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ABSTRACT

In this paper we consider an application of Rothe’s method to abstract
semi-linear hyperbolic integrodifferential equations in Hilbert spaces. With the
aid of Rothe’s method we establish the existence of a unique strong solution.
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1. INTRODUCTION

In this paper we are concerned with the application of Rothe’s method to the following

semi-linear hyperbolic integrodifferential equation

(1.1)

where u is an unknown function from =[0,T], 0<T<oo, into a real Hilbert space 36, A is a
bounded linear operator from another Hilbert space ¥ into its dual space ¥*, k is a nonlinear

mapping from [0,7]x¥ into 36, a and f, respectively, are real-valued and J6-valued functions on

[0, 7).

d*y 1
W(t) + Au(t):{a(t—s)k(s,u(s))ds+j(t), ae i€l

w0)=Use ¥, B(O)=U,e 7
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Earlier, some of the applications of Rothe’s method to the homogeneous and
nonhomogeneous linear hyperbolic problems have been considered by Rektorys [6], Putlar[5] and

Streiblova [8] (other references are cited in these papers).

Kacur [4] has applied Rothe’s method to a semilinear hyperbolic equation under a global
Lipschitz-like condition on nonlonear forcing term. Recently, Bahuguna [1,2] has employed
Rothe’s method to a more general case of the problem considered by Kacur [4] and has proved

the local existence under local Lipschitz condition on nonlinear forcing terms.

Similar kinds of nonlinear integral perturbations as in (1.1) have been investigated by
Bahuguna and Raghavendra [3] (see also [2]) for nonlinear parabolic problems with the aid of
Rothe’s method.

2. ASSUMPTIONS AND MAIN RESULT

Let ¥ and 3 be two real Hilbert spaces such that ¥ is dense in 36 and the embedding of
¥ in 3 is compact. We denote by ||-|| and |-| the respective norms of ¥ and 3. Furthermore, the
inner product in J6 and the usual duality pairing between ¥* and ¥ are denoted by (u,v),
u, v€ 36; and <f,v> € V™, vE 1; respectively. Let I denote the interval [0,7] where 0< T<oo is
arbitrary. We introduce the following hypotheses:

(H,) The bounded linear operator A: ¥ — ¥* is symmetric and ¥-elliptic, i.e.
<Au,v>=<Avu> and <Auu>>al ul?

for all u,v€ ¥ and a>0 is a constant.

(Hy) k IxY — 36 is continuous in both variables and satisfies

|Kt,0)|< Cillull+Cy
for all t€ I and all u€ ¥, where C; and C, are positive constants.

(H3) The mapping k satisfies
| K(tyu)— K, 0)| < L() [ u—]|

for t€ I a.e. and all u,v€ ¥, where L€ L!(I) is nonnegative.
(H,) Functions £ I — 3 and a: I — R are Lipschitz continuous.

To apply Rothe’s method to equation (1.1), we proceed as follows. For every positive
integer n denote by {¢}} the partition of the interval I defined by t5=j-h, h=%, Jj=1,..,n.
Setting
(2.1) uy="U,, vy =Uy—hU,

(2.2) u®,=h?(f0)— AUy)—2h U, + U,,

we successively look for a solution u;-‘e Y of the variational identity
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n n
( u—2uj_ 1+ uj_,

(2.3) 72

j—1
, v)-l— <Au,v>=(h'Y o(f}— P)KI2,uP)+[17),0)
=0
for all v€ ¥ and j=1,2,...,n. The existence of a unique solution satisfying (2.3) is a consequence of
Lax-Milgram Theorem, see Rektorys [7, p. 383]. Denote
n -

uy—u_ -
(2.4) f=L 00, A= 7, =010

and define Rothe’s sequences { U™} and {Z"} of Lipschitz continuous functions respectively from
I into ¥ and from I into 36 by

(2.5) {

and sequences {u"}, {2"}, {s"} of step functions from (—&,7] into ¥, by

U =u}y+ § (=)0 —v}y)

()=t § (4= 10)( 2 =)

u()=ug u"(t)=u]
(2.6) (=23 te (—h,0] (=2} 1€ (-4, 1]
s"(t)=sp s"(t)=sj

After proving some a priori bounds for the sequences of functions {U"}, {Z"}, {u"}, {z"} and

{s"} we prove the following main existence result for equation (1.1).
Theorem 2.1. Assume that Hypotheses (H,), (H,), and (H,) hold and let AUy€ 3.
Then there exists a function u in Lip(1, V) with the properties
2

e Loo(T, ) N E(LK), 'z—t-;‘e Leo(1, 36)

