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We present an alternative construction of the infinite dimensional Itd integral with respect to a Hilbert space valued Lévy process.
This approach is based on the well-known theory of real-valued stochastic integration, and the respective It6 integral is given by
a series of Itd integrals with respect to standard Lévy processes. We also prove that this stochastic integral coincides with the It6

integral that has been developed in the literature.

1. Introduction

The It6 integral with respect to an infinite dimensional
Wiener process has been developed in [1-3], and for the more
general case of an infinite dimensional square-integrable
martingale, it has been defined in [4, 5]. In these references,
one first constructs the Itd integral for elementary processes
and then extends it via the It6 isometry to a larger space, in
which the space of elementary processes is dense.

For stochastic integrals with respect to a Wiener process,
series expansions of the It integral have been considered, for
example, in [6-8]. Moreover, in [9], series expansions have
been used in order to define the Itd integral with respect to a
Wiener process for deterministic integrands with values in a
Banach space. Later, in [10], this theory has been extended to
general integrands with values in UMD Banach spaces.

To the best of the author’s knowledge, a series approach
for the construction of the It integral with respect to an
infinite dimensional Lévy process does not exist in the
literature so far. The goal of the present paper is to provide
such a construction, which is based on the real-valued It6
integral; see, for example, [11-13], and where the Itd integral
is given by a series of It6 integrals with respect to real-valued
Lévy processes. This approach has the advantage that we can
use results from the finite dimensional case, and it might
also be beneficial for lecturers teaching students who are
already aware of the real-valued It6 integral and have some

background in functional analysis. In particular, it avoids the
tedious procedure of proving that elementary processes are
dense in the space of integrable processes.

In [14], the stochastic integral with respect to an infinite
dimensional Lévy process is defined as a limit of Riemannian
sums, and a series expansion is provided. A particular feature
of [14] is that stochastic integrals are considered as L2-
curves. The connection to the usual It6 integral for a finite
dimensional Lévy process has been established in [15]; see
also Appendix B in [16]. Furthermore, we point out [17, 18],
where the theory of stochastic integration with respect to
Lévy processes has been extended to Banach spaces.

The idea to use series expansions for the definition of
the stochastic integral has also been utilized in the context
of cylindrical processes; see [19] for cylindrical Wiener
processes and [20] for cylindrical Lévy processes.

The construction of the It6 integral, which we present in
this paper, is divided into the following steps.

(i) For an H-valued process X (with H denoting a
separable Hilbert space) and a real-valued square-
integrable martingale M, we define the It6 integral

X-M:= Y (X f)y M) fo @

keN

where (fi)ren denotes an orthonormal basis of H,
and (X, fi)y - M denotes the real-valued It6 integral.



We will show that this definition does not depend on
the choice of the orthonormal basis.

(ii) Based on the just defined integral, for an 22(H)-
valued process X and a sequence (M) ;¢ of standard
Lévy processes, we define the Ito integral as

Y xm
jeN

)

For this, we will ensure convergence of the series.

(iii) In the next step, let L denote an Eﬁ—valued Lévy
process, where Ei is a weighted space of sequences
(cf. [21]). From the Lévy process L, we can construct a
sequence (M) jen of standard Lévy processes, and for

a £2(H)-valued process X, we define the It6 integral

T i
X-L: %X M. 3)

(iv) Finally, let L be a general Lévy process on some
separable Hilbert space U with covariance operator
Q. Then, there exist sequences of eigenvalues (A ;) jey
and eigenvectors, which diagonalize the operator Q.
Denoting by L}(H) an appropriate space of Hilbert
Schmidt operators from U to H, our idea is to utilize
the integral from the previous step and to define the
1t6 integral for a L3 (H)-valued process X as

X-L:=¥(X) ®(L), (4)

where @ : U — 8/% and ¥ : Lg(H) — ¢*(H)
are isometric isomorphisms such that ®(L) is an Ei-
valued Lévy process. We will show that this definition
does not depend on the choice of the eigenvalues and
eigenvectors.

The remainder of this text is organized as follows. In
Section 2, we provide the required preliminaries and nota-
tion. After that, we start with the construction of the It6
integral as outlined earlier. In Section 3, we define the It6
integral for H-valued processes with respect to a real-valued
square-integrable martingale, and in Section 4, we define
the It6 integral for £*(H)-valued processes with respect to a
sequence of standard Lévy processes. Section 5 gives a brief
overview about Lévy processes in Hilbert spaces, together
with the required results. Then, in Section 6, we define the
Ito integral for £*(H)-valued processes with respect to an
€i-valued Lévy process, and in Section 7, we define the It6
integral in the general case, where the integrand is an L} (H)-
valued process and the integrator a general Lévy process on
some separable Hilbert space U. We also prove the mentioned
series representation of the stochastic integral and show
that it coincides with the usual Itd integral, which has been
developed in [5].

2. Preliminaries and Notation

In this section, we provide the required preliminary
results and some basic notation. Throughout this text, let
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(Q, F,(F,)0>P) be a filtered probability space satisfying
the usual conditions. For the upcoming results, let E be
a separable Banach space, and let T > 0 be a finite time
horizon.

