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ABSTRACT

Existence of unique solution to periodic boundary value prob-
lems of differential equations with continuous or discontinuous right-
hand side is considered by utilizing the method of lower and upper solu-
tions and the monotone properties of the operator. This is subject to dis-
cussion in the present paper.
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1. INTRODUCTION

In this paper, we utilize the method of lower and upper solutions and the monotone prop-
erties of the operator and study the existence and uniqueness of solutions of periodic boundary value
problem for first order differential equations. In general, we assume that the upper solution domi-
nates the lower solution. However, it is interesting and valuable to study a problem when the lower

solution dominates the upper solution. We discuss both continuous and discontinuous cases.
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2. CONTINUOUS RIGHT-HAND SIDE

Consider the first order periodic boundary value problem

(2.1) u' = f(t,u),t€J;
(2.2) u(0) = u(27),

where J = [0,27]. A function a € C'([0,27], R) is said to be a lower solution of
PBVP (2.1), (2.2) if a’ £ f(t, @) — Y4, Where

BE if &(0) < a(27),
Yo = { Ma(0) — a(2m)| ey if @(0) > a(27)

And a function 8 € C*([0,2r], R) is said to be an upper solution of PBVP (2.1),
(2.2) if B’ > f(¢,B) + vp, where

~ { 0 o EB(0) 2 B(2m),
Y8 = MI[B(27) — ﬂ(o)]fmr"-_—l if B(0) < B(27)

For the sake of convenience we recall a result about differential inequality in
[2,3].

Lemma 2.1. Let m € C([0,2x], R) and m’ > Mm + v,, where

2Mr

_ { 0 if m(0) = m(2r),
T M{m(2r) = m(0)] iy i m(0) < m(2m)

where M > 0. Then m(t) <0 on [0, 2x].
We now present the main result of this section.

Theorem 1. Let a,8 € C!([0,27],R) be the lower and upper solutions to
(2.1)-(2.2) and B < a. Suppose that f: J x R — R is continuous and
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f(t,z) — f(t,y) £ M(z — y) whenever §(t) <y < z < aft),

where M > 0. Then PBVP (2.1)-(2.2) possesses a unique solution in the sector
8, a].

Proof. For any v € [3, a], we consider the linear PBVP

IO v —Mu= f(,v(t)) - Mo(t), u(0)=u(2r).

Setting F(t,z) = f(t,z) — Mz for (t,z) € J x R. Then it is easy to verify that
u(t) = u(0)eMt + [§ F(s,v(s))eM-2)ds and

u(0) = u(2m) = zmmbey 27 F(s, o(s))eMeds,

is a solution of PBVP (I). From Lemma 2.1 it follows that PBVP (I) possesses a
unique solution. Therefore u(t) defined above is the unique solution of PBVP (I).
And hence we define an operator A on the sector (3, a] by Av = u, where u is the
unique solution of PBVP (I). We now show the following two conclusions.

) B<AB, Aa<a
i1) A is increasing on the sector [, a].

First let us show that i) is true. In fact, if we set p = 3 — A and set

B { 0 if p(0) < p(27),
T = M[p(0) - p(2r)) Sy if p(0) > p(2r)

Then p(0) < p(2r) if and only if B(0) < B(27) and p(0) > p(2~) if and only if 3(0) >

2M=

B(2m). And hence v, = 0 if and only if #(0) > 4(27) and v, = M[p(27) —p(0)] ==
= M[B(27) — B(0)] e if and only if (0) < B(27). From this it follows that

p'=p"-(AB) 2 f(t,8) + vs — MAB - f(¢,8) + M8

= Mp+ v = Mp+,.



132 YONG SUN

So Lemma 2.1 implies p < 0. Thus 8 < AB. Similarly, we can show that Aa < a.

We now show that A is increasing on the sector [, @]. In fact, if Av; = u; and

Av, = ugy, where vy, v, € [B,a] and v; < v,. Setting p = u; — uy we see that
P =ul —uy = Muy + f(t,v1) — My — Muy — f(t,v2) + M,

> Mp and

p(0) = p(2).

This leads to p < 0 from Lemma 2.1. So u; < ug, and hence A is increasing on the
sector (3, a].

On the other hand, we define an operator B on the sector [3, ] as follows:
Bu(t) = Bu(0)eMt + [§ F(s,v(s))eM**)ds and
Bv(0) = Bv(21) = =gz fo" F(s,v(s))e~Mds.

Then B is decreasing on the sector [8, @] since F(¢,z) is decreasing in z from the
conditions imposed on f. But obviously Bv(t) is a solution of PBVP (I). So operator
B is identical with operator A on the sector [§, @] from the uniqueness of solution
to PBVP (I). And hence operator A is both increasing and decreasing on the sector
[8, @] and satisfies i). Thus A transforms the sector [3, a] onto a point u* € [8, a].
This implies that u* is the unique fixed point of A on the sector [3,a]. However
solving PBVP (2.1)-(2.2) is equivalent to finding fixed points of operator A. Hence
u* is the unique solution of PBVP (2.1)-(2.2) on the sector [, a].

Remark It is obvious that the above theorem can not be proved by applying
either comparision theorem or operator theoty. So it should be noted that it is
effective to combine operator theory with comparision results.