AUE Loo(1, %), u(0)= 1Ty, (0)=1,
and u satisfies the identity

2
2.7) (L3(0), )+ <Au(®), v> = (K@) +£D1)

for tel a.e. and for all ve ¥, where
(2.8) KW()= [a(t—s)ksu(s))ds

0
In addition, if (Hg) is also satisfied, then u is unique.

For the notational convenience, we drop the superscript n and denote for 0<i,j<n by
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a,-,-:a(tj-—i,-)
(2.9) { ks=K1;,u;)
f j=j(tj)
Henceforth, C will represent a generic constant independent of j, & and 2. Below we state and

prove all lemmas required in the proof of Theorem 2.1 which is proved at the end.

Lemma 2.1. Assume that hypotheses (H,), (H,;) and (Hy) hold. Then there exists a
positive integer N such that
|zj|2+||uj||2§0 , 7=1,2,...,n, > N.
Proof. Using the notations of (2.4) and (2.9) in (2.3), for all v€ ¥ and j=1,2,...,n, we have
j-1
(2.10) (2;—2j-1, V) +h<Au;,u> =h2( .an.iik" , v)+lz(fj , ).
=
Putting v=2z; in (2.10), using (H,) and the identities
2(25'"'2_1'—1’zj)=|2j|2+|zj_zj—1|2—lzj—1|2’
2<A“j’uj—“j—1>=”“j”,24+”uj—uj—lui_'"uj—lui'p
we obtain
j—2
(2.11) Izj|2"'lzj—1'2+""j"i_"uj—lni < Chlzj|2+ Ch? .Z:o"ui"i-'. Ch.
Choose a positive integer N such that CT/N <1. Then for 2> N inequality (2.11) implies that
2 2 2 2 2 2 = 2
(2.12) (1= Ch)[l2;1"+ w1 <1+ Ch) |24 |*+1|u;_4 | 4]+ Ch glluillA+Ch-
$=!
Applying inequality (2.12) recursively, we obtain
(2.13) (1= B [12;12+ llu;l%] < (1+3Ch2Y (1 20]+ Il wo 151 +5Ch.
Inequality (2.13) implies
2 2
lzi1%+lu;lla < C
which together with the ¥-ellipticity of A proves the assertion of the lemma.

Lemma 2.2. Assume the hypotheses of Lemma 2.1 and let AU € ¥. Then there ezists a po-
sitive integer N such that
lz;ll%+1s;1* < G, j=1,2,...,n, a>N.
Proof.  We rewrite (2.10) as .
(2.14) (855 v) + <Auj, v>=h :E:: (a;:k; v) + (£, ©).

Thus we have

(Sj, v) + <A'u:’—‘ Auj_l, V> = (sj-l’ v) + h (ajj_lkj_l, v)

j-1
+ h.;o ([aj; = a;_15] ki, v)
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(2.15) + (f; — fij-p V)-
Putting v = s; in (2.15) using (H,) and (H,) and (H,) we obtain
Is;1 2 = 1s;_11® + z;113 = Nzl }
2 : = 2
(2.16) < Chisj>+ Ch § llzill y + Ch.

We assume that N is large enough such that C % < 1. For n > N, inequality
(2.16) then implies that
(1 = Ch) QIs;1* + llz113]
< (@ + CK) [Is;l® + Nz, lI3)
j—2
(2.17) + Ch? go lz;ll2 + C h.

Proceeding similarly as in Lemma 1.1 we obtain the required result of the lemma.

Remark 2.1. Lemmas 2.1 and 2.2 imply the estimates
@Ol + U@ + IOl + 12°@l + 18" < €,
10" — @l +12°0) - W1 < G
1) — Tl + 12°() — 2 < C |t — s

forallt, s € Iand n > N.

Lemma 2.3. Assume the hypotheses of Lemma 2.2. Then there ezists u€ Lip(I,¥) with the
properties
U ¢ Loo(LT) N ELK), LU € Loo(1,3)
such that

U" — win C(LY) and 2" — % in C(1,3).

Proof. Since {u"} and {z"} are uniformly bounded in ¥, and ¥ is compactly embedded in
J6, there exists a subsequence {n,} of of the indices {n} such that
u"k(t) — u(t) and zn"(t) — (1) in 36 as k — o
for some functions » and z from I into 3. Remark 2.1 implies that
U () — u(t) and Z"*(t) — 2(1) as k — oo.