Definition 1. Let p > 1 be arbitrary.
(1) We define the Lebesgue space

LP(E) = ZP(Q, F 1, P;D([0,T];E)), (5)

where D([0, T]; E) denotes the Skorokhod space con-
sisting of all cadlag functions from [0,T] to E,
equipped with the supremum norm.

(2) We denote by Qf‘;(E) the space of all E-valued adapted
processes X € £ (E).

(3) We denote by /ﬂg(E) the space of all E-valued
martingales M € gg(E).

(4) We define the factor spaces

P P
MP(E) = /%TT(E) AP (E) = @, (6)
P
LP(E) = # (7)

where N ¢ M/ ’%(E) denotes the subspace consisting of
all M € L (E) with M = 0 up to indistinguishability.

Remark 2. Let us emphasize the following.

(1) Since the Skorokhod space D([0, T']; E) equipped with
the supremum norm is a Banach space, the Lebesgue
space L?.(E) equipped with the standard norm

1/p
1. s = E[I1XIF] ®)

is a Banach space too.

(2) By the completeness of the filtration (#,),,, adapt-

edness of an element X € L‘;(E) does not depend
on the choice of the representative. This ensures that
the factor space A7(E) of adapted processes is well
defined.

(3) The definition of E-valued martingales relies on the
existence of conditional expectation in Banach spaces,
which has been established in [1, Proposition 1.10].

Note that we have the inclusions
MP(E) c Ab.(E) c LE.(E). 9)

The following auxiliary result shows that these inclusions
are closed.

Lemma 3. Let p >
statements are true:

1) Mg(E) is closed in A};(E);
(2) AI;(E) is closed in L}}(E).

1 be arbitrary. Then, the following
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Proof. Let (M"),en C Mg(E) be a sequence, and let M ¢
A%(E) be such that M" — M in L?(E). Furthermore, let
7 < T be a bounded stopping time. Then, we have

Ell] <€ | sp plE] <o a0
te[0,T]
showing that M, € LP(Q, %, P; E). Furthermore, we have
€ [Jaa7 - 12) < €| sup a7 - ff| —o. )
te[0,T]

By Doob’s optional stopping theorem (which also holds true
for E-valued martingales; see [2, Remark 2.2.5]), it follows
that

E[M,] = lim E[M!] = lim E[M]] = E[M,]. (1)

n— 00

Using Doob’s optional stopping theorem again, we conclude
that M € MJ}Z(E), proving the first statement.
Now, let (X"),en € AI}(E) be a sequence, and let X €

LI;(E) be such that X" — X in L‘;(E). Then, for each t €
[0, T], we have

E[|xr - x,¢] <E [ sup X" - xsug] —o w
s€[0,T]

and, hence, P-almost surely X;* — X, for some sub-
sequence (1;)ien> sShowing that X, is &,-measurable. This
proves that X € A%(E), providing the second statement. [

Note that, by Doob’s martingale inequality [2, Theorem
2.2.7], for p > 1, an equivalent norm on Mg(E) is given by

/
1MLy = E[|Mr ]3], (14)

Furthermore, if E = H is a separable Hilbert space, then
MZ(H) is a separable Hilbert space equipped with the inner
product

(M, N)ppy = E [(My,Np) ] (15)

Finally, we recall the following result about series of pairwise
orthogonal vectors in Hilbert spaces.

Lemma 4. Let H be a separable Hilbert space, and let
(h,),en € H be a sequence with (h,,, h,,,) ;; = 0 for n#m. Then,
the following statements are equivalent.

(1) The series Y-, h, converges in H.

(2) The series Y,y h, converges unconditionally in H.
(3) One has Y2, Ih,|I%, < co.

If the previous conditions are satisfied, then one has

2

Sl = Sl 16)
n=1 H n=1

Proof. This follows from [22, Theorem 12.6] and [23,
Satz V.4.8]. O

3. The It6 Integral with respect to a Real-
Valued Square-Integrable Martingale

In this section, we define the Ito integral for Hilbert space val-
ued processes with respect to a real-valued, square-integrable
martingale, which is based on the real-valued It6 integral.

In what follows, let H be a separable Hilbert space, and
let T > 0 be a finite time horizon. Furthermore, let M €
ME(R) be a square-integrable martingale. Recall that the
quadratic variation (M, M) is the (up to indistinguishability)
unique real-valued, nondecreasing, predictable process with
(M, M), = 0 such that M? - (M, M) isa martingale.

Proposition 5. Let X be an H-valued, predictable process with

T
E U 1AM, M)s] < oo, 1)
0
Then, for every orthonormal basis ( fi.)ren of H, the series
Y (X f) g M) fi (18)
keN

converges unconditionally in My.(H), and its value does not
depend on the choice of the orthonormal basis ( fi.)ren-

Proof. Let (f})ren be an orthonormal basis of H. For j,k € N
with j # k, we have

0 1) M) £ M) )

S ((RENAATA(RENAIATSN
< ([ ey ) (0% it ) (51,

= 0.
(19)

Moreover, by the It isometry for the real-valued It6 integral
and the monotone convergence theorem, we obtain

.

Z“((X’ fk>H ’ M) fk"f\/I%(H)
k=1

I
18
M

”<LT <X5’fk>HdMs> fi

[} 166 fufacon,

=
Il
—

i
18
e

1] 6 o,

=
Il
—

(20)

i
18
A

=
Il
—

T oo
E “0 z|<xs,fk>H|2d<M,M>s]
k=1
[

_E ||xs||;d<M,M>S] .



