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We provide existence and uniqueness of global (and local) mild solutions for a general class of
semilinear stochastic partial differential equations driven by Wiener processes and Poisson random
measures under local Lipschitz and linear growth (or local boundedness, resp.) conditions. The so-
called “method of the moving frame” allows us to reduce the SPDE problems to SDE problems.

1. Introduction

Semilinear stochastic partial differential equations (SPDEs) on Hilbert spaces, being of the
type

Z; = (AZt + lX(t, Zt))dt + O'(t, Zt)th,
(1.1)
Zy = z,

have widely been studied in the literature, see, for example, [1-4]. In (1.1), A denotes the
generator of a strongly continuous semigroup, and W is a trace class Wiener process. In view
of applications, this framework has been extended by adding jumps to the SPDE (1.1). More
precisely, consider an SPDE of the type

AZ; = (AZ; + a(t, Z0))dt + o(t, Z:)dW; + f Y(t, Zi_, x) (u(dt, dx) - F(dx)dt),
E (1.2)

Zy = 2o,
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where p denotes a Poisson random measure on some mark space (E, £) with dt® F(dx) being
its compensator. SPDEs of this type have been investigated in [5, 6], see also [7-12], where
SPDEs with jump noises have been studied.

The goal of the present paper is to extend results and methods for SPDEs of the type
(1.2) in the following directions.

(i) We consider more general SPDEs of the form

dzZ; = (AZy + a(t, Zy))dt + o(t, Z;)dW; + J. Y(t, Zi-, x) (u(dt, dx) — F(dx)dt)
B

+ J Y(t, Zi, x)u(dt, dx), (1.3)
BC

Zy = zo,

where B € & is a set with F(B®) < oo. Then, the integral [, represents the small
jumps, and [, represents the large jumps of the solution process. Similar SDEs have
been considered in finite dimension in [13, Section I1.2.c] and in infinite dimension
in [14].

(ii) We will prove the following results (see Theorem 4.5) concerning existence and
uniqueness of local and global mild solutions to (1.3):

(1) if (@, 0,y|p) are locally Lipschitz and of linear growth, then existence and
uniqueness of global mild solutions to (1.3) hold;

(2) if (a,0,y|p) are locally Lipschitz and locally bounded, then existence and
uniqueness of local mild solutions to (1.3) hold;

(3) if (a, 0, y|p) are locally Lipschitz, then uniqueness of mild solutions to (1.3)
holds.

In particular, the result that local Lipschitz and linear growth conditions ensure
existence and uniqueness of global mild solutions does not seem to be well known
for SPDEs, as most of the mentioned references impose global Lipschitz conditions.
An exception is [3], where the author treats Wiener process-driven SPDEs of the
type (1.1), even on 2-smooth Banach spaces, and provides existence and uniqueness
under local Lipschitz and linear growth conditions. In [3], the crucial assumption
on the operator A is that it generates an analytic semigroup, while our results hold
true for every pseudocontractive semigroup.

(iii) We reduce the proofs of these SPDE results to the analysis of SDE problems. This
is due to the “method of the moving frame”, which has been presented in [6]. As a
direct consequence, we obtain that any mild solution to (1.3) is cadlag.
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As just mentioned, we will utilize the “method of the moving frame” from [6], which allows
us to reduce the SPDE problems to SDE problems. Therefore, we will be concerned with SDEs
in Hilbert spaces being of the type

dY, = a(t,Y,)dt + b(t, Y,)dW; + f c(t, Yo, x) (u(dt, dx) — F(dx)dt) + f c(t, Yie, x)p(dt, dx),
B Be

YO = yo.
(1.4)

By using the technique of interlacing solutions at jump times (which, in particular cases has
been applied, e.g., in [15, Section 6.2] and [10, Section 9.7]), we can reduce the SDE (1.4) to
SDE:s of the form

dY; =a(t,Yy)dt + b(t,Y,)dW,; + f c(t, Yi-, x) (u(dt, dx) — F(dx)dt),
B (1.5)

Yo = yo,

without large jumps, and for those SDEs, suitable techniques and results are available in the
literature. This allows us to derive existence and uniqueness results for the SDE (1.4), which
are subject to the regularity conditions described above. We point out that [14] also studies
Hilbert space-valued SDEs of the type (1.4) and provides an existence and uniqueness result
considerably going beyond the classical results which impose global Lipschitz conditions. In
Section 3.3, we provide a comparison of our existence and uniqueness result for SDEs of the
type (1.4) with that from [14].

The remainder of this paper is organized as follows: in Section 2, we provide the
required preliminaries and notation. In Section 3, we prove existence and uniqueness results
for (local) strong solutions to SDEs of the form (1.4), and in Section 4, we prove existence and
uniqueness results for (local) mild solutions to SPDEs of the form (1.3) by using the “method
of the moving frame.”

2. Preliminaries and Notation

In this section, we provide the required preliminary results and some basic notation.
Throughout this text, let (Q, ¥, F,P) with F = (%), be a filtered probability space
satisfying the usual conditions.
Let U be a separable Hilbert space, and let Q € L(U) be a nuclear, self-adjoint, positive
definite linear operator. Then, there exist an orthonormal basis (e;) ey of U and a sequence
(A1) jen C (0, 00) with 3 ;e Aj < oo such that

Qe]- = )Lj@j V] eN, (21)
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namely, the \; are the eigenvalues of Q, and each e; is an eigenvector corresponding to ;.
The space U, := Q'/?(U), equipped with the inner product

(w,v)y, = <Q‘” u, Q7Y 2v>u, (2.2)

is another separable Hilbert space, and (\/)Tje]-) jen 1s an orthonormal basis. Let W be a U-

valued Q-Wiener process, see [1, page 86, 87]. For another separable Hilbert space H, we
denote by Lg(H ) := Lp(Uyp, H) the space of Hilbert-Schmidt operators from Uy into H, which,
endowed with the Hilbert-Schmidt norm

1/2
19011y = <ZN||<I>(\/I]3])||2> , ®eLi(H), (2.3)
je

itself is a separable Hilbert space.

