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We consider the interloss times in the M/M/1/1 Erlang Loss System. Here we present the explicit
form of the probability density function of the time spent between two consecutive losses in the
M/M/1/1model. This density function solves a Cauchy problem for the second-order differential
equations, which was used to evaluate the corresponding laplace transform. Finally the connection
between the Erlang’s loss rate and the evaluated probability density function is showed.
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1. Introduction

In this paper, we treat the random variable T; representing the time spent between the ith
and the (i — 1)th lost unit or ith interloss time, in the M/M/1/1 loss system.

The M/M/1/1model is characterized by the Markov property of entering and exiting
processes, by one service channel and by the system capacity to accommodate one customer
at a time (for an overview see Medhi [1, page. 77]).

Our work has been inspired by the location problem of emergency vehicles
(ambulances). Each vehicle can be regarded as an M/M/1/1 (or M/Ex/1/1) system,
because its clients cannot wait in the queue.

In Emergency Medical Systems (EMSs), the nearest ambulance to the accident place is
called “district unit”, and it assures the best performance to the system. If an emergency
call arrives at EMS while its “district unit” is busy, the nearest ambulance among those
available is dispatched (see Larson [2] or Larson [3]). The length of interloss times affects
the performance of the system and provides an informative support on efficiency of EMS.

For the exponential M/M/1/1 loss model it was conducted, in Ferrante [4], a detailed
description of the process of losses

{L(t) }50, (1.1)
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where L(t) represent the random number of losses in the time interval [0, t). Let P,slk) (t) be the
conditional probability to lose m clients in [0, t) with k customers in the system at time ¢ = 0:

POt =P(L(t)=m |k}, k=01, (1.2)

the main results found in Ferrante [4] are the explicit values of the conditional probabilities

of no losses in [0, ):

PO () = e~ @/D@40) [ cogh L) + K si tyr(L+p)
0 = 5 5 ,
I p(4d+p) |
, - (1.3)
P(O) (t) _ e—(i/Z)(Z)LﬂA.) cosh t #(4)L + ‘u) + 20 + H sinh t /”l(4)‘ + /’[)
0 2 2 7
I p(4d+p) |

and the iterative procedure to determine the distribution of the total number of losses in
[0,t).All is obtained by solving the inhomogeneous differential equations

(1.4)

m-1/

P (1) = - (20 + ) %P,Sf) (t) - \2PY(t) + )L%P,(:_)l(t) +A2p%

with Pf’lc) (t) = 0 and the initial conditions depending on the k (= 0, 1) customers in the system

at t = 0. Furthermore, the generating probability functions G (s, t) of P (t) were evaluated
and their explicit values are the following;:

Gi(s,t) = e"#/2(2+u-2s)

VO s s
et : g) § + e sinh ( g) H ,
()‘5 - ,H)z +4Apu
_ (1.5)
GO(S, t) = e_(t/z)(z)t+l,{_)Ls)
/(s = p)* + 4dp 20+ p—As ot (As — )% +4du
x | cosh > + sinh . ‘
(ks — ) + 4y
The aim of this work is to identify the type of the process of interloss times
{T(i) }ieZ+ w6
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for the M/M/1/1 loss model and to find the differential equation which governs it, in order
to determine the probability density functions

d
fT(i)(t) = EP{T(i) < t}/ (1.7)

withi=1,2,... and the related properties.

Our results show unexpected connections among very different branches of prob-
ability such as random motion on hyperbolic space and queueing systems. In effect, the
probabilities appearing below have a structure quite similar to the Hyperbolic distances of
moving particles envisaged in Cammarota and Orsingher [5].

In Section 2, we establish that {T(; },c+ is a renewal process for the M(A)/M(u)/1/1
loss system and that the density functions (1.7) solve the second-order linear homogeneous
differential equations

& d ,
ﬁfT(i) (t) = _(2‘)L + ‘Ll) EfT(i) (t) - fT(i) (t) (18)

Let v(t) be the number of customers in the system at the moment ¢, and let t; be the
moment of the ith loss with t;, = 0. The initial conditions for (1.8) depend on v(t;_,), and the
renewal process {T(; },cz- has the following property:

froy () = fr, (1), if»(0) =1,
fT(l) (t) ?éfT(i) (t), if»0)=0

(1.9)

fori>1.