Therefore, by (17) and Lemma 4, the series (18) converges
unconditionally in M%(H ).

Now, let (g )ren be another orthonormal basis of H. We
define J/, J9 € M2(H) by

¥ =Y (X M) fo
k=1

(21)
3= Y (X gy - M) g
k=1
Let h € H be arbitrary. Then, we have
("), (h,d7) ;€ M7 (R) (22)
and the identity
2
“<h’ ‘J]f>H —hX)p- M"M%([R)
00 2
:“<h’z(<x’fk>H'M)fk> - (hX)y-M
k=1 H M%([R)
00 2
=1 2 (s fid gl fio XD+ M) = (s Xy - M
k=1 MA(R)
n 2
= lim Yy fi) i fio XDy - M) = (b, X) g - M
k=1 M%(R)
n 2
= lim <Z<h, £l fior XDy~ X>H> M
k=1 M%(IR)
(23)

For all x € H, we have

2
— 0 asn— oo, (24)

Y (o )y Mg — 0
k=1

and, by the Cauchy-Schwarz inequality,

2

Y )l fohyy = (6 )y
k=1

2

S o fd oM

k=n+1

< <§|<x, fk>Hl2> <k§|<fk>h>H|2)

= ||x||§1||h||§{ for each n € N.

(25)
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Therefore, by the It6 isometry for the real-valued It6 integral
and Lebesgue’s dominated convergence theorem together
with (17), we obtain

2

"<h’ J]f>H —(h X M'M%(IR)

T .
= nlerOIOIE -[0 (Z(h’ fk>H<fk’Xs>H - <h’ X5>H> dMs }
k=1
- Tl n 2
- lmE JO S (£ i fo XD — I X | diM, M)s]
L0 fk=1
=0.
(26)
Analogously, we prove that
2
<R, 37) = (. X gy - M"M%(R) =0. (27)

Therefore, denoting by ]f,]g € JM;(H) representatives of
J7, 19, we obtain

<h, ]{~>H = <h, ]?>H Vh € H, P-almost surely. (28)
By separability of H, we deduce that
<h, j]f~>H = <h, ]?>H P-almost surely, Vhe H. (29)

Consequently, we have

]{, =37 P-almost surely, (30)
Implying that J/ = 19, This proves that the value of the series

(18) does not depend on the choice of the orthonormal basis.
O

Now, Proposition 5 gives rise to the following definition.

Definition 6. For every H-valued, predictable process X satis-
tying (17), we define the It6 integral X- M = (Jot X dM;)erom)
as

XM=Y (X fidy M) for 31)

keN

where ( fi)rey denotes an orthonormal basis of H.

According to Proposition 5, definition (31) of the Itd
integral is independent of the choice of the orthonormal basis
(fi)ken» and the integral process X - M belongs to M7-(H).

Remark 7. As the proof of Proposition 5 shows, the com-
ponents of the It6 integral X - M are pairwise orthogonal
elements of the Hilbert space M%(H ).

Proposition 8. For every H-valued, predictable process X
satisfying (17), one has the It isometry

|

2

T
I X, dM,
0

T 2
|-e ([ tiaonnn.]. o
H 0
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Proof. Let (fi)ren be an orthonormal basis of H. According
to (19), we have

(X 1) ;M) £, (X fi) M) fk>M%(H) =0 for j#k.

(33)
Thus, by Lemma 4 and (20), we obtain
T 2
E [ J X dM, ] =|X- M||§4%(H)
0 H
2
>H M
MiH) - (34)
- 2
= 21X fidp - M) fillaz e
k=1
T 2
“E “0 ||XS||Hd(M,M)S],
finishing the proof. O

Proposition 9. Let X be a H-valued simple process of the form

n
X = XO‘“{O} + leﬂ(t t

itiv1]
i=1

(35)

with0 = t; < -+ < t,., = T and F, -measurable random
variables X;: Q — H fori=0,...,n. Then, one has

XM= ixi (M = M"). (36)
i=1

Proof. Let (fi)reny be an orthonormal basis of H. Then, for
each k € N, the process (X, f) is a real-valued simple process
with representation

(X, fidrr = (Xo fid ylioy + Z(Xz"fk>Hﬂ(ti,tM]' (37)
izl

Thus, by the definition of the real-valued It6 integral for
simple processes, we obtain

X-M= Z ((X’fk>H'M)fk

keN
-3 (S su o)) 5

(38)

n
i=1

( :E: <)(v jk)f{ji:) (J»In+l _'IVIQ)

keN

X.