Let (E, &) be a measurable space which we assume to be a Blackwell space (see [16,
17]). We remark that every Polish space with its Borel o-field is a Blackwell space. Further-
more, let y be a time-homogeneous Poisson random measure on R, x E, see [13, Definition
I1.1.20]. Then its compensator is of the form dt ® F(dx), where F is a o-finite measure on
(E,€).

For the following definitions, let T be a finite stopping time.

(i) We define the new filtration F(*) = (?t(T))t20 by

D =G, £20. (2.4)

(ii) We define the new U-valued process W™ by

W = Wea - Wy, £20. (2.5)

(iii) We define the new random measure p(” on R, x E by

1™ (w; B) := p(w; Brw)), w€Q, BEB(R,)®E, (2.6)

where we use the notation

B :={(t+1,x) e R, xE: (tx) € B}. (2.7)

Then, W™ is an F(M-adapted Q-Wiener process, and u(™ is a time-homogeneous
Poisson random measure relative to the filtration F(™ with compensator dt ® F(dx), cf. [18,
Lemma 4.6].

Lemma 2.1. Let ¢ be another stopping time. Then, the mapping (¢ — 7)* is an F™-stopping time.
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Proof. For every t € R, we have
{(o-m) <t} =fo-T<t}={osr+t} eFru=F", (28)

showing that (0 — 7)* is an F(™-stopping time. O
g Q pping

Denoting by P the predictable o-algebra relative to the filtration F(, we have the
following auxiliary result.

Lemma 2.2. The following statements are true:

(1) the mapping

0, : QxR, — QxR,, 0:(w, t) = (w, T(w) + 1) (2.9)

is P -pP-measurable.

(2) the mapping
0 : Q— QxR,, U (w) = (w, T(w)) (2.10)

is Fr-P-measurable.

Proof. According to [13, Theorem 1.2.2], the system of sets
{Ax{0}: AeFo}U{[0,¢] : ¢ is a stopping time} (2.11)
is a generating system of the predictable o-algebra f. For any set A € %o, we have
-1 (Ax {0)) = (An{T=0})x {0} € p™. (2.12)
Furthermore, for any [F-stopping time @, we have

0:1([0,0]) = 6;' ({(w, 1) e Q xR, : 0 <t < o(w)})
={(w,t) e QxR : 0< T(w) +t < @(w)}
2.13
={(w, 1) e QxR : 0<t < Q(w) —T(w)} A
=[0,0-7]=[0,(¢-7)]\ ({7 > o} x {0}) € P,

where, in the last step, we have used Lemma 2.1. This proves the first statement.
According to [13, Theorem 1.2.2], the system of sets

[Ax{0):AeFo)U{Ax (st]:s<t AcF (2.14)
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is a generating system of the predictable o-algebra /. For any set A € ¥, we have
31 (Ax{0))=ANn{T=0} €FoCFr. (2.15)
Furthermore, for all s,t € R, with s <tand A € ¥, we have

O (Ax(s,t]) =An{s<t)n{T <t} €F,, (2.16)

establishing the second statement. O

Let us further investigate the Poisson random measure p. According to [13, Proposi-
tion I1.1.14], there exist a sequence (k) oy of finite stopping times with [x,] N [x,] = @ for
n#m and an E-valued optional process ¢ such that for every optional process y : QxR xE —
H, where H denotes a separable Hilbert space, and all 0 < ¢ < u with

]P’(L IE||y(s,x)||y(ds,dx) < oo> =1, (2.17)
we have
J; IE }’(S, x)y(ds, dx) = ZY(KW gk,,)]lltqc,,Sul- (218)
neN

Let B € £ be a set with F(B) < oo. We define the mappings ok : @ — R, k € Ny as

ok =1inf{t > 0: pu([0,t] x B°) =k}, keN,. (2.19)

Lemma 2.3. The following statements are true:

(1) for each k € N, the mapping Qx is a finite stopping time,
(2) one has g = 0 and P(Qx < Qk+1) =1 for all k € Ny,
(3) one has P(¢gx — o) = 1.

Proof. This follows from [19, Lemma A.19]. O

3. Existence and Uniqueness of Strong Solutions to
Hilbert Space-Valued SDEs

In this section, we establish existence and uniqueness of (local) strong solutions to Hilbert
space-valued SDEs of the type (1.4).

Let H be a separable Hilbert space, and let B € £ be a set with F(B¢) < oo. Furthermore,
leta: QxR xH - Handb: QxR x H — Lg(elé) be P ® B(H)-measurable mappings,
andletc: Q xR, x H xE — Hbea ) B(H)®E-measurable mapping.
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Definition 3.1. One says that existence of (local) strong solutions to (1.4) holds, if for each ¥o-
measurable random variable y, :  — K, there exists a (local) strong solution to (1.4) with
initial condition vy (and some strictly positive lifetime 7 > 0).

Definition 3.2. One says that uniqueness of (local) strong solutions to (1.4) holds, if for two
(local) strong solutions to (1.4) with initial conditions vy and y;, (and lifetimes 7 and 7') we
have up to indistinguishability

Y]l{yo=y(’]} = Yljl{yo=y5}f

TAT' 1\ TAT' (31)
<Y Liyo=yy) = (Y') 1{y0=y6]> .

Note that uniqueness of local strong solutions to (1.4) implies uniqueness of strong
solutions to (1.4). This is seen by setting 7 := oo and 7’ := co.