In Section 2, we also present the derivation of (1.8) and its solution conditionally by
v(0).

Let fr,, (t;7) be the conditional density function of the 1th interloss time with i (= 0,1)
customers in the system at time ¢ = 0:

fro, (1) = %P{Tu) <t|»(0) =i}. (1.10)

For the M(A)/M(pu)/1/1 model, the explicit values obtained for (1.10) are the
following:

si ,

/(o /(4L + ) p B+ p)
Le~®/2(2441) | cosh 5 - nh 5
V(4 + )

fT<1) (t; 1) =
(1.11)

202~ /D@ B/ (4N + )

fro, (£0) = sinh > .

(4 + )
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In Section 3, we compute the laplace transforms of (1.10):
F}m (s;1) = fo e‘Sth(l) (t;1)dt (1.12)

fori=0,1, using (1.8).
The explicit values obtained for (1.12) are the following;:

. AL +s
FT(l) (S, 1) — ( > ) ,
(L+5)" +su
(1.13)
) A?
FTO) (50) = ————.
(A+8)"+su
Finally, let @ii) be the conditional means of the 1th interloss time
@ _ —
©," =E[Ty) | v(0) =1], (1.14)
with i = 0,1; it has been checked that their values are
a _ 1 o_1 1
@1 = ;, (91 = ; + X’ (115)

where 7 is the Erlang loss rate, and 1! is the interarrival mean time.

2. First Interloss Time

In the M(A)/M(p)/1/1 model, let v(t) be the number of customers in the system at the
moment t, let 7¢) be the kth interarrival time, let tx be the moment when the kth client enters
the system, let Sy be the service time of the kth served customer, let T;) be the ith interloss
time. Furthermore, let [;() be the arrival order of ith loss happened in t, starting from the
(i — 1)th loss, and let t;, be the moment when the ith loss happen, with t;, = 0 and #;,¢;) = t.

If we consider that the system is busy at time ¢ = 0, the event “The 1th interloss time ist”
is represented by Figure 1.

The random variable T 1) can be expressed as follows:

L(t)
T(1) = ZT(k)’ (2.1)
k=1

where [; (t) represents the arrival order of the 1th loss happened in t;, () = t, starting from zero.

Now, let P{"(t) be the conditional probability that the arrival order of 1th loss
happened in t with v(0) = 1isequal ton :

P (t) = P{Li(t) = n | »(0) = 1}, (2.2)
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() () 7@3) T (1)

—
Jr J g 1

0Sy t &1 t S t3 " tyw-1 Shw-1 the =t

Figure 1: The 1th interloss time is t with P{v(0) =1} = 1.

and it can be expressed as follows
P,(ll) (t) = P{SO <TA),e-es S, < T(n-1), S,1>t— tn—l} (2.3)

and can be computed conditionally by the (n — 1) moments when the served customers have
arrived at the system

—!
Pr(ll)(t) = mtnT”J‘ dty---
0

tno2

n-1
Aty O] [1 - e—u(t,»—tm]
i=1

(2.4)
(Tl - 1)! (0)
= tn——an—Ll(t)’
where
t t n-1
FO (1) = f dty - f dtn_le‘”(t‘t"*l)n[l - e-ﬂ“f-fffﬂ]. (2.5)
’ 0 tno i=1
Lemma 2.1. The functions
t t n
Fr(zsl) (t) = f dty--- dtne—#(t—fn)n[l _ e—#(fi—fH) (2.6)
’ s tn i=1
with ty = s do not depend on t but on the time interval [s,t):
0
FO(t) = FO(t - s). 2.7)
Proof. We proceed by showing that (2.7) is true for n = 1:
t
FE)(t) = f dty e [1 - ght=)]
S
1 — e~ H(t=9) (2.8)