1

-

Il
—

(A4ﬁﬂ _ A4%),

1

finishing the proof. O

Lemmal0. Let X be a H-valued, predictable process satisfying
(17). Then, for every orthonormal basis ( fi)ren of H, one has

S fidul’ - (M M) = X1 (M, M), (39)
k=1

where the convergence takes place in A'.(R).
Proof. We define the integral process
= IXIlg; - (M, M) (40)

and the sequence (1), of partial sums by

=YX fidul" (M, M). (41)
k=1

By (17) we have | € A’ 7(R) and (I"),ey C Al 7(R). Fur-
thermore, by Lebesgue’s domlnated convergence theorem, we
have

1= Pl = | sop 1 ]
e[ s |[] 5 foxo ofanan,|
[ eror) |Jo (S0t

=E J Ei |<}(s’fk>|2d<A4’A4>s] —0

k=n+1

for n — oo,
(42)

which concludes the proof. O

Remark 11. As a consequence of the Doob-Meyer decompo-
sition theorem, for two square-integrable martingales X,Y ¢
,/%%(H), there exists (up to indistinguishability) a unique
real-valued, predictable process (X,Y) with finite variation
paths and (X,Y), = 0 such that (X,Y)y — (X,Y) is a
martingale.

Proposition 12. For every H-valued, predictable process X
satisfying (17), one has

(XM, X M) = | Xl - (M, M). (43)
Proof. Let (fi)ren e an orthonormal basis of H. We define

the process J := X - M and the sequence (J"),cy of partial
sums by

i (X fi) gy M) fiee (44)

By Proposition 5, we have

J"—J in M2 (H). (45)



Defining the integral process [ by (40) and the sequence
(I"),,en Of partial sums by (41), using Lemma 10, we have

" —1 in AL (R). (46)

Furthermore, we define the process M ¢ AIT(R) and the
sequence (M"),y € AL(R) as

M= |Jl7, -1,
(47)
M" = |J;, - 1", neN.

Then, we have (M"),c C M}(IR). Indeed, for each n € N, we
have

" 2

M=y (X fidy M) fi

k=1

=YX fidul” - (M, M)
k=1

H

M=

I s M) lly = SOG4,

=
I
—

(|<X fidu- M|2 - (X, fk>Hl2 (M, M))-

n

=
—_

(48)

For every k € N, the quadratic variation of the real-valued
process (X, fi)y - M is given by

(X fidy MoAX, fi) - M) = |<X’fk>H|2 (M, M)
(49)

see, for example, [12, Theorem 1.4.40.d], which shows that M"
is a martingale. Since M" € Al(R), we deduce that M" €

M;(R).
Next, we prove that M" — M in AlT(R). Indeed, since

| 190, = 1975 | = 19 = 97 + 20909 - 3], (50)

by the Cauchy-Schwarz inequality and (45) we obtain

[T i
¢ s 191 |
L t€[0,T]

<€ sup |9, - 11| + 22 | sup b - 1
Lte[0,T] t€[0,T]

<€ sup |9, - 71
L t€[0,T]

, 1/2 5 1/2
+m[m4Mb]E[mw¢—ﬁh]
te[0,T] t€[0,T]
o AU AP N

N J]n”LZT(H) — 0.
(51)
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Therefore, together with (46), we get
2
1M - My < 191 = 1y
+0- I]n”LlT([R) — 0,

showing that M" — M in A".(R). Now, Lemma 3 yields that
M e M%([R), which concludes the proof. O

Theorem 13. Let N € M/%(R) be another square-integrable
martingale, and let X, Y be two H-valued, predictable processes
satisfying (17) and

E HOT Y| 7d(N, N)s] < 0. (53)

Then, one has
(X-M,Y -N) = (X,Y)y - (M, N). (54)

Proof. Using Proposition 12 and the identities

1
b= (le sl =l o), %y
(55)
(M,N) = }L((M+N,M+N) ~(M-N,M-N)),

identity (54) follows from a straightforward calculation. [J

Proposition 14. Let N ¢ /%%([R{) be another square-
integrable martingale such that (M, N) = 0, and let X,Y be
two H-valued, predictable processes satisfying (17) and (53).
Then, one has

Proof. Using Remark 11, Theorem 13, and the hypothesis
(M, N) = 0, we obtain

T/ T T
“E <I XSdMs,J stNs> ]
L\ Jo 0 H
/(T T (57)
_E <J XSdMS,J stNs>]
L \Jo 0
r T
_E J(XVK%JMLNx]za
L Jo
completing the proof. O

4. The It6 Integral with respect to a Sequence
of Standard Lévy Processes

In this section, we introduce the It integral for 2*(H)-
valued processes with respect to a sequence of standard Lévy
processes, which is based on the It6 integral (31) from the
previous section. We define the space of sequences

=), e S, <ol o
j=1
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which, equipped with the inner product

Q) (59)

<h’ g>e2(H) =

is a separable Hilbert space.

Definition 15. A sequence (M”) jen Of real-valued Lévy pro-
cesses is called a sequence of standard Lévy processes if it

consists of square-integrable martingales with (M/, M¥), =
i - t forall j,k € N. Here, §; denotes the Kronecker delta

1)
6]k = {0)

For the rest of this section, let (M) jen be a sequence of
standard Lévy processes.

if j =k,

60
if j#k. (60)

Proposition 16. For every £*(H)-valued, predictable process
X with

T
E“|mﬁmmﬁ<m, (61)
0
the series
QXM (62)
JjeN

converges unconditionally in Ma(H).

Proof. For j,k € N with j#k, we have (Mj,Mk) = 0, and,
hence, by Proposition 14, we obtain

(x7- M/, X"~ Mk>M2(H) 0. (63)

Moreover, by the Itd isometry (Proposition 8) and the mono-
tone convergence theorem, we have

ZW7

(64)

slyds

<|I'8

T
=E “0 ||X$||j2(H)ds] )

Thus, by (61) and Lemma 4, the series (62) converges uncon-
ditionally in M?2 7(H). O

Therefore, for a ¢2(H)-valued, predictable process X
satisfying (61) we can define the It0 integral as the series (62).