Definition 3.3. One says that the mappings (a, b, c|g) are locally Lipschitz if P-almost surely
5 1/2
<f lc(t, v, x)|| F(dx)) <o, VteR, andally ek, (3.2)
B

and for each n € N, there is a nondecreasing function L, : R, — R, such that P-almost surely

la(t, 1) = a(t, y2) || < La®)||ly1 - v,
[6(t 1) = bt y2) [l 19y < La@®||ly1 - v2

7

(3.3)

1/2
([ Nettyn) - IPF@0) " < Lol - vl

for all t € R, and all y1, y» € K with ||y, [|y:2|| < n.

Definition 3.4. One says that the mappings (a, b, c|p) satisfy the linear growth condition if
there exists a nondecreasing function K : R, — R, such that P-almost surely

la(t )|l < K& (1 +ly]),
”b(t’y)”Lg(Jé) <K®O @+ v, (3.4)

) 1/2
([ Nty 0iPF@n) < ko0 ),

forallt e R, and all y € H.
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Definition 3.5. One says that the mappings (a, b, c|g) are locally bounded if for each n € N,
there is a nondecreasing function M,, : R, — R, such that P-almost surely

latt y)]l < Ma(®),

< f et y,x)”zF(dx))l/z < My(t),

forall t € R, and all y € K with |ly| < n.

For a finite stopping time 7 and a set I' € ¥, we define the mappings a™ : Q x R, x
H— H, QxR xH — LI(H),and ™) : Q xR, x £ xE — H as

a™(t,y) = a(t +t,y)1r, (3.6)
b™h (t,y) =b(r+t,y)lr, (3.7)
crn (t,y,x) =c(t+t,y,x)1r. (3.8)

By Lemma 2.2, the mappings a™ and b™") are p(™ ® B(#)-measurable, and ¢™" is P ©
B(H) ® E&-measurable. We will also use the notation

a™ = g™, b™ =™, ™ = ™), (3.9)

Lemma 3.6. Suppose that T1r is bounded. Then, the following statements are true:

(1) if (a,b, c|p) are locally Lipschitz, then (a™", b, (D) are locally Lipschitz, too;

(2) if (a, b, c|p) satisfy the linear growth condition, then (a™,b(™"), c(™D)|p) satisfy the linear
growth condition, too.

Proof. Suppose that (a, b, c|p) satisfy the linear growth condition. Since 71r is bounded, there
exists a constant T > 0 such that 71r < T. The mapping K := K(e +T) : R, — R, is
nondecreasing, and we have P-almost surely

et y)| = la(t+ 7 y)ic] < KE+ D+ [ly]) < KO+ y]),  (310)

for all t € R, and y € . Analogous estimates for b(™" and ¢™ prove that (a™",
b, c™D|p) satisfy the linear growth condition, too. The remaining statement is proven
analogously. O
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Lemma 3.7. Let T and ¢ be two finite stopping times, and let I' € ¥, be a set with T C {T < o}. If Y
is an F-adapted local strong solution to (1.4) with lifetime @, then

YD =Y, W r (3.11)
is an T -adapted local strong solution to (1.4) with parameters

a=a™, b=, c=c™, wW=w®, U= y(T), (3.12)

initial condition Y;1r, and lifetime (¢ — T)".
Proof. The process Y™1) given by (3.11) is F(” adapted, and we have
T
Y )11[[0,(9—T)*]] (#) = YrurlrLpo (o-ry'p (F) = [Yr + (Yeur = Y7) 1o (o-n)*1 (£)

T+t

T+t
= |:Y7+’[ a(s,YS)ds+j b(s, Ys)dWs

o (3.13)
+ J‘ I (s, Ys-, x) (u(ds, dx) — F(dx)ds)
T B

T+t
+ J J c(s, Y-, x)pu(ds, dx)] Irlgo (o-r)*] ()
T Be
Therefore, we obtain

t t
Yt(T’r)Jl[[O,(Q_TW t) = [YTﬂr + fo a(t + 58, Yris)lrds + fo b(t+s, YT+S)]lrdWS(T)
t
e[ [ el Yiew- 001 (s, d) - Flands) (319
0/ B

t
+ J’ f C(T +5, Y(r+s)-, x) ]lry(T) (ds, dx)] 10,(0-7)'] (t).
O {s

Taking into account the Definitions (3.6)—(3.8) of a™, b, ¢(*1) and the Definition (3.11) of
Y@D it follows that

t t
Y20 ryy (1) = I:Y’rﬂl" + f a™ (5, v )ds + f b0 (5, ") aw!?
0 0

+ JZ J‘B @ <s, Ys(f'r), x> <‘u(T) (ds,dx) - F(dx)ds> (3.15)

t
+ I f ™ (s, Y™, x) u™(ds, dx)] Ljo,(o-r)*1 (B)-
0 (s



10 International Journal of Stochastic Analysis

Consequently, Y™ is a local strong solution to (1.4) with parameters (3.12), initial condition
Y, 1r, and lifetime (¢ —7)". O

Lemma 3.8. Let T < ¢ be two finite stopping times. If Y is an F-adapted local strong solution to
(1.4) with lifetime T, and Y™ is an F-adapted local strong solution to (1.4) with parameters

a=a", b=>b", c=c", wW=w®, U= ﬂ(T), (3.16)
initial condition YT(O), and lifetime ¢ — T, then
Y = YOup,7 + YO g0 (3.17)

is an F-adapted local strong solution to (1.4) with lifetime Q.