3. DISCONTINUOUS RIGHT-HAND SIDE

Let us consider the the following periodic boundary value problem
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(3.1) u' = f(t,u), ae. te€J;
(3.2) u(0) = u(27),

where J = [0,27]. A function a € AC([0,27], R) is said to be a lower solution if
a' < f(t,a) — v, for almost all ¢t € J, where

B { 0 if a(O) < 0(27"))
71 Mlo(0) - a(2m)|FSy i o(0) > a(2r)

Similarly a function 8 € AC([0,2x],R) is said to be an upper solution if 8’ >
f(t, B) — vp for almost all t in J, where

_{ e (D) 2 A2),
7= M[B(2r) — B(O) Freer if B(0) < B(27)

In order to present the main result of the section we first show a result that is
similar to Lemma 2.1.

Lemma 3.1. Let m € AC([0,27],R) and m’ > Mm + <, for almost all t in
[0, 27], where

e2Mn

{ 0 if m(0) > m(2x),
™= Mm(2r) — m(0)] s if m(0) < m(2n)

where M > 0. Then m(t) <0 on [0, 27].

Proof. If the conclusion were not true, then ¢ = sup{m(t) : t € [0,27]} > 0 and
a t* € [0,27] could be found such that m(¢*) = ¢. Suppose that 0 < t* < 27. Then
we see that ¢, > t*(k = 1,2,...) can be found such that ¢; tends to t* as k goes to
infinity and

m'(tx) <0 and m'(tk) = Mm(tk) + Ym.
This implies that

0 > m/(tk) = Mm(te) + ¥m = $Mc >0
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is true when k is sufficently large. This contradiction implies that ¢* cannot lie in
[0,27). So t* = 2x. But this is impossible also. In fact, in this case, we can assume
that m(27) > m(0) without loss of generality(otherwise we take t* = 0). It follows
from

m>Mm+9, ae. t€J
that
(m' — Mm)e Mt > y,e™Mt qe. teJ.
Integrating the above inequality from 0 to 27 leads to
m(2m)e"*M™ — m(0) > —pm[e M — 1]/M = m(2r) — m(0).
This yields that
m(27)[1 — e M <0
Therefore m(27) < 0. This contradicts m(27) > 0. And hence m(t) < 0.

Theorem 2. Let o, 3 € AC([0,27], R) be the lower and upper solutions to (3.1)-
(3.2) and B < a. Suppose that f : J x R — R is a function such that

i) f(t,z(t)) is Lebegue integrable over J for each z(t) that lies in the sector
(8, a];
i)  f(t,z)— f(t,y) S M(z—y) whenever 8(t) <y <z <at),

where M > 0. Then PBVP (3.1)-(3.2) possesses a unique solution in the sector
8, .

Proof. For every v € [8, a], we consider the following linear PBVP
(II) o' — Mu= f(t,v(t)) — Mv(t) ae. €J; u(0)=u(2r).

Setting F'(t,z) = f(t,z) — Mz for (t,z) € J x R. Then it is easy to verify that
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u(t) = u(0)eMt + [§ F(s,v(s))eM**)ds and
u(0) = w(27) = = Jo" F(s,v(s))e"Mds,

is a solution of PBVP (II). From Lemma 3.1 it follows that PBVP (II) possesses
a unique solution. Therefore u(t) defined above is the unique solution of PBVP
(II). Hence we define an operator A on uhe sector [3,a] by Av = u, where u is the
unique solution of PBVP (II). We now show the following two conclusions:

(i) B<AB, Aa<la
(ii) A is increasing on the sector [3, a.

First let us show that (i) is true. In fact, if we set p= 8 — AB and set

_ { 0 o if p(0) < p(2~),
=\ MIp(0) - p(2m)|Fres i p(0) > p(2r)

Then p(0) < p(27) if and only if 8(0) £ B(27) and p(0) > p(27) if and only if 5(0) >
B(27). And hence «, = 0 if and only if (0) > B(27) and v, = M[p(Zw)—p(O)];f’;\-:{—l

2Mm

= M[B(27) — B(0)] Fz=— if and only if B(0) < B(27). From this it follows that
P=0"—(AB) = f(t,B) + 15 — MAB - f(t,8) + MB
= Mp+v = Mp+,.

So Lemma 3.1 shows that p < 0. This implies that 8 < AB. Similarly, we can show
that Aa < a.

We now show that A is increasing on the sector (3, a]. In face, if Av; = u; and

Av, = uy, where vy, v; € [3,a] and v; < vy. Setting p = u; — up we see that

P =uy —uy = Muy + f(t,v1) — Mvy — Mu,y — f(t,v2) + Mva > Mp and
p(0) = p(27).

This shows that p < 0 from Lemma 3.1. So u; < u,, and hence A is increasing on
the sector [8, a].
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On the other hand, if we define an operator B on the sector [3, a] as follows:
Bu(t) = Bv(0)eMt + [§ F(s,v(s))eMt*)ds and
Bu(0) = Bv(21) = =mre— Jo" F(s,v(s))e"Mds.

Then B is decreasing on the sector [3,a] since F(t,z) is decreasing in x from
the conditions imposed on f. But obviously Bv(t) is a solution of PBVP (II). So
operator B is identical with operator A on the sector [, a]. And hence operator
A is both increasing and decreasing on the sector [3, a] and satisfies (i). From this
it follows that A transforms the sector [8, a] onto a point u* € [, @]. This implies
that u* is the unique fixed point of A on the sector [3, a]. However solving PBVP
(3.1)-(3.2) is equivalent to finding fixed points of operator A. Hence u* is the unique
solution of PBVP (3.1)-(3.2) on the sector [8, a].
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