— (t—s)e M9

0
FO(t-s).
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Then, we suppose that it is true for n — 1, and we obtain that

t
FO)(t) = J' b [1 - eI E) ()
: (2.9)
- [ anGP eEY, - 1),
S

where

t
GO (t)) = J‘ docpe ), (2.10)
Finally, by the Markov property of the exponential distribution, the (2.7) appears

t-s
FO)t) = J' GO ()Y, (t -5 - 1y). 2.11)
0
0

The conditional density function
d
fro (1) = EP{T(D <t|v(0) =1} (2.12)

can be evaluated as mean of convolution of [ (t) exponential probability density functions,
and thus we have that

Fro 1) = D fsr g OP (£) = e S AE (1), (2.13)
n=1 n=0

At first, we state the following result concerning the evaluation of the integrals F 1(101) (t),n>1.

Lemma 2.2. The functions
t t n
FO(t) = f dt; - J dtye T [1 - ettt (2.14)
0 th-1 i=1
satisfy the difference-differential equations
& o d 1) 0)
a0 = —pp FNO + uE L (0), (2.15)

wherety=0,t>0,n>1.
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Proof. We first note that
©) t 0T (t-t52)
- —p(t-t, _ o ulti—tia
thn )(t) = f dt -- L_l dtye 1:1[ [1-e ]
t t n-1
= I dty--- dt,_1 [] - e—ll(f—tn—l)] H [1 _ e_l'{(ti_ti—l):l (2.16)
0 tn2 i=1

t t n
- . —p(t-ty) _ opu(ti~tiq)
yf dty - f dtye T [1-e |
0 i=1

tn1

and therefore

d t t n-1
_ZFr(lol)(t) = ‘uf dt - j dtn_le—y(t—t,,,l)l_[[l _ e—ﬂ(ti—t,-,l)]
dt . . ]

_ .“f;dtl ... ;Zdtn_l [1 _ e—#(t—tnq)] ]?j [1 _ e—ﬂ(ti—tH)]

(2.17)
t t n
P f b [ et [1 - emittion]
0 tn1 i=1
S LEO 1+ uF®. (o).
= THGi HE 0
O

In view of Lemma 2.2 we can prove also the following.

Theorem 2.3. The function fr, (t;1) satisfies the second-order linear homogeneous differential
equation

a2 d
EfT(l) (t’ 1) = _(2)L + Au) EfT(l) (t’ 1) - ‘)tsz(U (t/ 1)/ (218)
with the initial conditions
d
fT(1> (0/ 1) = /\/ afTu) (t; 1)|t=0 = _-’\()l + /’l) (219)

The explicit value of fr,, (t;1) is

(4 - 4
ot2eu | VH (Bh+p) —p /2, VH (4h+p) +p o720/ |

2\/u(4d +p) 2\/u(4d + p)

fT(l) 1) = A

(2.20)
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Proof. From (2.13), it follows that

d - n+
—fr(61) = =Afr, (1) +e “ZA ! thfl’(t), (2.21)

and thus, in view of (2.17) and by letting Ff(i)’l (t) =0, we have that

d2 ) .
Sy (1) ==} D 1)~ de “ZA"“ ZEa+e “Zl a4 ¥ ~FO)

d d
= _ZAEfT(n (1) - )‘szm (E1) + Apfr,y (1) —p [Eme (1) + Afr, (£1)

d
==+ @) = fr, (61) - M fr, (51).
(2.22)

While the first condition is straightforward to verify, the second one needs some explanations:
if we write

At; 1 0;1
dtha (5Dl = Jlim fT(”( )Atf”( : (223)

and observe that
frioy (A1) = e AAF (AF) = le W18 = A1~ (A + p) At] +0(AF), (2.24)

by substituting (2.24) in (2.23) the second condition emerges.
The general solution to (2.22) has the form

ot/ 0+p) [Ae(t/Z)q/‘u(él)w‘u) + Be—t/2) /;4(4A+,4)]‘ (2.25)
By imposing the initial conditions (2.19) to (2.18) we obtain (2.20). O

Remark 2.4. By (2.7) derive that the functions fr, (t;1) do not depend on ¢, but on the time
interval [t;,,,t), in fact if f;,, = s, we have that

fro(t51,8) = e ENAEC (1) = fr (- 5;1), (2.26)
n=0

fori=1,2,....
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Figure 2: The 1th interloss time is t with P{v(0) =0} = 1.