Proof. Let t € R, be arbitrary. Then, the random variable Yt(o)Jl{th | is Fr-measurable. Let C €
B(H) be an arbitrary Borel set. We define D¢ € ¥; as

{({T<t}ﬂ{t§@})c if0eC, (3.18)

1] if0¢ C.
According to Lemma 2.1, the mapping (t — 7)* is an F(”-stopping time. Therefore, we get
() (1)
{Y(tT T)* } € ?J_TY = gT+(t*T)+/ (319)

and hence, we obtain

{Yt(_:)-:ﬂ-{fdgg} € C} II-{T<t<Q € C}

{T<tin{t<o}n {Y((tT))+eC}>uDC

e

(1

<Q>t (T#t)n{r<t}n {Y((f)) GC})UDC
(1

{o>t)n{r#tyn{r+(t-1)" = }{Y((tT)yeC})che%,
(3.20)
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showing that the process Y defined in (3.17) is F adapted. Moreover, since Y™ is local strong
solution to (1.4) with initial condition YT(O) and lifetime ¢ — 7, we have

() o, (") o
YO 1g, 008 = [V a (5, Y )ds +

oo (s, ¥{7)aw!”

f ’ f O (5, Y0, x) (4" (ds, dx) - F(dx)ds) (321)

t—T
+ J‘ I ™ <s, Y, x)y(T) (ds, dx)] Lyr0p (£)-
0 {s

By the Definitions (3.6)—(3.9) of a, b™, ¢(™, we obtain

t—-1 t—1
Y0 (1) = [YT(O) f (T +5, Y‘T>)ds + j b(r +5, Y;”)dws“’
0

t-1
+ f IB c(t+s,Y. s_ , x) <;1(T) (ds,dx) - F(dx)ds) (3.22)

0

+ft TJ‘ c T+S, ) @ (ds,dx)]l]]w]](t)
Be

0

Therefore, we get
t t
Y 1 (1) = [YT(O) + f a(s, ) )ds + J b(s, Y )dw,
t
+ f IB c(s, Y2, x) (u(ds,dx) - F(dx)ds) (3.23)

t
+ f f c <s, Y((ST}T)J x)y(ds, dx)] Lyr,0p (1)-

By the Definition (3.17) of Y, we obtain
t t
Y( :H‘]]TQ]] (t) = [Y( ) ’[ [1(5, Ys)ds +J' b(S, Ys)dWs
T T
t
+ f f c(s,Ys-, x) (p(ds, dx) — F(dx)ds) (3.24)
T/ B

t
+ fT f C c(s, Ys—, x)u(ds, dx)] Lz ().
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Since Y(© is a local strong solution to (1.4) with lifetime 7, we deduce that the process Y given
by (3.17) is a local strong solution to (1.4) with lifetime ¢. O

Let k € Ny be arbitrary. By Lemmas 2.1 and 2.3, the mapping Qi+1 — Qx is a strictly

positive F(%)-stopping time. Furthermore, let ' € ¥, be arbitrary, and let y(()ok) :Q — Hbe

(0k)
0

an arbitrary ¥, -measurable random variable.

Lemma 3.9. If Y1) is an F)-adapted local strong solution to (1.4) with parameters
a= a(ok,r), b= b(Qk:r), c= C(@k,r), W = W(Qk)’ U= #(Qk), (3.25)

initial condition y(()Qk)]lr, and lifetime T, then

_ (1)
Yl =i - C<Qk+1' Y(§:+1—Qk)—' Son > Lorn-oi] Liora-qesr) Ir (3.26)

is a F©)adapted local strong solution to (1.5) with parameters (3.25), initial condition yéo")]lr, and
lifetime T A (Qk+1 — Qk)-

Proof. We define | : Q — H as

T
Ji=c (Qk+lr Y((gll;-l)*(’k)*, g(’kﬂ ) Lopa-qesr) T, (3.27)

and the stochastic process (Ji);5g as Ji := J1[g.,—. (t). By Lemma 2.2, the mapping ] is F,,,,-
measurable. Let C € B() be an arbitrary Borel set. We define D¢ € ¥; as

D¢ := {{Q"“ okt %fo €C (3.28)
1] if0¢ C.

Then, for each t € R,, we have

{Jt €C) = {Jljgu-1(t) €C} = ({J € CY N {Qrs1 = @k =t}) UDc

(3.29)
= ({] eCln {Qk+1 = Qk +t}) UDc € ?Qkﬂ = t(()k).

Consequently, the process Y@~ defined in (3.26) is F®)-adapted. Furthermore, by the
Definition (3.26), we have

(ox,T) (o 1)-
Y—Qk ]1[[0,7'/\((’k+1—(?k)]] = Y—Qk Il[[O,T/\(()l<+1—0k)]]/ (330)
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and, by the Definition (3.8) of c(%T) and identity (2.18), we obtain

t
T
<f f clexd) (s, Ys(gk ), x>‘u((’k) (ds, dx)> 1[0,7A(0ke1—01)] ()
0 C

t
= <J‘ J‘ C<Qk + S, Ys(gk,r)/ x) ]]-FI/L(Qk) (ds, dx)> ]]-[[O,T/\(Qkﬂqu)]] (t)
0 C

Qk+t
<f f C(S, Y((jf’sk))_,x> 1ru(ds, dx)>ﬂ[[o,m((,m_@k)ﬂ (1) (3.31)

(o 1)
<§\; <any(ik Q) é;c,,) {¢x, €B} [k<K,,SQk+t]>1[[0,T/\(Qk+1-@k)]] (t)ﬂr
n

(ox, 1)
=cC <Qk+11 Y(Qk+17@k)7r éQkﬂ ) ]1[[Qk+1—§)k]] (t)IL[QkH—QkST} ir,

showing that Y@~ is a local strong solution to (1.5) with parameters (3.25) and lifetime
T A (Qk+1 = Qk)- O

Lemma 3.10. If YD~ js an F@)-adapted local strong solution to (1.5) with parameters (3.25),
initial condition y(o")]lr, and lifetime T, then

- I)-
Yl =yt C<Qk+1/ (5:1 ~ok)~" g@kﬂ)]lﬂokn-okl]ﬂ{@kn-?kg}]lr (3.32)

is a T -adapted local strong solution to (1.4) with parameters (3.25), initial condition y(o")]lr, and
lifetime T A (Qk+1 — Qk)-

Proof. The proof is analogous to that of Lemma 3.9. O

3.1. Uniqueness of Strong Solutions to Hilbert Space-Valued SDEs
Now, we will deal with the uniqueness of strong solutions to the SDE (1.4).

