forall n > 1 and all A € R, the auxiliary problems (3.4);,
j = 1,...,n, have unique solutions w; € H*(0,1).
Step 2. Now, let us show that for all j = 1,...,n, the parameter A can be selected in a
suitable way such that the corresponding function w;(-;1) is exactly a solution of problem
(3.1);—(3.3);. Obviously, this happens if and only if A is a root of the real function ®;(1)
defined by

1
(1) = L wi(x:A)dx, (3.5),
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so that solving the equation ®;(A) = 0 will provide all the solutions to problem (3.1);—-
(3.3);. If, in particular, this equation admits a unique solution, so is problem (3.1);—(3.3);.
From the superposition principle, we have that

wji(5A) = wj(+50) +x(+54), (3.2)

where w;(+;0) is the solution (uniquely determined) to problem (3.4); for A = 0 and y is
the (unique) solution to the following problem:

dy 1
—E'FEX—O, XE(O,].),
p (3.3)
X 0) =
Xo=0,
One can readily find that y is given by
cosh(x//h)
A) = 34
XN = Wb G4
so that, replacing into (3.5);, this yields
Mh ! x !
(D] = m . COSh<T>dX+I w]-(x,O)dx, (3.5)
that is,
1
®;() = hh+ L w;(x;0)dx, (3.6)

which shows that for all & >0, ®; admits a unique root A = A; € R, namely A; =
—(1/h) fol w;(x;0)dx. Hence, problem (3.1);—(3.3); is uniquely solvable for all n > 1 and
all j = 1,...,n. Therefore, Theorem 3.1 has been proved. O

Now, for all #n > 1, we introduce the Rothe approximation u™ : I — H?(0,1) NV is
defined by

u(")(t)=uj_1+8uj(t—tj_1), te [tj_l,tj],jzl,...,l’l, (37)

and the corresponding step function ™ : I — H?(0,1) N V is defined as follows:
E(ﬂ)(t): uj forte (tj—btj])j:l,...,n, (3 8)
Uy fort=0. .

We expect that the limit lim,, . u™ = u exists in a suitable sense, and that is precisely
the desired weak solution to our problem (1.8)—(1.11). The establishment of this fact
requires some a priori estimates whose derivation is the subject of the following section.
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4. A priori estimates for the approximations

LEMMA 4.1. There exist ¢ > 0 such that for all n > 1, the solutions u; of the time-discretized
problems (3.1);—(3.3);, j = 1,...,n, obey the estimates

llujll < e (4.1)

6ujl[p < c. (4.2)

Proof. The key point to establish these estimates is the derivation of a nonstandard vari-

ational formulation of problems (3.1);—(3.3);. To this aim, we take, for all j = 1,...,n, the

inner product in B (0,1) of (3.1); with any function ¢ from the space V defined in (2.1)
to get

2.
d’u;

(8u1’¢)BﬂOJ)_-(;i;f’¢>B%OJ): (fj>$)Bi0.)- (4.3)

But from (3.2); we have

(%W ) _fdw(m p
dx2 o 321(0,1)_ o dx x)Jxpdx

_ (4.4)
= uj(x)Ix¢p o L ujpdx,
then
dzuj >
=5 =—(u;,9), 4.5
(Gt),,,, = ) (45)
since ¢ € V. Substituting in (4.3), this yields the required variational form:
(6uj’¢)35(0,1) + (u]) ‘/5) = (f]) ¢)le(0’1)) (44)J
which gives for j = 1 that
(6141’(/5)3%(0,1) +h(61/l1,¢) = (fl’gb)B%(O,l) - (U(),(/)), V¢ evV. (46)
Integrating by parts the second term in the right-hand side of (4.6), we have
! d
(Un9) = | Unl) - (99 dx
x= ! dUy
_ _ [ 4% 4.7
Uo()3xd| = | g X)Ixpdx (4.7)

1 dU,
- —L 0 ()3,

but, due to assumption (H3);, we note that

LUy, N\ dUy
5.(C200) =00 vxe ), (4.8)
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whence
d*U,
U9 =~ [ 5L L 0) 3., (49)
so that (4.6) becomes
d*u,
((Sul)(/))le(O,l)‘{'h((Sul) ) (fl dxz > )le((),l)’ V(/)E V (410)