Remark 17. As the proof of Proposition 16 shows, the compo-
nents of the It6 integral }’ ;. X/ - M/ are pairwise orthogonal

elements of the Hilbert space M%(H ).

Proposition 18. For each ¢*(H)-valued, predictable process X
satisfying (61), one has the It6 isometry

T 2
||| 1

Proof. Using (63), Lemma 4, and identity (64), we obtain

2

elly ijngg

jeN 70

] . (65)

E ZJ XlaMml| | =Y x M’
=170 H =1 M2(H)
o0
X My 0
]:
T 2
e nxsugzm)ds] ,
completing the proof. O

Proposition 19. Let X be a ¢*(H)-valued simple process of the
form

X = X1]0}+ZX1](H
i=1

(67)

i1l

with0 = t, < .-+ < t,, =T and &, -measurable random

variables X, : O — €*(H) fori=0,...,n. Then, one has

xom=3 () -06)). o
i=1 je

Proof. For each j € N, the process X/ is a H-valued simple
process having the representation

n
X = Xglio + Y Xi 1,0

plin]®
i=1

(69)

Hence, by Proposition 9, we obtain

X-M=ZXj-Mj
jeN

SY IR () -(0))

jeNi=1

-3 T () - (),

i=1 jeN

which finishes the proof. O



5. Lévy Processes in Hilbert Spaces

In this section, we provide the required results about Lévy
processes in Hilbert spaces. Let U be a separable Hilbert
space.

Definition 20. A U-valued cadlag, adapted process L is called
a Lévy process if the following conditions are satisfied.

(1) We have L, = 0.
(2) L, — Ly is independent of & forall s < t.

(3) Wehave L, - L, 4 L, (foralls<t.

Definition 21. A U-valued Lévy process L with [E[IILtII%]] <00
and E[L,] = 0 for all t > 0 is called a square-integrable Lévy
martingale.

Note that any square-integrable Lévy martingale L is
indeed a martingale; that is,

E[X, | F,]=X, Vs<t (71)

see [5, Proposition 3.25]. According to [5, Theorem 4.44],
for each square-integrable Lévy martingale L, there exists a
unique self-adjoint, nonnegative definite trace class operator
Q € L(U), called the covariance operator of L, such that for all
t,s € R, and u;,u, € U, we have

E[(Leu)y{Lotn)y] = ¢ A9 (Quith)y.  (72)

Moreover, for allu,, u, € U, the angle bracket process is given
by

(L) (L)), = Qup )y, £20 (73)

see [5, Theorem 4.49].

Lemma 22. Let L be a U-valued square-integrable Lévy
martingale with covariance operator Q, let V be another
separable Hilbert space, and let ® : U — V be an isometric
isomorphism. Then, the process ®(L) is a V-valued square-
integrable Lévy martingale with covariance operator Qg :=
OQI .

Proof. The process O(L) is a V-valued cadlag, adapted pro-
cess with ®(L,) = ®(0) = 0. Let s < t be arbitrary. Then, the

random variable ®(L,) - ®(L,) = (L, — L,) is independent
of #, and we have

(D(Lt)_q)(Ls):(D(Lt_Ls)i(D(Lt—s)' (74)
Moreover, for each t € R,, we have

Elo @] = EfILdu] < oo,

E[®(L,)] = ®E(L,) =0,

(75)

showing that ®(L) is a V-valued square-integrable Lévy
martingale.
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Lett,s € R, and v; € V,i = 1,2 be arbitrary, and set
u; = CD_lvi € U, i = 1,2. Then, we have

E [{@(Ly), v1)y (DL, v2)y ]
= E[((L,), @(u)) (D(Ly), D(wy)), ]
= E[(Lyup)y(Lot)y] = (A S)(Qup, )y, (76)
= (tAs)(QD 'y, q>“v2>U
= (A S) (PQDTv,v,) = (EAS) (Qovys V)

showing that the Lévy martingale ®(L) has the covariance
operator Q. O

Now, let Q € L(U) be a self-adjoint, positive definite trace
class operator. Then, there exists a sequence (A j) jen € (0, 00)

. RPN,
with 210:1 A;j < 00 and an orthonormal basis (e jey of U
such that

Qe =1,V VjeN. (77)

We define the sequence of pairwise orthogonal vectors (e;) ;e
as

e; = A e

: € jeN. (78)

Proposition 23. Let L be a U-valued square-integrable Lévy
martingale with covariance operator Q. Then, the sequence
(M) jen given by

) 1 )
M = \/T<L’62A)>U’ jEN, (79)
J

is a sequence of standard Lévy processes.