Proposition 3.11. One supposes that the mappings (a, b, c|g) are locally Lipschitz. Then, uniqueness
of local strong solutions to (1.5) holds.

Proof. We can adopt a standard technique (see, e.g., the proof of Theorem 5.2.5 in [20]), where
we apply the It6 isometry and Gronwall’s lemma. O

Theorem 3.12. One supposes that the mappings (a, b, c|g) are locally Lipschitz. Then, uniqueness of
local strong solutions to (1.4) holds.
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Proof. LetY and Y’ be two local strong solutions to (1.5) with initial conditions v, and y;, and
lifetimes 7 and 7’. By induction, we will prove that up to indistinguishability

Y:U-HO,T/\T’/\Q}(]]]]'{yU:yé] = Y,]]-[[O,T/\T'/\Qk]]]l[ygzyé} Vk € Np. (3.33)

The identity (3.33) holds true for k = 0, because by Lemma 2.3, we have g = 0.

For the induction step k — k+1, we suppose that identity (3.33) is satisfied. We define
the stopping time 7y := TAT' AQks1 and the set I := {ox < T} N{yo = ¥} € Fo,- By Lemma 3.7,
the processes Y1) := Y, 1y, and Y/ @10 := Y] 15, defined according to (3.11) are F(®)-
adapted local strong solutions to (1.4) with parameters (3.12), where 7 = @x and I' = I', initial
conditions Y, 1r, and Yék 1r,, and lifetime (7 — k)"

Let n € N be arbitrary, and set I'y, = Tx N {gx < n} € ¥,. The processes

Y@eTo) = y@Tq and y©@eTkn) . Y’(Q"’rk)ﬂr,m are F(@)-adapted local strong solutions to
(1.4) with parameters (3.25), where I = T'x,, initial conditions Y, 1r,, and Yék 1r,,, and lifetime

(Tk — 0x)". By Lemma 3.9, the processes Y @)~ and y'@eTi)= defined according to (3.26) are
F0)-adapted local strong solutions to (1.5) with parameters (3.25), where I' = T}, initial
conditions Yy, 1r,, and Y, 1r,,, and lifetime (7) — 0k)". According to Lemma 3.6, the mappings
(aloeTin) pleeTin) c(euTin)|p) are locally Lipschitz, too. Therefore, by Proposition 3.11, we have
up to indistinguishability

YOI gy = Y O A ) Y EN. (3:34)
By the Definition (3.26), we deduce that up to indistinguishability
YL gy =Y O Iy gy VHEN, (3.35)
and hence, we have up to indistinguishability
YOI 10 Lo mogol = Y Liuem o mogoy Y1 €N, (3:36)
By Lemma 2.3, we have P(gx < o0) = 1, and hence, we get up to indistinguishability
YOI oy =Y @ (3.37)
Therefore, we have up to indistinguishability
YorreLgesm) Lo, (re-0) 1 L (wo=vy) = Y(;k‘*'.:ﬂ'{oks'rk}:H'HO/(Tk’Qk)+]]:H'{y():y6]’ (3.38)
Consequently, we have up to indistinguishability

Y1 ige<r) Lourd Livomyy) = Y Liguzri) Liowmed Liyomy) - (3.39)
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Together with the induction hypothesis, it follows that

le[[O,Tk]]]l{yFy(]} = Y,]]‘ﬂo/'fk]] ]l[yo=y{)lf (3.40)

which establishes (3.33). Since by Lemma 2.3, that we have P(gx — o0) = 1, we deduce
’ AT
Y™ Lyt = (V)™ Liyomys)s (3.41)
completing the proof. O

3.2. Existence of Strong Solutions to Hilbert Space-Valued SDEs
Now, we will deal with the existence of strong solutions to the SDE (1.4).

Proposition 3.13. One supposes that the mappings (a, b, c|g) are locally Lipschitz and satisfy the
linear growth condition. Then, existence of strong solutions to (1.5) holds.

Proof. If the mappings (a,b,c|p) are Lipschitz continuous, then we have existence and
uniqueness of strong solutions to (1.5) for every initial condition yy € £2(Fo; #), see, for
example, [6, Corollary 10.3].

For (a, b, c|g) being locally Lipschitz and satisfying the linear growth condition, for
any initial condition y, € L2(Fo; H), we adopt the technique from the proof of [21, Theorem
4.11]. For k € N, we define the retraction

y  ifllyli <k

y .
k— if ||y| >k
I

Rie:H — H, Re(y) = (3.42)

and the mappings ax : Q x R, x # — #, b : Q x Ry x # — LY(H), and ¢k : Q x R, x
H x E — Has

ax :=ao Ry, b :=bo Ry, ck(e,x) :=c(e,x) 0 Ry. (3.43)

These mappings are Lipschitz continuous, and hence, there exists a strong solution Y® to
the SDE (1.5) with parameters a = ax, b = by, and ¢ = ¢, and initial condition 1. Using the
linear growth condition, Gronwall’s lemma, and Doob’s martingale inequality, we can show
that P(tx — o) =1, where

Tk = inf{t >0 “Y}") || > k}, k € Ny, (3.44)
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that is, the solutions do not explode. Consequently, the process

Y = yolpmg + Y Pl (3.45)
keN

is a strong solution to (1.5) with initial condition yy.