Testing this last equality with ¢ = du; = (u; — Uy)/h which is clearly an element of V
because of (3.3); and assumption (H3),, we derive with the help of Cauchy-Schwarz in-
equality

2 2 da*U
ol +low < | sl + | vl 1)
consequently
Uy
ol <1 e Ul + | (4.12)
and then
d*U,
]< 1 = . .
oty < malf 6 Ul +|| G| = (4.13)

Next, subtracting (4.4);-1 from (4.4); (j = 2,...,n) and putting ¢ = du; which belongs to
V in view of (3.3);-1 and (3.3);, we estimate

2 1 2
1011+ llatj = wja|[” < (15 = fi-tllgy + 118wl ) 18151y (4.14)
which implies that

[10ujllpy <15 = fi-1llg + 11081l 51, (4.15)

then, iterating we may arrive at

i
18015y < 2. 11fi = fiallgy + 1100115y (4.16)
i=2

But owing to assumption (H1), we have for all i > 2 that
||fi_fi71||3; =[|f (tiui-1) _f(tifl)uifz)HB{
< l[h(l +{|uia|| gy + ||uz‘—2||B;) +{|ui-1 = u,~_2||321] (4.17)

= lh[l + w1 gy + w2l + ||5”i—1||35])
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so that

j j—1 j—2 j-1
ZHﬁﬂﬁM@<”{U—D+ZWMQ+ZHMQ+§]MMQ]
i=2 i=1 i=0 i=1

<G = Dh+210 Y [uillg + Ih||Uo|| gy +1h Y [|6ui] |-

i=1 i=1

(4.18)

To dominate the right-hand side in (4.18), we need to estimate the term || | p)- For this,
we take ¢ = u; in (4.4);,i = 1,...,n, and get

1 1
il + P < (1l + i g ) ol (4.19)
from where we derive

[l |y < Bl fillpy + lluti1 |15y

(4.20)
h([1illy + 1 fiallgy) +1uiallpy
and from this recurrent inequality, we successively estimate
il |y < Z | fellgy + 11Uol | - (4.21)
Invoking assumption (H1), we have for all k > 1 that
[ fellgy < [1f (o ui—1) = f (8, 0) ||y + [1f (8, 0) |y
(4.22)

<l g + M,

where M := maxe; || f(¢,0) g < +o0. Substituting (4.22) in the previous inequality, we
get

luillgy < > (il +M) +[[Uollpy
k=1

= ihM + (1 +I)||Uol gy + 11 D [k ||y (4.23)
k=2
i—1

<STM+(1 +lh)||U0||le +1h z ||uk||321>
k=1

from where it comes due to the discrete Gronwall’s lemma that
l[uillpy < (TM+(1+ )| Up||gy ) €~ 1", (4.24)
hence

luillpy < (TM+Q+IT)||Uo|y )€™ = ca. (4.25)
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Now, returning to (4.18), we can write thanks to (4.25) that

j j-1
S lfi = fiillgy <G = Dh+1R(2G = Dea + || oIy ) + 10 D [|8ui]|

i=2 i=1
. (4.26)
<IT(1+2¢+[|Uolly ) + 10 |81 5.
i=1
Combining (4.13), (4.16), and the last inequality, we have
j-1
10l < 1 +IT(1+ 2+ [[Uollyy ) + 10 " [|8ua 5 (4.27)
i=1
hence, applying Gronwall’s lemma in discrete form again, we get
18051 < [er + 1T (1+2¢0+[|Uo| |y ) !k, (4.28)
Thus, estimate (4.2) is proved for ¢ = ¢c3 with
C3 = [Cl+IT<1+2C2+||U0||BZI>]EZT. (429)

Next, to derive estimate (4.1), we insert ¢ = u; — u;_; in (4.4); and apply the identity

2 2 2
(Il = wja I + Nl P = NP, (4.30)