Furthermore, by the Markov properties of the M/M/1/1 system, the random
variables T(1), T2), . . . are independent, and {T(;},c- is a renewal process with

fT<1) (t) = fT(i) (t) if V(O) =1,
fT(l) *) #fT(,») (t) ifv(0)=0

(2.27)

Remark 2.5. If A — 0 we get fr, (t;1) = 0, because the 1th interloss time is greater than ¢,
Vt > 0, when nobody enters.

If 4 — 0, we have that fr, (t;1) = le™ because without exits and with the system
busy at t = 0, the 1th interloss time has the same distribution of the interarrival time.

Remark 2.6. The probability density function fr, (t;1) can be expressed by the following
hyperbolic functions:

Let2ew | ht p(4L+p) ~ U ot/ p(4d+p)

fro, (1) = 0s 3 sinh i (2.28)

\WACEID) 2

Now, if we assume that the system is free at the starting point, the event “The 1th
interloss time ist” is represented by Figure 2.

Let P{”(t) be the conditional probability that the nth entered customer is the 1th lost
at time t, when v(0) =0,

PP (t) = P{li(t) = n | »(0) = 0}
=P{S1 <7@),...,Sn-2 < Tn-1), Sn-1 > t — tu-1},

(2.29)

it can be computed conditionally by the (n — 1) moments when the served customers have
arrived at the system

|
POt = (n = 1)Idt1 f dt, et WH[l e M- “1)] 1)t ,‘lo)lo(t) (2.30)

fn- T -1
where

n-1
FO ) _f dt - f dty eI [1 - ertitn] (2.31)
tn2 i=2
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The function fr, (t;0) can be computed as mean of convolution of I;(t) exponential
probability density functions. So we have that

fro®0) = > s o PO (1) = e AFD, (). (2.32)
n=2 n=2

Lemma 2.7. The functions

t n
FO@) = f dty | dtye T [1 - et (2.33)
’ 0 tn i=2
satisfy the difference-differential equations
& o d o 0
ﬁFn,(),(t) = —yEFfl,())(t) +uFY (8, (2.34)
wheret >0,n > 1,Fé?g(t) =0.
Proof. See proof of Lemma 2.2. O

In view of Lemma 2.7 we can prove also the following.

Theorem 2.8. The function fr,,(t;0) satisfies the second-order linear homogeneous differential
equation

d? d
= fro, (£0) = =(24 + p) % fro (£0) = X fr, (£0), (2.35)
with the initial conditions
d 2
fT(1> 0;0)=0, Eme (£0)];-0 = 1. (2.36)
The explicit value of fr,, (t;0) is

2
me (£;0) = /\—e—(t/zxz)ary) I:e(f/z)'\///l(‘l)ﬁ—‘u) _ e—(t/Z)«/‘u(4J\+/4)]. (2.37)
\/H(4h + p)

Proof. By substituting in (2.21) and (2.22) ) (f) with F\()(t), (2.35) emerges. While the first

condition is straightforward to verify, the second one needs some explanations: if we write

d . . fT(l)(At;O) _fT(n (0;0)
=/ (E0)lio = lim A7 , (2.38)
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and observe that

At
fro, (A0) = e-*“ﬁe-ﬂ“f etidt; = \2At + o(At), (2.39)
0

by substituting (2.39) in (2.38), the second condition emerges.
By imposing the initial conditions (2.36) to (2.35), we obtain (2.37). O

Remark 2.9. It A — 0, we get fr,, (t;0) = 0 because the 1th interloss time is greater than ¢,
Vt > 0, when nobody enters.

If p — 0, we have that fr, (t;0) = \?te™* because without exits and with the system
free at t = 0, the 1th interloss time is equal to the sum of 1th and 2th interarrival times.