Finally, for a general ¥¢-measurable initial condition vy : Q — K, the process Y :=
S cen YW 1g, is a strong solution to (1.5) with initial condition 1, where (Qx)cy C Fo denotes
the partition of Q given by Qi := {||lyo|| € [k - 1,k)}, and where for each k € N the process
Y® denotes a strong solution to (1.5) with initial condition yolg,. O

Theorem 3.14. One supposes that the mappings (a, b, c|g) are locally Lipschitz and satisfy the linear
growth condition. Then, existence of strong solutions to (1.4) holds.

Proof. Let yp : Q — # be an arbitrary ¥o-measurable random variable. By induction, we
will prove that for each k € Nj there exists a local strong solution Y® to (1.4) with initial
condition vy and lifetime Q. By Lemma 2.3, we have ¢y = 0, providing the assertion for k = 0.

For the induction step k — k +1, let Y®) be a local strong solution to (1.4) with initial
condition yo and lifetime Q. Let n € N be arbitrary, and set I'y, := {Qx € [n—1,n)} € F,,.
By Lemma 3.6, the mappings (a(@Tx), p(@xTin) clewTin)|p) are locally Lipschitz, too. Therefore,
by Proposition 3.13, there exists an F®)-adapted strong solution YTk~ to (1.5) with
parameters (3.25), where I' = I'y,,, and initial condition Yé,l: )]lrk". By Lemma 3.10, the process
Y(exTi) defined according to (3.32) is an F®)-adapted local strong solution to (1.4) with
parameters (3.25), where I' = I',, initial condition Yéf ) 1r,,, and lifetime Qx+1 — Qx. Noting
that (Tkn) ey is a partition of Q, it follows that Y@ := 3 Y(@Tk) js an F(@)-adapted local
strong solution to (1.4) with initial condition Yéf ) and lifetime Qk+1 — Qk. By Lemma 3.8, the
process

YED = YO 1000+ Y 110, 001 (3.46)

defined according to (3.17) is an [F-adapted local strong solution to (1.4) with initial condition
Yo and lifetime Q1.

Consequently, for each k € Ny, there exists a local strong solution Y® to (1.4) with
initial condition yy and lifetime . By Lemma 2.3, we have P(gx — o0) = 1. Hence, it follows
that

Y = yolge + DY P 10010 (3.47)
keN
is an [F-adapted strong solution to (1.4) with initial condition yy. O

Theorem 3.15. One supposes that the mappings (a, b, c|g) are locally Lipschitz and locally bounded.
Then, existence of local strong solutions to (1.4) holds.

Proof. Let 19 : Q — H be an arbitrary ¥¢-measurable random variable. We define the
partition (Qi)xeny C Fo of Q by Qk := {|lyoll € [k - 1,k)}. Furthermore, for each k €
N, we define the mappings ax : Q xRy xH — H, b : Q xRy x H — Lg(e’Z),
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and ¢y : Q xRy, x K x E — H as in the proof of Proposition 3.13. These mappings are
locally Lipschitz and satisfy the linear growth condition. By Theorem 3.14, there exists a
strong solution Y® to (1.4) with parameters a = a, b = by, and ¢ = c, and initial condition
Yolg,. The stopping time

7= inf{> 01 |V > k} (3.48)

is strictly positive, and Y®) is a local strong solution to (1.4) with initial condition yylg,
and lifetime 7i. The stopping time 7 := >,y Tk1lq, is strictly positive, and the process Y :=
Sken Y P 1g, is a local strong solution to (1.4) with initial condition y and lifetime 7. O

3.3. Comparison with the Method of Successive Approximations

So far, our investigations provide the following result concerning existence and uniqueness
of global strong solutions to the SDE (1.4).

Theorem 3.16. If (a, b, c|g) are locally Lipschitz and satisfy the linear growth condition, then exis-
tence and uniqueness of strong solutions to (1.4) hold.

Proof. This is a direct consequence of Theorems 3.12 and 3.14. O

Now, we will provide a comparison with [14], where the authors also study Hilbert
space-valued SDEs of the type (1.4). Their result [14, Theorem 2.1] is based on the method
of successive approximations (see also [22, 23]) and considerably goes beyond the classical
global Lipschitz conditions. For the sake of simplicity, let us recall the required assumptions
in the time-homogeneous Markovian framework. In order to apply [14, Theorem 2.1], for
some constant p > 2, we need the estimate

lla(ys) = a(y)lI” + [[6(y1) = b(y2) o) * f lle(y1,x) = c(y2,y) |"F(dx)
2 b (3.49)

p/2
+( jB et ) = e )@ ) <kl =vall) Wysvae o,

where « : R, — R, denotes a continuous, nondecreasing function with x(0) = 0, and further
conditions, which are precisely stated in [14], must be fulfilled. These conditions are satisfied
if x is a continuous, nondecreasing, and concave function such that

€1
J ——du =0 foreache > 0. (3.50)
0 k(u)
In particular, we may choose x(u) = u for u € R,, and consequently, both results,

Theorem 3.16 and [14, Theorem 2.1], cover the classical situation, where global Lipschitz
conditions are imposed.