N[ =

(ujuj—uj1) =
to get
2 1 2 1 2 1 2
hl[8u;|[5 + §||“j —uj|[ + 5||“j|| = (fiuj —uj-1)p + §||“j—1|| : (4.31)
Ignoring the first two terms in the left-hand side, we obtain
2 2
[l |” < 20 fill sl = iy + [ujall (4.32)
whence, using (4.22), (4.25), and (4.2),
i l* < 2h(lcy + M) s + | |uja]. (4.33)
So, by an iterative procedure, we get
i l* < 2jh(les + M) es + |||, (4.34)
from where estimate (4.1) follows with ¢ = ¢4, where
5172
Cy = {2T(lC2+M)C3+HU()|| }’ , (4.35)

and so the proof is complete. O
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If we extend, for all # > 1, the function ™ defined on I to the interval [—T/n,0) by
setting

a"(t) = Uy, Vte [— %,0), (4.36)

we can state the following corollary.

COROLLARY 4.2. For all n > 1, the functions u" and @\ satisfy the estimates

a0l <e, [P0l <c, Veel, (4.37)
du™ .
‘ Zt ; <¢ aeinl, (4.38)
||ﬁ(n)(t) _ u(”)(t)HBl < E’ Vtel, (4.39)
> T n
T
7" (t) — (t — —) < £, Vtel. (4.40)
n/llp! n

Proof. Both estimates (4.37) follow immediately from (4.1) with the same constant ¢ = c4.
On the other hand, invoking the identity

du™ .
7(1‘) = 61/!]', Vte (tj_l,tj], 1<j<n, (4.41)
estimate (4.38) is seen to be an easy consequence of estimate (4.2) with ¢ = ¢3. Next,
observing that we have

ﬁ(”)(t) —u(”)(t) _ 1(tf _t)auj’ Vte (tj—l’tj]’ I<j<n,

0, t= OJ
(4.42)
a(n)(t) _ﬁ(n)<t— Z) — 1/1]‘ - uj_l’ Vte (tj_l’tj]’ 1 g.] < n,
n 0, t=0,
we can write
() gy _ (1) )
[ () = u™ (1) py < hlrgjagnlléufllgg viel,
(4.43)

H(”)(t) i) (t _ Z) ‘
n

hence, in view of (4.2), we get the required estimates (4.39) and (4.40) withc = ¢;T. O

. hlrglja\x 6ujllp, Vtel,

5. Existence, uniqueness, and convergence of the method
Let us define, for all n > 1, the abstract step function f :I XV —L*0,1) by

f

(n) .
(t,v) = f(tj,v), Vte(titj], j=1..,n (5.1)
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Then, the variational equations (4.4); may be rewritten in the form

(4 0) s - (7 (ca(i- D)), Gy

forall¢ € Vandt € (0,T].
It is convenient to present now a basic convergence statement.

THEOREM 5.1. The sequence {u™}, converges in the norm of the space C(I,B}(0,1)) to
some function u € C(I,B}(0,1)) and the error estimate

c
||“(n) - uHC(I,B%(O,l)) ) (5.2)

N

holds for alln > 1.

Proof. The idea of the proof consists in showing that {u(™},, is a Cauchy sequence in the
Banach space C(I,B}(0,1)).

Let u™ and u™ be the Rothe approximations corresponding to the step lengths h, =
T/n and hy,, = T/m, respectively, with m >n > 1. Take the difference (5.1)"—(5.1)™ tested
with ¢ = u™(t) — ul™(¢)(€ V), this yields for all t € (0, T] that

(i () = ™ 0),u () (D) -+ @0 7 0,6 (6) - u (1)
dt B!

2

7t D) e i),

(5.3)
or after some rearrangement,
1d _ _
2 el = @l + [ (0~ 2 0]
= (@ (1) = a" (6),u" (1) = u" (1) = u" () + u™ (1)) (5.4)

. (7<n) (t,u(’”(t— %)) _m (t,a("“ (t_ %)),uw(t) - u(m)(t))BZI.