Proof. For each j € N, the process M/ is a real-valued square-
integrable Lévy martingale. By (73), for all j, k € N, we obtain

; 1
(M, M*) = = (L) (Le) ),
M

e, ),

= 8]/( . t,
(80)

showing that (M/) jen is a sequence of standard Lévy pro-
cesses. O

6. The It6 Integral with respect to an €)2L-
Valued Lévy Process

In this section, we introduce the It6 integral for £2(H)-valued
processes with respect to an Ei -valued Lévy process, which is
based on the Itd integral (62) from Section 4.
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Let (A}) jen € (0, 00) be a sequence with Z;’Zl Aj < ooand
denote by ¢} the weighted space of sequences

6= {(Vj)jeN CR: i)tjwjz < oo]» . (8D
=

which, equipped with the inner product

(o9
(rw)p = Z)Ljvjwj, (82)
=1
is a separable Hilbert space. Note that we have the strict
inclusion £* ¢ Ei, where £* denotes the space of sequences

= <|(vj)jeNCR:§|vj|2<oo}. (83)
=1

We denote by (g;) je the standard orthonormal basis of 2,
which is given by

g =(1,0,...), g,=(0,1,0,...),.... (84)

Then, the system ( g?)) jen defined as

w._ 9 .

g = IV (85)
o

is an orthonormal basis of Eﬁ. Let Q € L(Zi) be a linear

operator such that

A A .
Qg§. ) = /\jg§ ), VjeN. (86)

Then, Q is a nuclear, self-adjoint, positive definite operator.
Let L be an ¢}-valued, square-integrable Lévy martingale
with covariance operator Q. According to Proposition 23, the
sequence (M’) jen given by

o L 0 ;
M’ := \/_Tj@’gj Jer JEN: (87)

is a sequence of standard Lévy processes.

Definition 24. For every €*(H)-valued, predictable process
X satisfying (61), we define the Itd integral X - L :=

t
(,[0 Xdes)te[O,T] as

X-L=YXx M. (88)
jeN

Remark 25. Note that Lg(H ) = €2(H ), where Lg(H ) denotes
the space of Hilbert-Schmidt operators from £* to H. In [21],
the It6 integral for Lg(H )-valued processes with respect to
an Ei—valued Wiener process has been constructed in the
usual fashion (first for elementary and afterwards for general
processes), and then the series representation (88) has been
proven; see [21, Proposition 2.2.1].

Now, let (44;)en be another sequence with Y12y < 00,
andlet @ : & — Ez be an isometric isomorphism such that

Qq,g,i”) = ykg,i”), Vk € N. (89)

By Lemma 22, the process ®(L) is a E;-Valued, square
integrable Lévy martingale with covariance operator Qg,, and
by Proposition 23, the sequence (N*), .y, given by

1
VHx

N* = —(o(1), g keN, (90)

22
7

is a sequence of standard Lévy processes.

Theorem 26. Let V¥ € L(£*(H)) be an isometric isomorphism
such that

WY (w)y =P ((hw)y) VheH, we*(H). (1)

Then, for every €*(H)-valued, predictable process X satisfying
(61), one has

T
[E“ PO Pagryds | < o0 (92)
0
and the identity

X-L=¥Y(X)- (). (93)

Proof. Since V¥ is an isometry, by (61), we have

T T
[ [ IO nis] = €[ | I Ls] <o, 0
showing (92). Moreover, by (89), we have
-1 (W) _ (O (1)
QY g, =Qqg; =g VkeEN, (95)

and, hence, we get

Q(07'g¥) =y (¢ ') VkeN. (96)

By (86) and (96), the vectors (g}A))jeN and (dflg,({“))keN are
eigenvectors of Q with corresponding eigenvalues (A ) ;¢ and
(i) ken- Therefore, and since @ is an isometry, for j,k € N
with A ; # p., we obtain

(OS] _ (YR () _
(g5, g eﬁ—<gj 07 ), =0 (97)
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Let h € H be arbitrary. Then, we have

(h,X-Lyy = <h,ZXj-Mj>
j=1 H

= i(h XMy
:]Z<h XJ> M/

Il

(0 X0119") - =

(L)
\/}Tj <L’ 9j >e§

<q><<h X)), @9

e T
il ﬁ%

2
&

-
I
—

(o), 0g{"), :

<
~.

et
-

<c1><<h X)g), @y >€Ii

v

Since (A ) jen and (g ) ke are eigenvalues of Q, foreach j € N,
there are only finitely many k € N such that A; = g.

Therefore, by (97), and since (CD(g;’U)) jen is an orthonormal

T8

<(D(L) g(u)>€2 <g(u> (Dg;)t)>eﬁ>_

(98)

=~
~.

basis of Eﬁ, we obtain

-3 (S town000) (oo

=177

(1)
>eﬁ>
(@ (1), g

P <Z<®<<h 200"} (00", 5" )

=2 17<®((h X)), g p T‘<®(L) g p

= S0 X)) N
k=
1 (99)
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Thus, taking into account (91) gives us

(X -Lyy = Z<h v(x)"), - N*
k=1

[\/]8

(h¥(X)"-N*)
1 (100)

= <h,§W(X)k-Nk>
k=1 H

= (h¥Y(X)-®(L))p-

k

Since h € H was arbitrary, using the separability of H as in
the proof of Proposition 5, we arrive at (93). O

Remark 27. From a geometric point of view, Theorem 26 says
that the “angle” measured by the It6 integral is preserved
under isometries.

7. The Ité Integral with respect to a General
Lévy Process

In this section, we define the It6 integral with respect to a
general Lévy process, which is based on the It6 integral (88)
from the previous section.