However, there are situations where [14, Theorem 2.1] can be applied, while
Theorem 3.16 does not apply, and vice versa. For the sake of simplicity, in the following two
examples, we assume that # =R and b=c =0.
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Example 3.17. We fix an arbitrary constant 0 < 6 < exp(-1) and define the functions «, p :
R, — R, by

0, u=0,
x(u) =< —ulnu, O<u<o, (3.51)
-6In6-(1+Iné)(u-6) u>56,

as well as

0, u=0,

p(u) = 2 un/~In(u?), 0<u<+6, (3.52)

V-6In6-(1+Ind)(u2-6) u>+5,

compare with [22, Remark 1]. Let a : R — R be a mapping such that
la(y) —a(y2)| <p(lvi-v2l) Yy y2€R (3.53)
Then we have the estimate

la(y)) - a@2) | < x(ly1 - w2l") ¥y w2 €R, (3.54)

showing that condition (3.49) with p = 2 is satisfied. Moreover, x is a continuous, nonde-
creasing, concave function, and condition (3.50) is satisfied, because for each 0 < € < 6, we
have

€ €
f Ldu = —f Ldu = —In|lnu| ;=5 = —In|lne| + lim In|lnu| = co. (3.55)
o k(1) o ulnu “ u—0

Consequently, [14, Theorem 2.1] applies. However, we have

1
'(u) = \/-In(u?) - ———— forue (0,V5), 3.56
P = Y/~In(?) -~y (0,V6) (3.56)
and thus, lim,_,op'(1) = oo. Therefore, the mapping a : R — R might fail to be locally
Lipschitz, and hence, Theorem 3.16 does not apply.

Example 3.18. Let us define the mapping a : R — R as follows. For n € Ny, we define a on
the interval [n,n + 1] by

1
n, ye[n,n+1— ,
n+1
a(y) = . (3.57)
n+(n+1)<y—<n+l— +1>>, yen+l- 1,n+1
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This defines the mapping a : R, — R, which we extend to a mapping a : R — R by
symmetry

a(y) =a(-y), yeR. (3.58)

Then, a is locally Lipschitz and satisfies the linear growth condition, and hence, Theorem 3.16
applies. However, there are no constant p > 2 and no continuous, nondecreasing function
x: R, — R, with x(0) = 0 such that

la(y1) —a(w2)|" <x(|yi-w2|") Yy eR (3.59)

Suppose, on the contrary, that there exists a continuous, nondecreasing function x : R, — R,
with x(0) = 0 fulfilling (3.59). Then we have

k()| >1 Yue(0,1]. (3.60)

Indeed, let u € (0,1] be arbitrary. Then, there exists n € N with 1/n < u. Moreover, by the
definition of the mapping a : R — R, there are y1, y» € R such that

1\"?
ly1 - 12| < <;> . a(y) —a(y)| =1. (3.61)

Therefore, using the monotonicity of x and (3.59), we obtain
1
K(u) > K(E) >1(|y1 - v2l") 2 |a() - a(y2) " =1, (3.62)

showing (3.60). Now, the continuity of x yields the contradiction x(0) > 1. Consequently,
condition (3.49) is not satisfied, and thus, we cannot use [14, Theorem 2.1] in this case.

4. Existence and Uniqueness of Mild Solutions to
Hilbert Space-Valued SPDEs

In this section, we establish existence and uniqueness of (local) mild solutions to Hilbert
space-valued SPDEs of the type (1.3).

Let H be a separable Hilbert space, let (S;),, be a Co-semigroup on H with
infinitesimal generator A : ®(A) ¢ H — H, and let B € & be a set with F(B) < co.
Furthermore, leta: QxR, xH — Hando: Q xR, xH — LS(H) be P ® B(H)-measurable
mappings, and lety : Q xR, x H x E — H be a p ® B(H) ® £&-measurable mapping.
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Throughout this section, we suppose that there exist another separable Hilbert space
H,a Cy-group (U;),r on K, and continuous linear operators € € L(H, H), r € L(#, H) such
that the diagram

Tg i,r (4.1)

commutes for every t € R,, that is,

Jrllté =S5, VteR,. (42)

Remark 4.1. According to [6, Proposition 8.7], this assumption is satisfied if the semigroup
(St)ss0 is pseudocontractive (one also uses the notion quasicontractive), that is, there is a
constant w € R such that

[Sell < e Vi>0. (4.3)

This result relies on the Szokefalvi-Nagy theorem on unitary dilations (see, e.g., [24, Theorem
1.8.1] or [25, Section 7.2]). In the spirit of [24], the group (U;), is called a dilation of the
semigroup (S¢) 0.

Remark 4.2. The Szokefalvi-Nagy theorem was also utilized in [26, 27] in order to establish
results concerning stochastic convolution integrals.

Now, we define the mappings a : Q xRy xH — H, b: QxR xH — Lg(o’é), and
c: QxR xHxE — Hby
a(t,y) = U_la(t, xUy),
b(t,y) =U_lo(t, xUy), (4.4)
c(t,y, x) =U_ly(t, 7y, x).

Note that a and b are ) ® B(<#)-measurable and that c is P ® B(#) ® &-measurable.
Lemma 4.3. The following statements are true:

(1) if (a, 0, y|B) are locally Lipschitz, then (a, b, c|g) are locally Lipschitz, too;

(2) if (a, 0,y|B) satisfy the linear growth condition, then (a, b, c|p) satisfy the linear growth
condition, too;

(3) if (a, 0, y|B) are locally bounded, then (a, b, c|p) are locally bounded, too.

Proof. All three statements are straightforward to check. O
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Proposition 4.4. Let z : Q — H be a Fo-measurable random variable, and let T be a stopping time.
Then, the following statements are true:

(1) if Y is a local strong solution to (1.4) with initial condition €zo and lifetime T, then Z :=
aUY is a local mild solution to (1.3) with initial condition zy and lifetime T;

(2) if Z is a local mild solution to (1.3) with initial condition zy and lifetime T, then the process
Y defined as

tAT tAT
Y; = f0zp+ U_sla(s,Zs)ds + U_sl0(s, Zs)dW;
0 0

+ IMT f U_2y(s, Zs—, x)(u(ds,dx) — F(dx)ds) (4.5)
o JB

AT
+ j U_s€y(s, Zs-, x)pu(ds,dx), t>0
0 JBe

is a local strong solution to (1.4) with initial condition €zq and lifetime T, and one has
7" =xluy”.