But since we have

f(")(t,ﬁ““)(t— %)) = f(tpujo1):=fi, Vte (ti-ntj], j=1..,n, (5.5)

it follows in view of (4.22) that

7 (e (=)

< .
S lgjagnllﬁllgg

(5.6)
éllgjaé(nﬂuj_lHB%nLM, vte (0,T],
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hence due to (4.25),

7 (et (1=3)

Thus, estimating the identity

<le,+M, Vte(0,T]. (5.7)
B}

@(8), ) = (?")(t,ﬁ(n)(t_ %)) _ dz(:) (t),¢) , Vte(0,T], VeV, (58)

B

which follows from (5.1)", we obtain owing to (4.38) that

| @™ (),¢) | < [HT(")(W(”)(t— Z))

n

du™
()

e
B (5.9)

B;'

<65||¢||Bgr VtE(O,T],

with ¢s := Ic; + M + ¢3. This, together with (4.39), allows us to majorize the first term in
the right-hand side of (5.4) as follows:

(@ () =7 (0,58 (1) = 7" (1) = (1) + " (1))
< 2¢s ([ (£) = ) (1) |y + |17 (8) = ™) (8) |y ) (5.10)

<C6<l+l)) VtE(O)T]>
n m

with ¢g := 2¢5¢5T.
On the other hand, thanks to the Cauchy inequality (2.12), we can write for every € >0

that
(7(n) (t,a“” (t B %)) o (t,ﬁ(m) (t _ %)),W)(t) - u(m)(t))B%

< HW) (s (- %)) -7 (WW (t_ %))"gﬂlu("’(t) —u™ ()]l

T(n) (t,ﬁ(”) (t— %)) _T(m) <t,ﬁ(m) (t— %)) 2

1 2
|0 _ o, (m)
o O = u™ @)l Ve (©,T].

B

(5.11)

Now, let ¢t be arbitrary but fixed in (0,T], then there exist two integers k and i cor-
responding to the subdivision of I into n and m subintervals, respectively, such that
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t € (te—1,t] N (ti=1, ], hence from assumption (H1), it follows that

(o= D)7 b= ),
ot () 1)
lz|:|tk_ti|{l+ (i)

2

2

B)

- ﬁ“”’(t—z) }
B} m/1iB}
> (5.12)
N gw(t_Z)_ﬁ(m)(t_I) ]
n m B)
_ T\ _
<12[(hn+hm)(1+||uk_1||B;+||u,-_1||3;)+ a (e ) -
n B}
T 2
() — 7™ ()| + a“”)(t)—um)(t——) ] ,
2 m le
consequently, with consideration to (4.25) and (4.40), we deduce that
(- TYY _ 7 (o, TY)I[
[ (e (=) =7 (e (=) N
_ 2
<P T(l+i>(1+2c2)+c3T<l+1)+||u (t) —a™ t)||3']
L n m n m 2
N 11 ) :
=P T(1+2c+c) =+ =) +|[a" ) —atm ()]]p,
- nom (5.13)
<P _c2<l+i)2+2c7<l+i)(”ﬁ(”)(t)ﬂ [ O )
ST\ om nom B B,

[0 -7 o)l |

2
< (ZC7)Z<% + i) +4126762<% + %) +P|[a" (1) _ﬁ(”‘)(t)ngl

for all t € (0,T], with ¢7 := T(1 + 2¢, + ¢3). Thus, using the notations cg := (Ic;)? and
o := 41%¢7cy, we write

- 2) 7 (- 2)

2
< CS(, + l) +c9<l + i) +P|[a™ (1) —a™(0)|[5, Ve (0,T],
m n m 2

2

B (5.14)
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hence, going back to (5.11), we have

(7< )(t u(n)(t %)) _7<’”><t,ﬁ<m>(t_ %)>,u<n>(t) - u<m>(t)>B1

2

1 1)\ 1 1
< c8<—+—) +£c9<—+ )+ |[@™ (1) —a™ (1), (5.15)
n o m 2 n o m 2

| m

1 2
= |]4,(m) _ 4,(m)
+2£||u"(t) u™(t)|[p,  VEE(O,T].