Let U be a separable Hilbert space, and let Q € L(U) be
a nuclear, self-adjoint, positive definite linear operator. Then,
there exist a sequence (A;) ;e C (0,00) with Z(J)Zl Aj < 00

and an orthonormal basis (eﬁ.’\)) jen of U such that

(D) _ (5] ; .
er —Ajej , VjieN; (101)
namely, A; are the eigenvalues of Q, and each e?) is an
eigenvector corresponding to A ;. The space U, := Q' (W),
equipped with the inner product
(wv)y, = (Q " u, Q_I/ZV>U, (102)

is another separable Hilbert space, and the sequence (e;) ;e

given by
N PO
ej = /Xjej ,

is an orthonormal basis of U,. We denote by LY(H) :=
L,(U,, H) the space of Hilbert-Schmidt operators from U,
into H, which, endowed with the Hilbert-Schmidt norm

1/2
o= (Sl ) sesan a
=1

itself is a separable Hilbert space. We define the isometric
isomorphisms

jeN, (103)

D, :U— £, 0V =g" forjeN, (105

¥, : L) (H) — € (H),
(106)

W1 (9) = (Se;) ., for S € Ly (H).

eN



International Journal of Stochastic Analysis

Recall that (g?)) jen denotes the orthonormal basis of Ei,
which we have defined in (85). Let L be a U-valued square-
integrable Lévy martingale with covariance operator Q.

Lemma 28. The following statements are true.

(1) The process @, (L) is an €i-valued square-integrable
Lévy martingale with covariance operator Qq, .

(2) One has

=1.gM

Qo9 =2g", VjeN. (107)

Proof. By Lemma 22, the process ®,(L) is an ¢;-valued
square-integrable Lévy martingale with covariance operator
Qo, - Furthermore, by (105) and (101), for all j € N, we obtain

Q(Ihg;/l) = (DAQ(DXIQEM = CD/\Qeﬁ-M
N (108)
=<D,\(Aje;)) Ad) e Ajg]
showing (107). O

Now, our idea is to the define the It6 integral for an L% (H)-
valued, predictable process X with

T
2
[ 1Eyds

X-L:=Y)(X) D, (L), (110)

] < 00 (109)

by setting

where the right-hand side of (110) denotes the It6 integral (88)
from Definition 24. One might suspect that this definition
depends on the choice of the eigenvalues (1) ; and eigen-

vectors (62’1)) jen- In order to prove that this is not the case, let
(Hi)ken C (0, 00) be another sequence with Y 22, g < 00,and
let ( f,ﬁ“ ))keN be another orthonormal basis of U such that

QfY = wf¥, VkeN, (111)
Then, the sequence ( f})ien given by

fe = VS,

is an orthonormal basis of U,,. Analogous to (105) and (106),
we define the isometric isomorphisms

W ._ W
(D#fk =gy

v, : LS (H) — & (H), (113)

keN, (112)

®,:U— ¢, for k € N,

¥, (S) = (Sfi)pen for S e LS (H).
Furthermore, we define the isometric isomorphisms
12 2
CI):=(I>MoCI))L :EA—>€M,

(114)

V=W, oW 8 (H) — € (H).

1

The following diagram illustrates the situation:

(@,¥)

(4, £*(H)) (&, ¢*(H))

(D,,¥y) (Py, ¥Yyu)
e e

(U, LY(H))

In order to show that the It6 integral (110) is well defined,
we have to show that

¥ (X) 0, (L) =Y,(X) ©,L).  16)
For this, we prepare the following auxiliary result.

Lemma 29. Forall h € H and w € €*(H), one has

(1P (w)) ;= © ((hw)y). (17)

Proof. By (101) and (111), the vectors (eﬁ.’\)) jeN and ( f,i”))kEN
are eigenvectors of Q with corresponding eigenvalues (1) ;
and (g )ien- Therefore, for j,k € N with A;# yy, we have

(eE.A), fls"))U = 0. For each v € £}, we obtain
D (v) = (0,0 D,') ()
V) N
= %(Z@) v f) >
k=1

<(D v, fkl’l)> g(!‘»)

18

=~
1l

20~
3

<®11V’ fliﬂ)>u)

keN

|-
I8

<(DXIV, (A> <€(A f]EH)> > (118)

keN

I R A N W
(8, @,)
= OZO:\/_/T< f(#)>
R
keN
(Berin)
=1 keN
Letw € ¢*(H) be arbitrary. By (106), we have
w=Y¥ (¥ W)= (‘I'Xl(w)ej)jeN’ (119)
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and, hence,
¥ (w) = (¥, o %) w)
= (\P/{l(w)fk)keN
= \11;1 (w) <fk’ej>U €;
j=1 ’ keN
- (Btsens) 20
j=1 keN
= <Z<fk>ej>Uow]>
J=1 keN
(N0 oy
= <Z<ej A >Uw1>
J=1 keN
Therefore, for all h € H and w € ¢*(H), we obtain
[N W :
(Y (W) g = <Z<e]- S wf>H>
j=1 KeN (121)
=0 ((h’ w)H) >
finishing the proof. O

Proposition 30. The following statements are true.