Proof. Let Y be a local strong solution to (1.4) with initial condition £z and lifetime 7. Then
we have

ZtAT = Jrut/\TYt/\'r

tAT tAT
= alUpr <€zo + j a(s,Ys)ds + b(s,Ys)dWs
0

0

f 0 [ cts Yoo ) (utts, ) - Feaxyds) « 0 J ctorvemtas dx))'

(4.6)
By the Definitions (4.4) of a, b, c, we obtain
T tAT
Ziny = Uiy <€zo + U_sla(s, tUsYs)ds + U_s00(s, mUsYs)dW;
0 0
tAT
+ f J U_s8y(s, mUsYs-, x) (p(ds, dx) — F(dx)ds) 4.7)
0o JB

0 Be

tAT
+ f U_s€y(s, mUsY,-, x)u(ds, dx)> .
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Therefore, by (4.2), and since Z = wrUY, we arrive at

tAT
S(t/\T)—s“(Sl Zs)ds + f S(l’/\T)—SO(SI Zs)dws
0

tAT

Zipr = St/\TZO + f
0

tAT
+ J f S(tnr)-sY (s, Zs-, x) (u(ds, dx) — F(dx)ds) (4.8)
0 B

tAT
+ J‘ J‘ S(t/\T)—SY(S/ Zs—rx),u(dsrdx)/
0 Be

showing that Z is a local mild solution to (1.3) with initial condition zy and lifetime 7. This
establishes the first statement. Now, let Z be a local mild solution to (1.3) with initial condition
zo and lifetime 7. Then we have (4.8), and therefore, by (4.2) and the Definition (4.5) of Y, we
obtain

tAT tAT
Zine = TU a7 <€zo + U_sla(s,Zs)ds + U_sl0(s, Zs)dW
0 0
tAT
+ J J‘ U_s4y(s, Zs-, x)(p(ds, dx) — F(dx)ds) 4.9)
0o JB

tAT
+j u—ng(S/ Zs, x)//l(dS, dx)> = Ui Yinr,

0 Be

showing that Z7 = wUY". Therefore, by the Definition (4.5) of Y, we obtain

tAT INT
Yine = €20 + U_ a(s, tUYs)ds + U_slo(s, mUYs)dWs
0 0

+ ftATf U_y(s, mU,Y,-, x) (p(ds, dx) — F(dx)ds) (4.10)
o JB

INT
+ J‘ U_s&y(s, mUsY,-, x)u(ds, dx).
0 JBe

Taking into account the Definitions (4.4) of a, b, c, we get

tAT

AT
Yinr = €20 +f a(s,Ys)ds + j b(s,Ys)dWg
0

‘ (4.11)

tAT tAT
+ Jo IB (s, Ys-, x)(u(ds, dx) — F(dx)ds) + jo ’[BC (s, Yso, x)p(ds, dx),

showing that Y is a local strong solution to (1.4) with initial condition ¢zy and lifetime 7. O
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Theorem 4.5. The following statements are true:

(1) if (a0, 0, y|B) are locally Lipschitz and satisfy the linear growth condition, then existence and
uniqueness of mild solutions to (1.3) hold;

(2) if (&, 0,7|) are locally Lipschitz and locally bounded, then existence and uniqueness of
local mild solutions to (1.3) hold;

(3) if (a, 0, y|B) are locally Lipschitz, then uniqueness of local mild solutions to (1.3) holds.

Proof. Suppose that (a, 0, y|g) are locally Lipschitz. Let Z and Z' be two local mild solutions
to (1.3) with initial conditions zy and z, and lifetimes 7 and 7. We define the #-valued
processes Y and Y’ according to (4.5). By Proposition 4.4, the processes Y and Y’ are local
strong solutions to (1.4) with initial conditions £zy and ¢z, and lifetimes 7 and 7', and we
have Z© = 7UY" and (Z)" = zU(Y')". By Lemma 4.3, the mappings (a, b, c|g) are also
locally Lipschitz, and hence, Theorem 3.12 yields that up to indistinguishability

Y™ L pzymezy = (Y™ Loz (4.12)
Therefore, we have up to indistinguishability
Z7 L ey = AUY ™ ) = dU (YY) Lz = (Z) 7 1z, (4.13)

proving uniqueness of local mild solutions to (1.3).

Now, we suppose that («,c,y|g) are locally Lipschitz and satisfy the linear growth
condition. Let zp : Q — H be an arbitrary ¥o-measurable random variable. By Lemma 4.3,
the mappings (a, b, c|p) are also locally Lipschitz and satisfy the linear growth condition.
Thus, by Theorem 3.14, there exists a strong solution Y to (1.4) with initial condition €z.
According to Proposition 4.4, the process Z := wrUY is a mild solution to (1.3) with initial
condition zo, proving the existence of mild solutions to (1.3).

If (a, 0, y|B) are locally Lipschitz and locally bounded, then a similar proof, which uses
Theorem 3.15, shows that existence of local mild solutions to (1.3) holds. O

Remark 4.6. The structure Z = xUY shows that mild solutions to (1.3) obtained from
Theorem 4.5 have cadlag sample paths.

Remark 4.7. As pointed out in [5], the existence of weak solutions to (1.3) relies on a suitable
stochastic Fubini theorem. Sufficient conditions can be found in [6].
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