Next, combining (5.4), (5.10), and (5.15), we have for all t € (0, T] that

d
@) = ()l + 20 @) =7 ()|

2
<£Cg(l+i> +(869+266)<l+ 1)+£lz||u(” (t) —am H31 (5.16)
nom nom 2

—||u (1) = u™ ()| [5,
or

d

@ —u O[5y + 2= eP) [0 ~ 7 )|

) (5.17)
11 11 (2

<ecs| —+— ) +(eco+2¢c6) | =+ — —||u () = u™ (1)][5y.
nom nom

Let us choose ¢ so that 2 — el? = 0, that is, € = 2/I* and integrate the last inequality over
(0,t). Then, invoking the fact that u("(0) = u™(0) = Uy, we obtain for all ¢ € I that

M) 4y — 4m (p)| 268T<l l) ( )(1 l)
[|u'™(t) —u (t)||321< 7 n+m +2T 12+C6 n+m

2ot )
+— J |u™ (1) — u'™(1)|]5.dT,
2 Jo 2

(5.18)

giving by Gronwall’s lemma

1 1)\° 11
6™ () — ™ (1)] 5 < [cw(—+—> +c11(—+—>]em viel, (519
2 n m n m

with ¢j0 := 2¢5 T/1? and ¢1; := 2T (co/I? + ¢6). Accordingly,

1/2
1 1)\ 1 1
||u(”)(t)—u(”‘)(t)||31<[cm(+) +c11(+)} T4 el (5.20)
2 n m n m

then, taking the supremum with respect to t in the left-hand side of this inequality, we
have

1/2
1 1)\’ 1 1 p
(1™ = a1 g a0,y < [CIO(ZJr%) +C“(E+E)] o G2y
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which implies the existence of a function u € C(I,B1(0,1)) such that 4" — u in this
space. Moreover, passing to the limit 7 — oo in (5.21), we obtain the error estimate (5.2)
with ¢ = ¢15 := \/ero + crre” 774, which achieves the proof. O

Next, some properties of the function u from Theorem 5.1 are listed in the following
theorem.

THEOREM 5.2. For the function u from Theorem 5.1, it holds that
(i) u € L*(I,V) n C»(1,Bi(0,1));
(ii) u 15 strongly dzﬁerentzable a.e.in I and du/dt € L (I,B}(0,1));
(iii) u ( ), 7™M (t) — u(t) in V forallt e I;
(iv) du™/dt — du/dt in LZ(I,Bé(O, 1)).

Proof. On the basis of estimates (4.37) and (4.38), uniform convergence statement from
Theorem 5.1 and the continuous embedding V < B1(0, 1), the assertions of the present
theorem are direct consequences of [3, Lemma 1.3.15]. O

Gathering all the obtained results, we are in position to state our existence theorem.

THEOREM 5.3. There is a unique weak solution to the problem (1.8)—(1.11) in the sense of
Definition 2.2, namely the limit function u from Theorem 5.1.

Proof. In light of what precedes, the properties (i) and (ii) from Definition 2.2 are al-
ready fulfilled. Moreover, since u™ — yin C(I ,B}(O, 1)) when n — oo and, by definition,

(M(0) = Uy, it follows that u(0) = U, holds in B3(0,1) so the initial condition (1.9) is
also fulfilled. It remains to show that u satisfies the integral equation (2.14). Integrating
(5.1)" over (0,t) C I and invoking the fact that u™(0) = Uy, we get the approximation
scheme:

("™ (t) - Uo,§) g1 + Jot @"(1),¢)dr = Jt (7('1) (T,ﬁ(”) (T - £>>,¢>B§dt (5.22)

0

To investigate the behavior of (5.22) as n — o, we need some additional convergence
statements. Since ™ (t) — u(t) in V for all t € I and since for all fixed ¢ € V, the linear
functional v — (v,¢); is bounded on V, we have

(" (t),) gy —

2

(u(t),(/))B%, Vtel (5.23)

On the other hand, in view of the assumed Lipschitz continuity of f, we have

s
(=) s

" (5.24)

<z[|tj—r| (14l g + )5 +

u" <T - %) —u(7)

bl
By
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forall 7 € (tj_1,t], 1 < j < n, whence