We notice that the families {U"*} and {Z"*} are equicontinuous in C(1,%). Also, {U ¥(?)} and
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(7" ()} are relatively compact in J6 for every t € I. Therefore
U — wand 2% — zin C(I, %) as k — oo.
Now we show that U ¥ — uin C(1, ¥) as k — co. We denote by
K™(0):= h ay0k, K”(t)==:_§ a;ik;
i for te(t;_,, ]
£1(0):= f0), (@)= fit;)
Clearly, {K"(t)} and { f*(¢)} are uniformly bounded and f*(t) — ft) uniformly on I as n — oo.
From (2.14) for positive integers p, ¢ > N, t € (0, 7] and all ve¥, we get
() = (1), v) +, 4uP (1) — A4'(P), v>
(2.18) = (K°(t) — K() + £() — (D, -
Putting v = u”(t) — v%(?) in (2.18) and rearranging the terms, we obtain
(2.19) () = OIE < ") = ") + |K°() — K' ()]
1AW - PO 1140 — ) 1< C1 &) — o) |-
Since {u"*} converges in C(I, %), inequality (2.19) implies that {u"*} is a Cauchy sequence in
C(I,¥). From Remark 2.1 it follows that u : I — ¥ and z: I — 36 are Lipschitz continuous hence

U € Loo(, ¥) and & € Log(L, 3). Now for all ve ¥,

(T, 9) = [(EYE (9, 9) do + (U, 9

(2.20) = {*( 7% (s), v) ds + (U, ).

We pass through the limit as ¥ — oo in (2.20) to obtain
(), v) = [*(=(s), v) ds + (U, ).

2
Therefore “%‘(t) = 2(t) a.e. on I and hence d——;—‘(t) € Loo(I, 38). The proof of the lemma is
complete. dt

Lemma 2.4. Assume the hypotheses of Lemma 2.3 and let u(t) be defined as in Lemma 2.3.
Then

K*(t) — K(u) (%) as k — oo in 36 uniformly on 1.

The proof of Lemma 2.4 is same as the proof of Lemma 2.4 in [3] (also, see [2, Chapter IV]).
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Proof of Theorem 1.1. For n,, we write (2.3) as
(2.21) (& ZH(), 0) + <Au"*(1), v>= (K™*(1) + F4(2), v)

for all v € ¥ and all t € (0, 7). Integrating (2.21) over (0, t) , we get
(2™ (@), v) — (U, ¥) + £'<Aun"(s), v> ds
(2.22)
= g*(K”"(s) + 1¥(s), v) ds.

Passing throught the limit as ¥ — oo, using Lemma 2.4 and bounded convergence theorem, we have

(2(2), v) — (Uy, v) + g' <Au(s), v> ds
(2.23) = ["(K()(s) + fls), v) ds.
Differentiating (2.23) with respect to t, we get
(2.24) (% 2 (1), v) + <Au(t), v> = (K(u)(1) + f1), v)

for all v € ¥ and a.e. t € I which implies identity (2.7). Now we prove the uniqueness under
hypothesis (H3). Let #, and u, be two functions satisfying the assertions of Theorem 2.1. Let
¥:=1u — u, andlet

(2.25) W:= (@ )1/2 ]Tw(s)ds, where gy = maz | a(?) |.

We divide the interval I into a finite number of subintervals of equal lengths p such that

(2.26) wp? < L.

Let t,, t, € [0, p] be such that

(2.27) I (1)'— nf(‘)wlldt()l’
(2.28) Nu(t) Il 4= K Hu( DIl 4

Then we have

[TETR P [ F N ] a

(2.29) <1706 GO + & 1wl £ et

Now from identy (2.7) for v = %(t)’ we have
4y a2 d g ) 2

(2.30) =2 (K(w) (1) — K(up) (1), $2(1)-

Therefore
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PUEIEOP+ 10131 <2 50 [P o) o) |4 d) 1 GO &

(2.31) <2 Wl alt) ll 198 (0) 1< Wat (198 (1) 12+ 1l (t) 12 )
From inequalities (2.29), (2.26) and (2.31) we have
Wy=0,u(®)=0o0n[0, gl

Repeating the above arguments for [ip, (i + 1) p], i = 1, 2, ..., we have that u(f) = 0 on L

Therefore u;, = u,. The proof of Theorem 2.1 is thus complete.
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