Remark 2.10. The function fr,, (;0) can be expressed by the following hyperbolic function:

202~/ H (4N + )

fro, (£0) = sinh . (2.40)

VH(EA + ) 2

Remark 2.11. The function fr, (t;0) can also be computed as the convolution of the
exponential density with rate A and fr,, (t;1):

t
i 650) = [ et i (¢~ ;D (2.41)
0
In fact, if we observe that
o t t t n t ,
R0 = [ anf ane [ aner o TT[i-evt] < [ anrl, @, a2
1 n-1 i=2

by (2.7), (2.32), and (2.42) we obtain that

=) t
fT(l) (t; 0) = e_MZ)‘nJ‘Odtl F,(10_)2,1 (t - tl) = fT(l) * fT(l) (t; 1) (243)
n=2

3. Interloss Mean Time

In this section we compute the laplace transforms of the density functions (2.20) and (2.37),
and we evaluate the averages of the 1th interloss time, conditionally by v(0).

Theorem 3.1. The laplace transform of fr,, (t;1)

By, (si1) = [ e, 1) @)
0
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satisfies the equation

st}m(s; 1) —sA+A(A+p) = (20 + p)sFy.

1)

(5;1) + A (24 + ) - )31—“;“) (s;1), (3.2)

and its explicit value is

. AL +s
FTQ) (S, 1) = (—2) (33)
(A+8)"+su
Proof. By (2.18), (2.19), and the property
oodt.«f“if (t;1) = sF;_(s;1) = f1,,(0;1) (3.4)
o at Ty \Es = Ty \°7 Ty\Yr L), .
the results (3.2) and (3.3) emerge. O
Remark 3.2. The 1th conditional interloss mean time
o = E[Ty | »(0) =1] (3.5)
can be found by evaluating the derivative of (3.3) with respect to s in s = 0, as follows:
) Atp
~3oFiy 5Dl = 7 (3.6)

In the M/M/1/1 model, the interloss mean time (3.5) is equal to the inverse of the Erlang
loss rate.

Theorem 3.3. The laplace transform of fr,, (t;0)

Fr (s;0) = jo e fr,, (£;0)dt (3.7)
satisfies the equation
$Fy, (5;0) =A% = (20 + p)sFy (s;0) - N’F; (s;0), (3.8)
and its explicit value is
)L2
Fr,,(50) = ———. 3.9
T 0 = o o (39)

Proof. By (2.35), (2.36), and (3.4), the results (3.8) and (3.9) emerge. O



Journal of Applied Mathematics and Stochastic Analysis 13

Remark 3.4. The conditional interloss mean time
0% = E[Tyy | v(0) = 0] (3.10)

can be found by evaluating the derivative of (3.9) with respect to s in s = 0, as follows:

d . o1
~==Fi, (5:0)ls0 = ol + T (3.11)

Remark 3.5. By (2.41), the result (3.9) can be obtained using (3.3), as follows:

. Lo
Fr.,(s;0) = mFT(]) (s;1). (3.12)

Now, let T}, be the time spent between ¢ = 0 and the nth loss, the conditional density functions
(i) = S PIT, <5, .13)
with i = 0,1, can be evaluated by convolutions as follows: if i = 0, we have that
fr.(60) = fr) * fro, (1) %+ % fr, (1), (3.14)
while if i = 1, we have that
fr,(t:1) = fr,, (1) * - fr, (£ 1). (3.15)

By the independence between interloss times, the laplace transforms of (3.14) and (3.15) can
be expressed as power of (3.3) as follows:

(i) ifi = 0,
Fr(5:0) = Fp 5o 7, (51) = 1 f‘r - [(A);()St): i)ﬂs]"l (3.16)

(i) if i = 1,
Fj (51) = Py 7 (551) = [()L);()st)—:)#s]n (3.17)

Remark 3.6. The conditional averages

O = E[T, | »(0) =], (3.18)
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with i = 0,1, can be permuted by evaluating the derivatives of (3.16) and (3.17) with respect
to sin s = 0, thus obtaining

(i) if i = 0, we have that

d . 1
~==Fi (5:0)ls0 = nel) + T (3.19)
(ii) if i = 1, we have that
d . M
- Fr, (511l =m0}, (3.20)
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