(1) O, (L) is an €§-valued Lévy process with covariance

operator Qg , and one has

A A )

QCDAg;. ) = Ajgﬁ. ), VjeN. (122)

(2) (DM(L) is an fz—valued Lévy process with covariance
operator Qg , and one has

(]

Qo 9 = ,ukg](f) Vk e N. (123)

(3) For every L%(H)-valued, predictable process X with
(109), one has

T
E “O ||‘{’A(Xs)||§2(H)ds] <o,
(124)

2
(.’Z(H)ds] < 00

T
o[/
and the identity (116).

Proof. The first two statements follow from Lemma 28. Since
¥, and ‘I’” are isometries, we obtain

e ([ 19 ] = [ [} Pt
(125)

T
iy HO |, 0x) ;(H)ds],
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which, together with (109), yields (124). Now, Theorem 26
applies by virtue of Lemma 29 and yields

¥y (X) - @y (L) = ¥ (¥ (X)) - @ (D, (L)) 6)
=V, (X)- 0, (L),

proving (116). O

Definition 31. For every L5 (H)-valued process X satisfying
(109), we define the Ité-Integral X - L = (Jot XdL)seom) bY
(110).

By virtue of Proposition 30, Definition (110) of the It6
integral neither depends on the choice of the eigenvalues
(4;) jen nor on the eigenvectors (e?)) jeN-

Now, we will the prove the announced series repre-
sentation of the Itd integral. According to Proposition 23,
the sequences (M”) ;i and (N”) ;¢ of real-valued processes
given by

M= (L), N = (0,0,

e W

are sequences of standard Lévy processes.

(127)

Proposition 32. For every L%(H)-valued, predictable process
X satisfying (109), the process (&) ;e given by

E=Xe, jeN, (128)
is a £*(H)-valued, predictable process, and, one has
— J J

jeN

where the right-hand side of (129) converges unconditionally in
MZ2(H).

Proof. Since @, is an isometry, for each j € N, we obtain

W= (L), = (@0 21?)
j .

4
AR
) (130)
= —(0,(1),g"),, = N.
o s
Thus, by Definitions 31 and 24, we obtain
X-L=Y,(X) @, (L)
- Z\PA(X)j N/
jeN (131)
— Zs] . Mj,
jeN

and, by Proposition 16, the series converges unconditionally
in M2.(H). O
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Remark 33. By Remark 17 and the proof of Proposition 32,
the components of the Ito integral .\ &’ - M are pairwise

orthogonal elements of the Hilbert space M%(H ).

Proposition 34. For every L(H)-valued process X satisfying
(109), one has the It6 isometry

|

Proof. By the It6 isometry (Proposition 18), and since ¥, is
an isometry, we obtain

2

H ]

(I}

rcT
e[ [ 100 ]

2

T
J X dL,
0

] =E “(,T ||L5||ig(H)ds] . (132)

H

T
J XdL,

T
J W (X)dD, (L),
0

0

(133)

T
2
“E [ [ 1lgans].
completing the proof. O

We shall now prove that the stochastic integral, which we
have defined so far, coincides with the It6 integral developed
in [5]. For this purpose, it suffices to consider elementary
processes. Note that for each operator S € L(U, H), the
restriction S|y, belongs to LY(H), because

[ee] 2 (o] ) 2
Z ISei., < j_Zlusuw,H) leill

SR wl?
= ISt . | Asef” ],
j=1 b

(134)

(o)
2
= ISIZ @ ) A < oo
j=1

Proposition 35. Let X be a L(U, H)-valued simple process of
the form

n
X = Xoﬂ {0} + ZXIH (t,-,ti+1] (135)

i=1
with0 = t; < --- < t,., = T and F, -measurable random

variables X; : Q@ — L(U,H) fori =0,. .., n. Then, one has

Xly, - L= ixi (L - L"),

i=1

(136)

Proof. The process ¥ (X |U0) is an £*(H)-valued simple pro-
cess having the representation

n
¥y (Xly,) = ¥a (Xoly, ) 1oy + YW (Xily,) Ty (137)

i=1
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Thus, by Proposition 19, and since @, is an isometry, we
obtain
Xy, - L =¥ (Xly, ) @1 (L)

-3y ) (V) - (v))

i=1 jeN

1) (Ltm _ Lti))g(/\) ,
=iZXiej< : s

i=1 jeN \M]-
n

Z ZXie;)\) <Lti+1 _ Lti) ®X1g§1)>u

i=1 jeN (138)
- Z ¥ XML -1,V
i=1 jeN
n
-3 < T -, e;M)
n
=Y X, (L - L%),
i=1
completing the proof. O

Therefore, and since the space of simple processes is
dense in the space of all predictable processes satisfying (109);
see, for example, [5, Corollary 8.17], the It6 integral (110)
coincides with that in [5] for every Lg(H )-valued, predictable
process X satisfying (109). In particular, for a driving Wiener
process, it coincides with the Ito integral from [1-3].

By a standard localization argument, we can extend the
definition of the Itd integral to all predictable processes X
satisfying

T
P (J 1X s s < oo> =1, VI>0. (139)
0

Since the respective spaces of predictable and adapted,
measurable processes are isomorphic (see [24]), proceeding
as in [24, Section 3.2], we can further extend the definition
of the It6 integral to all adapted, measurable processes X
satisfying (139).
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