[ (et )t

< l(cﬁ + Hﬁ(’” (r - I) —u(7) ) (5.25)

forall T € (0, T], where c13 := T(1+ c2 + llull¢(z,y(0,1)))- But owing to the estimates (4.39),
(4.40), and (5.2), we have

u (T - Z) —u(r)|| < ﬂ(”)(r - I) —u" (1)
n B! n B}
+[[@" (1) = ™ (1) | gy + |4 (7) = u(7)][ (5.26)
2¢3T
<48 vre ),
no o n

which in turn implies that

Hf (T un)(.[_%>)_f(_[’u(1)) l < (C13+2;i/’12_'+C12)l’ E(O,T]’ (527)
therefore
T(H) (T,ﬁ(n) (T - %)) — f(r,u(r)) inB}(0,1), VT e (0,T]. (5.28)

Now, due to (5.7) and (5.9), the functions |(7(n)(r,ﬁ(”) (r — T/n)),¢)p:| and I(ﬁ(”)(r),gb)l
are uniformly bounded with respect to both 7 and #, so the Lebesgue theorem of domi-
nated convergence may be applied to (5.28) as well as to the convergence statement (iii)
from Theorem 5.2 giving

Jot(?(n)( (")<T—%>))) dT—*J (,u(1)),$)prdr, Vtel, (5.29)

Jt (@(1), ) dr — Jt (u(r),¢)dr, Viel, (5.30)
0 0

as n — oo. Then, passing to the limit # — o in (5.22), we obtain by (5.23), (5.29), and
(5.30) that

t

(u(t) — Uy, ) o + JO (u(r),$)dr = J (f (£,u(2)), 9) 7, (531)

0

for all ¢ € V and t € I. Finally, differentiating this last identity with respect to ¢ recalling
that u: I — B}(0,1) is strongly differentiable for a.e. t € I, we get the required relation
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(2.14) thanks to the relation

d d
$(u(t),¢)3; = (d—bt’(t),¢)3%, vtel, Ve V. (5.32)

Thus u weakly solves the problem (1.8)—(1.11).

Regarding the uniqueness, let us consider two weak solutions % and # of (1.8)—(1.11).
Subtracting the identity (2.14) written for # from the same identity written for # and
putting ¢ = #(¢) — %(¢) in the resulting relation, we get

(Gr0a0) ] = (F0a0) - FEAOu0) Vil (533

where u := 7 — i. Then, integrating between 0 and ¢ by taking into account that ((du/
dt)(t),u(t))p = (1/2)(d/dt)||u(t)|\é; and u(0) = 0, we derive

t t
||u(t)||§% +2JO lu(o)|| dr = ZL (f (r, (1)) = f(7,5(7)),u(r)) pydr
t
<2 1f (@) = £ (07@) g lu) e (5.39)
gzzrnuun@ﬁ, viel,
0

from where Gronwall’s lemma yields [|u(t) II%321 =0, for all ¢ € I, which means that 7 =
u. O

To conclude, we give a result of continuous dependence of the solution upon the data.
THEOREM 5.4. Let f* :1x L*(0,1) — L?(0,1) and Uy : [0,1] — R be two given functions

satisfying assumptions (H1)—(H3). If u* denotes the weak solution of problem (1.8)—(1.11)
corresponding to the pair (f*,Ug") in lieu of (f,Up), then the inequality

Jute) = Ol + | Nl = (2) Pl
‘ (5.35)

< 0o~ U Iy + [ 1 (o) — f* (e () e

holds for all t € I.

Proof. Subtract identities (2.14) for u and u™*, put ¢ = u(t) — u*(t), and integrate the
resulting relation over (0,t). we have:

t
20 = w Ol = 2100 - w O3y + [ lutt) - u* 0P
0 (5.36)

t
= [ o) = £ @ 1), ut0) - (0)

0
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hence

o) = ()3 +2 | [lute) = u (o)
b (5.37)
<110 U 3+ 2 17 0) = £ ot () g s0) = 4 (1)

The application of (2.12) to the second term in the right-hand side leads to
t
() —u* (1) +2L (6 —u* (0| de

<||U0—U5‘||§;+ejo I1f (z,u(t)) —f*(T,u*(T))Hfa;dTJf%L u(t) — () [,
(5.38)

from which inequality (5.35) follows by taking ¢ = 1. This achieves the proof. O
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